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PREFACE 


The volumes of the International Library of Technology are 
made up of Instruction Papers, or Sections, comprising the 
various courses of instruction for students of the International 
Correspondence Schools. The original manuscripts are pre- 
pared by persons thoroughly qualified both technically and by 
experience to write with authority, and in many cases they are 
regularly employed elsewhere in practical work as experts. 
The manuscripts are then carefully edited to make them suit- 
able for correspondence instruction. The Instruction Papers 
are written clearly and in the simplest language possible, so as 
to make them readily understood by all students. Necessary 
technical expressions are clearly explained when introduced. 

The great majority of our students wish to prepare them- 
selves for advancement in their vocations or to qualify for 
more congenial occupations. Usually they are employed and 
able to devote only a few hours a day to study. Therefore 
every effort must be made to give them practical and accurate 
information in clear and concise form and to make this infor- 
mation include all of the essentials but none of the non- 
essentials. To make the text clear, illustrations are used 
freely. These illustrations are especially made by our own 
Illustrating Department in order to adapt them fully to the 
requirements of the text. 

In the table of contents that immediately follows are given 
the titles of the Sections included in thrs volume, and under 
each title are listed the main topics discussed. At the end of 
the volume will be found a complete index, so that any subject 
treated can be quickly found. 

International Textbook Company 
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ELEMENTS OF ALGEBRA 

(PART 1) 


FUOT)AMENTAL OPERATIONS 

USE OF BETTERS 

1. In arithmetic, numbers are represented by the figures 
1, 2, 3, 4, etc. There is no reason, however, why numbers 
may not be represented by other symbols, such as letters, if 
rules are provided for their use. 

In algebra, numbers are represented by both figures and 
letters. It will be seen later that the use of letters often 
simplifies the solution of examples and shortens calculations. 

The principal advantage of letters is that they are general 
in their meaning. Thus, unlike figures, the letter a does 
not stand for the number 1, the letter b for 2, c for 3, etc., 
but any letter may be taken to represent any number, it 
being only necessary that a letter shall always stand for the 
same number in the same example. 

2. To illustrate this difference between letters and 
figures, consider an example, as follows: If a farmer 
exchanges 20 bushels of oats, worth 40 cents per bushel, 
for 8 bushels of wheat, what is the price of the wheat per 
bushel? Working this example by arithmetic, it is neces- 
sary to find first the value of the oats, which is 20 X 40 cents 
is 800 cents, and then divide this result by 8 to find the 
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price per bushel of the wheat, obtaining 800 cents -r 8 
= 100 cents. Any other similar example would be worked 
in the same manner. If, however, letters are used instead 
of figures, the final expression will be a formula (which, 
when expressed in words, becomes a rule), which can be 
applied to any example of this kind by substituting for the 
letters the numerical values assigned to them in the partic- 
ular example under consideration. Thus, 

Let a = number of bushels of oats ; ■ 

b = price per bushel of oats; 
c = number of bushels of wheat ; 
d = price per bushel of wheat. 

The price of the oats is then a X b\ dividing this product 

by c , the price of the wheat per bushel is - , which is 

c 

denoted by d. Therefore, d equals - — — , or 

c 

c 

This last expression is called an equation in algebra, but 
when used to solve examples like the foregoing, it is called 
a formula . As given here, this formula is perfectly general; 
a may represent any number of bushels of oats; b } any price 
of oats per bushel; c, any number of bushels of wheat; 
and d , the resulting price per bushel of wheat. Expressing 
the formula in words, 

The price paid per bushel of wheat is equal to the mimber 
of bushels of oats multiplied by the price of oats per bushel \ 
and the product divided by the number of bushels of wheat 
received in exchange. 

The words in Italics constitute a general rule and apply 
to any similar exchange of any two commodities, by merely 
changing the words oats and wheat to whatever else is bar- 
tered, and bushels to whatever other units of measure are 
used. 
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3 . Standing by itself the equation V = - - X — has practi- 
cally no meaning, except as indicating that certain opera- 
tions are to be performed. When meanings are given to 
the letters, the equation becomes intelligible at once, and, 
when numerical values are assigned to the quantities repre- 
sented by the letters a , b, and c , the value of d can be 
determined. For example, if a and c represent the number 
of bushels of oats and wheat, respectively, involved in any 
exchange and b and d their respective prices per bushel, 
then from the equation (formula) it is seen at once that the 
price of the wheat is to be found by multiplying the number 
of bushels of oats by the price per bushel and dividing the 
product by the number of bushels of wheat exchanged In 
other words, it is known just what operations are required 
to find the price per bushel of the wheat. If, further, the 
number of bushels of oats involved in the transaction is 20 
and of wheat is 8, and the price of the oats is 40 cents per 
bushel, then these values are substituted for the quantities 
the letters represent, thus, 


d = 


20 X 40 
8 


= 100 cents 


4 . The foregoing is a very simple example; it has been 
introduced merely to give some idea of what algebra is used 
for and a reason for studying it. The conditions involved 
in any particular problem require that the quantities 
involved be subjected to various operations, arrangements, 
and combinations, in order that the final expression may be 
reduced to as simple a form as possible. The operations 
are practically the same as in arithmetic, only more general ; 
viz., addition, subtraction, multiplication, division, involu- 
tion, evolution, and factoring. The operation of factoring 
is a particularly important or^e in algebra, as will be pointed 
out later.-. 

Many practical problems can be solved by algebra that are 
incapable of solution by arithmetic, and many others are 
readily solved that can be solved only with great difficulty 
by arithmetic. 
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5. An equation is* a statement of equality between two 
expressions. Thus, x-\-y = 8 is an equation, and means 
that the sum of the numbers represented by x and y is 
equal to 8. Examples are solved in algebra by the aid of 
equations, in which numbers are represented both by letters 
and by figures. The following simple example will give an 
idea of the method of solution : 

Example — If an iron rail 80 feet long is cut in two so that one part 
is four times as long as the other, how long is the shorter part ? 
Solution — Any letter may represent any number, therefore: 

Let x = length of shorter part 

Then, 4 X x (written 4 jt) = length of longer part 

But the sum of the two parts must equal the total length, 80 ft. 

Hence, x + 4x = $0 

Adding x and 4x, 5x = 80 

Whence, dividing by 5, x = 6 ft. Ans. 

6. The student has probably noticed the similarity 
between an equation and a formula. All formulas are 
equations, and the same rules apply to both. An equation 
is not called a formula, however, unless it is a statement of 
a general rule. 

7. Algebra treats of the equation and its use. Since 
the use of equations involves the use of letters, it will be 
necessary, before considering equations, to take up addition, 
subtraction, multiplication, etc. of expressions in which 
letters are used. 


NOTATION 

8. The term quantity is used to designate any number 
that is to be subjected to mathematical processes A 
quantity is strictly a concrete number ; as, 6 books, 5 pounds, 
10 yards. Symbols used to represent numbers, and expres 
sions containing two or more such symbols, as ax , 10 bd t 
(c + 12), etc., are often called quantities , the term being a 
convenient one to use. 
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9. The signs + , — , X, -f- are the same in algebra as in 
arithmetic. The sign of multiplication X is usually omitted, 
however, multiplication being indicated by simply writing 
the quantities together. Thus, abc means a X b X c; 2 xy 
means 2 X x X y Evidently, the sign X cannot be omitted 
between two figures , as addition instead of multiplication 
would then be indicated. Thus, 24 means 20 + 4 instead 
of 2 X 4. 

10. A coefficient is a figure or letter prefixed to a 
quantity; it shows how many times the latter is to be taken. 
Thus, in the expression 4 a, 4 is the coefficient of a and indi- 
cates that a is to be taken 4 times; that is, 4=a is equal to 
a + a + a + a. When several quantities are multiplied 
together, any of them may be regarded as the coefficient of 
the others. Thus, in 6axy, 6 is the coefficient of axy\ 6a, of 
xy; 6ax , of y; etc. In general, however, when a coefficient 
is spoken of, the numerical coefficient only is meant, as the 
6 above. When no numerical coefficient is written, it is 
understood to be 1. Thus, cd is the same as led. 

11. The factors of a quantity are the quantities that, 
when multiplied together, will produce it. Thus, 2, 3, and 3 
are the factors of 18, since 2x3x3 = 18; 2 9 a, and b are 
the factors of 2 ab, since 2 X a X b = 2 ab. 

12. An exponent is a small figure placed at the right 
and a little above a quantity; it shows how many times the 
latter is to be taken as a factor . Thus, 4* = 4x4x4 
= 64, the exponent 3 showing that the number 4 is to be 
used 3 times as a factor ; likewise, a 5 = aaaaa. Any quan- 
tity written without an exponent is understood to have the 
exponent 1 ; thus, b 1 = b. 

13. The difference between a coefficient and an exponent 
should be clearly understood. A coefficient multiplies the 
quantity which it precedes; it shows that the quantity is to 
be added to itself. Thus, 3 a = 3 X a., or a + a + a. An 
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exponent indicates that a quantity is to be multiplied by 
itself. Thus, a* = a X & X a. A more complete definition 
of an exponent will be given later. 

14 . A power is the result obtained by taking a quantity 
two or more times as a factor . For example, 16 is the 
fourth power of 2, because 2 multiplied by itself until it has 
been taken four times as a factor produces 16; a " is the 
third power of a , because a X a X ct = a*. 

15 . A root of a quantity is one of its equal factors. 
Thus, 2 is a root of 4, of 8, and of 16, since 2x2 = 4, 
2X2X2 = 8, and 2X2X2X2 = 16, 2 being one of the 
equal factors in each case. In like manner, a is a root of 
j*, a a , a\ etc. The symbol that denotes that the second, or 
square, root is to be extracted is fr; it is called the radical 
sign, and the quantity under the sign is called the radical. 
For other roots, the same symbol is used but with a figure, 
called the index of the root, written above it to indicate the 
root. Thus, 4 fa, fra f fra, etc. signify the square root, cube 
root, fourth root, etc of a. The vinculum is generally 
used in combination with the radical sign to indicate how 
much of the expression is governed by the sign. Thus, in 
an expression like fra+ b it is understood that the square 
root of a only is wanted. If, however, it were desired to 
write the square root of the sum of a and b , the expression 
would be written fra + b, the vinculum extending as 
far as necessary to indicate how much of the expression 
was governed by the radical sign. Occasionally, the paren- 
thesis is used instead of the vinculum, but seldom in 
American textbooks; thus, instead of fra -f- b, it would be 
written fr(a + b). 

16 . The use of the parenthesis, bracket, brace, and 
vinculum was explained in Arithmetic . These symbols are 
called symbols of aggregation, meaning that the quanti- 
ties enclosed within them are aggregated, or collected, into 
one quantity. 
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17 • The terms of an algebraic expression are those 
parts that are connected by the signs + and — . Thus, 
x* y — 2 xy y and y* are terms of the expression x 3 — 2 xy + y a . 
When a term contains both figures and letters, the part con- 
sisting of letters is called the literal part of the term; thus, 
xy is the literal part of the term 2 xy. 

18. Like terms are those that differ only in their 
numerical coefficients; all others are unlike terms. Thus, 
2 ab 9 and 6ab 9 are like terms; 6ab and 6ab 9 are unlike terms, 
because one contains b and the other b \ 

19. A monomial is an expression consisting of only 
one term ; as, 4 abc y 3-r 1 , 2 ax*, etc. 

20. A 'binomial is an expression consisting of two 
terms; as, a + b, "la + 6b , etc. 

21. A trinomial is an expression consisting of three 
terms ; as, a 3 + 2 ab + b 9 , (a + x)* — 2 (a + x)y + y\ etc. , 
the expression ( a + x) being treated as one quantity. 

22. A polynomial is an expression consisting of more 
than two terms The name is usually applied only to an 
expression consisting of four or more terms. 

23. The polynomial a + a'b + 2 * 2 * — 3 a K b — a * is said to 
be arranged according to the increasing or asce?idmg powers 
of a y because the exponents of a increase from left to right, 
the exponent of the first a being 1 understood. (Art. 12.) 
The polynomial a % b % + ab * + 4 a K b + 1 is arranged according 
to the decreasuig or descendmg powers of b , the exponents of 
b decreasing in order from left to right. 

24. The arrangement of the terms of a polynomial 
does not affect its value. Thus, x a + 2 xy+y* has the same 
value as %xy + y* + * % } just as 2+6 + 4 has the same 
value as 6 + 4 + 2. 
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31. It really does not matter which quantity is taken as 
positive and which as negative, so long as the two are 
opposite in character; but it is customary to call something 
gained positive and something lost negative. Thus, money 
earned is usually regarded as positive, money owed as neg- 
ative; distance up, positive, distance down, negative. 

32. The signs -{- an d ma y use ^ tw0 entirety 
different senses; heretofore, they have been used exclusively 
as symbols of operation; thus, + placed between two quan- 
tities indicates that they are to be added, etc In the dis- 
tinction between positive and negative quantities, however, 
the positive quantity is denoted by the sign + and the 
negative quantity by the sign Hence, under different 
circumstances, these signs may denote addition and sub- 
traction, or they may denote positive and negative quantities. 
Suppose we write the expression $500 — $200 = $300; this 
may mean either $500 — (-{-$200) = $300, or $500 +(— $200) 
== $300. In the first case, $200 is positive and is subtracted 
from $500; in the second case, $200 is negative and is added 
to $500. The result of the operation, $300 is the same in 
either case, as will be shown later. For convenience, there- 
fore, it is always assumed that any algebraic expression 
consisting of two or more terms invariably represents the 
addition of those terms . Thus, an expression like a a — 2 ab 
-{- b % is always understood to mean + a* + (— 2 ab) + ( + i 9 ). 
This fact should be kept in mind, as it will be of assistance 
later. 

33. It is usual to consider that quantities increase in a 
positive direction and decrease in a negative direction. For 
example, when the mercury in a thermometer goes up 
(rises), the temperature increases, but when the mercury 
falls, the temperature decreases. This distinction is made, 
however, only in the manner here indicated ; it has nothing 
to do with the actual numerical value of the quantities. 
But when, for any purpose, the distinction is made, any 
positive quantity, no matter how small , is greater tha?i any 
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negative quantity ; also , of any two negative quantities , the 
smaller is the greater . This point is illustrated very nicely 
by reference to Fig i. From va- 
rious points on the circle draw per- 
pendiculars to the diameter A B. 

Call any perpendicular above A B 
positive and any below negative. 

If the point selected corresponds A 
with A or B, the length of the 
perpendicular is zero. Now if we 
consider that the chief object is to 
reach the highest point possible 
above A B without going beyond 
the circle, it is evident that any perpendicular above A B , 
as a a\ b b\ or e e\ is greater than any perpendicular 
below A B , as cc\ d d', or//'; it is also evident that //' 
is greater than c c' or dd\ since the point / is nearer the 
highest point of the circle than c or d . Furthermore, the 
figure shows that zero is greater than any negative quantity. 

34. When writing algebraic expressions, if a positive 
term stands alone, or if the first term of an expression is 
positive, the plus sign is omitted, it being understood that 
the term is positive. Thus, 3 a means the same as + 3a, and 
a — b the same as + a — b. The minus sign must never be 
omitted. 


EXAMPLES FOR PRACTICE 
Express the following algebraically: 

1. Three x square^ square, minus two cd times the quantity a pluB b. 

Ans. 3x*y* — %cd(a + b) 

2. The quantity m square plus two mn plus n square in parenthesis, 

times a square b cube c fourth. Ans. (w s + 2 mn + n*)a*b*c* 

8. A , plus the square root of D % times the parenthesis X plus Y. 

Ans. A + fB(X+ Y) 

4u A , plus the square root of D times the parenthesis X plus Y. 

Ans A + VD{X+ Y) 


b 



d 

FlO 1 
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5 Ten .r plus y , minus 7 times the quantity x minus the frac- 


tion^ over 4 in parenthesis, plus 
over two cd . 


the fraction x square minus y square 
Ans. lOx+y- l(x - 1) + 


When <s = 6, A = 5, and f = 4, find the numerical values of 

6. a* + 2rt£ + b * Ans. 6 » + 2 X 6 X 5 + 5* = 121 

7. 2a* + Sbc - B. Ans. 72+ 60-5 = 127 

8. %a<* - a\a + b). Ans. 11,892 

9. abc * + aPc - a'bc. Ans. 800 


When x = 8 and y = 0, what do the following equal: 

10. (x+y)(x—y) -|/£±Z!? Ans. 18 + 6)(8— 0) = 26 


11. V^ + ^^+^-^-^Cfjr+j/)? 
13. -r a y ^r a _y( -h y ) 

4/3:ry 


Ans. 39.5 
Ans. 1,572 57 


ADDITION 

ADDITION OF MONOMIAXS 

35. The operations of addition, subtraction, multiplica- 
tion, and division performed with algebraic expressions are 
each based on the same operations performed with mono- 
mials ; hence, if the latter are clearly understood no trouble 
will be experienced with the former. 

36. There are four cases in connection with addition of 
two monomials: when both are positive, when the first is 
positive and the second is negative, when the first is nega- 
tive and the second is positive, and when both are negative. 
Let the monomials be the numbers 11 and 0 ; then the four 


cases are represented as follows : 




(+11) + (+6) = 

11 + 6 = 

+ 

17 

(1) 

(+11) + (-6) = 

11 - 6 = 

+ 

5 

(») 

(-11) + (+6) = 

-11 + 6 = 

— 

5 

(3) 

(-11)+ (-6) = 

-11-6 = 

— 

17 

(4) 


The second form of the above equations follows from the 
assumption made in Art. 32. 
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Case (2), 

(+ 11) + (- 6) = + 5 

He walks from 0 to -fll, as before; the minus sign in 
parenthesis indicates that he is to walk in the direction of 
the arrows marked B , and the plus sign between the terms 
indicates that he is to walk forwards 6 steps. He therefore 
stops at + 5. Hence, (+ 11) + (— 6) = 11 — 6 = + 5. 

Case (3), 

(- 11) + (+ 6) = - 5 

He walks from O to —11; the plus sign in parenthesis 
indicates that he is to walk in the direction of the arrows 
marked A , and the plus sign between the terms indicates 
that he is to walk forwards 6 steps. He therefore stops at 

- 5 Hence, (- 11) + (+ 6) = -11 + 6 = - 5. 

' Case (4), 

(- 11) + (— 6) = — 17 

He walks from 0 to — 11 ; the minus sign in parenthesis 
indicates that he is to walk in the direction of the arrows 
marked B , and the plus sign between the terms indicates 
that he is to walk forwards 6 steps. He therefore stops at 

- 17. Hence, (— 11) + (— 6) = - 11 - 6 = - 17. 


38. An inspection of the results obtained in four cases 
just given shows that when the two numbers have like 
signs, the sum is found by adding, as in arithmetic, and pre- 
fixing the common sign; and that when the two numbers 
have unlike signs, the sum is found by subtracting, as in 
arithmetic, and prefixing to the result the sign of the greater 
number. 

39. To add two like quantities, as 11 a and 6 a, whatever 
the signs may be, simply add the numerical coefficients as 
above directed and prefix the result to the letters forming 
the monomial. For example, the sum of — 11a and 6a is 
— 5a } of — 11a and — 6a is — 17 a, etc. ; also, of — lltf£ 
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and 6ab is — 5ab, of 11^3 and 6ab is 17 ab, etc. That this is 
so will be readily seen by referring again to Fig. 2. The 
distance around the plot is 24 steps, and each step is 3 feet 
long (see Art. 37 ) ; the distance in feet for 11 steps is 
33 feet and for 6 steps 18 feet Instead of writing 33 feet 
and 18 feet, the number of feet in a step may be represented 
by a , in which case 33 feet becomes 11a and 18 feet, 6a. 
If, therefore, 11 a and 6a are added, the result must be equal 
to the sum of 33 feet and 18 feet. Now, as stated above, 
11 a + 6a = 17tf ; substituting for a its value, 3 feet, 
Yta = 17 X 3 feet = 51 feet. Also, 33 feet + 18 feet 
= 51 feet A little reasoning will show that the law holds 
good whatever the signs of the two quantities. 

Again, in 1 foot there are 12 inches; hence 33 feet 
= 396 inches, and 18 feet = 216 inches. Letting a 
represent the number of feet in a step and b the 
number of inches in a foot, a x b, or ab , represents 
the number of inches in a step Therefore, llab + 6ab 
= Yiab = 17 X 3 X 12 inches = 612 inches = 396 inches 
+ 216 inches. 

i 

40 . Only quantities having the same letters affected 
with the same exponents can be added, i. e., combined into 
a single term. For example, 7 and — 9, — ab and 8 ab, 
4 a'b and — 2a*b, etc. can be added ; but 7 a and — 9, — a'b 
and 8 ab, 4 a'b and — %ab 2 , etc. cannot be added. The only 
way in which 7 a and — 9 can be added, is to change the 
form of 7 a so as to get rid of the exponent; this is done by 
raising 7 to the power indicated, obtaining 49, a number 
having the exponent 1, the same as the exponent of — 9. 
When this is done, 7 s + (- 9) = 7 a - 9 = 49 - 9 = 40. 
When the unlike terms contain letters, however, it is very 
seldom possible to change the form so as to make them 
alike, and it then becomes necessary to indicate the addi- 
tion. Thus, the sum of - a*b and 8 ab is written either 
— a*b+8ab or 8 ab — a'b, according to which arrangement 
of terms is desired; so also, the sum of 4 a*b and 2 ab is 
written either 4# a ^ — 2 ab* or — 2 ab* + 4<z a £. But when no 
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particular arrangement of terms is desired, a positive term 
is always written first. 

Suppose it were required to add the following monomials, 
a*b, — Mb, — %a*b, and 3 a*b. The sum of the first two is 
cPb — Mb = — 3 a*b, since when no numerical coefficient is 
written, it is always understood to be 1 Adding to this 
result the third monomial, the sum is — 3 a*b — 2 a*b 
= — Mb. Adding to this result the fourth monomial, the 
sum is — Mb + 3 a*b = — 2a*b, the sum of all the monomials. 
The addition may be performed more rapidly and con- 
veniently by adding all the positive and all the negative 
monomials separately, and then adding the two sums. 
Thus, c?b + 3 a*b = 4 a'b; — 4 a'b — 2 a'b = — Mb; — Mb 
+ Mb = — 2a'b. 

41. From these illustrations, the following important 
principle is derived. If all the terms to be added are posi- 
tive, the sum is positive; if all are negative , the sum is 
negative If one term is positive and the other is negative, 
the sum has the sign of the numerically greater . If there 
are several terms to be added, part of which are positive 
and part negative, the sum is positive or negative according 
as the sum of the positive terms is numerically greater or 
less than the sum of the negative terms. 

To add like quantities having the same sign : 

Rule I . — Add the coefficients , give the sum the common 
sign , and annex the common literal part . 

To add like quantities having different signs: 

Rule II. — Add the positive and the negative coefficients sep- 
arately, and from the greater sum subtract the lesser . Give 
the remainder the sign of the greater sum , and annex the 
common literal part . 

Example 1 —Find the sum of — 2 abxy, - abxy , — 3 abxy, and — babxy. 

Solution.— The sum of the coefficients is 12 (remember that the 
coefficient of — abxy is 1), and the common sign is — . The commor 
literal part, abxy , annexed to these gives as the result — \2abxy 
(Rule I.) 
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Example 2.— Add xy 9 , — 2xy 9 , 8 xy 9 , and — 4xy 9 . 

Solution — The sum of the coefficients of the positive terms is 9, 
and of the negative terms, 6 Their difference is 8, and the sign of the 
greater sum is 4-. The common literal part, xy\ annexed to these 
gives as the result 8xy 9 . (Rule II.) 


EXAMPLES POR PRACTICE 
Find the sum of the following : 

1. - 6a 9 , 2a 9 , - 5a 9 , 4 a 9 , - 3a 9 , and a 9 . Ans. - 7 a 9 

2. 2 a 9 b, — a 9 b, 11 a 9 b, — 5 a 9 b, 4a 9 b, and — 9 a 9 b. Ans. 2 a 9 b 

8 2jt 4 , 8 xy, — x 9 , 8y 9 , - 5 xy, and — 7 'y 9 . Ans x 9 — 2 xy +y 9 

Note — Combine like terms and connect with respective signs. 

4. a 9 be, — 2ab 9 c, 8abc 9 , ^ 4 a 9 bc, and 6 ab 9 c 

Ans 8 ab 9 c — 8 a 9 bc 4* 8abc 9 


ADDITION OP POLYNOMIALS 

42. Addition of polynomials is merely an extension of 
addition of monomials. 

Buie. — Write the expressions underneath one another, 
with like terms in the same vertical column . Add each 
column separately , and connect the sums by their proper signs. 

Example 1 — Find the sum of 5 a 9 4 - 6ac — 8 b 9 — 2 xy, 'lac — 8 a 9 + 4b 9 
+ 8xy, and 4 xy — 5b 9 4- Sac — a 9 . 

Solution. — Writing like terms in the same vertical column, we 
have 

5a* + 6ac — 3b 9 — 2 xy 

— 8 a 9 4- lac + 4 b 9 4- 8 xy 

— a 9 4- Sac — 5 b 9 4- 4 xy 

sum a 9 4- 2\ac — 4b 9 4- 5 xy Ans. 

Example 2 — Find the sum of a 9 x — ax 9 — x 9 , ax— x 9 — a 9 , — 2 a 9 
— 2a 9 x — 2 ax 9 , and 8 a 9 — 3a 9 x 4- 8 ax 9 . 

Solution. — a 9 x — ax 9 — x° 

— x 9 — a 9 4- ax 

— 2 a 9 x — 2 ax 9 — 2a 9 

— 8 a 9 x 4- 8<z* 9 + 8 a 9 

sum — 4a 9 x 4-0 —2x 9 + 0 4- ax 

= ax — 4a 9 x — 2x 9 Ans. (Arts. 03 and 24.) 


ILT 281 — 3 
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EXAMPLES FOR PRACTICE 
Find the sum of the following. 

1. ax 4- 2 bx 4- 4 by — 8 ay, 2ax 4- bx 4- 2<sy — Jy, and 4^ -f 3 by. 

Ans. 7 ax 4* 8 bx 4 — ay 

2 a — x -f 4y — 3# -t- se/, * 4- 8*z — 2x — / — w, and x + y + s. 

Ans 4a — 2x + 4y — s 

8. 2a— Sb + 4d, 2b — 3d+4c, 2d—8<r + 4a, and 2c — 8a + 4£. 

Ans 8 a 4 3 b 4 8 c 4 8 d 

4. 6jtr — 8y 4- 7z«, 2n — x 4 y, 2y — ix — 5;«, and m 4 n —y. 

Ans. x —y 4* 8 m 4- Zn 


SUBTRACTION 


SUBTRACTION OF MONOMIALS 

43. As in addition, there are four cases, as follows, 
using the same numbers as in Art. 36. 


(+11) -(+6) = 

11 — 6 = + 5 

( 1 ) 

(+11) -(-6) = 

11+6 = +17 

(») 

(-11) -(+6) = 

- 11 - 6 = - 17 

( 3 ) 

(-H) -(-6) = 

- 11 + 6 = - 5 

( 4 ) 


To interpret these results, refer again to Fig. 2 As 
before, the sign of the first term, or minuend, indicates 
whether the man walks first in the direction of the arrows 
marked A or those marked i?, and the number 11 indicates 
where he stops; the sign of the second term, or subtrahend, 
indicates whether he is then to walk in the direction of the 
arrows A or the arrows j 5; and the sign between the terms 
indicates whether the walk is to be forwards or backwards. 

Case (1), 

(+11) -(+6) = +5 


He walks from O to + 11 ; the sign of the second term 
being plus, indicates that he is to face so as to walk in the 
direction of the arrows marked A ; the sign between the 
terms indicates that he is to walk backwards 6 steps. He 
therefore stops at + 5 Hence, (+ 11) — (+ 6) = 5. 
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Had the subtrahend been numerically greater than the 
minuend, that is, had the operation been ( + 6) — (+ 11), he 
would have walked first to + 6 and then backwards 11 steps 
to — 5. Hence, (+ 6) — (+ 11) = — 5. 

Case (2), 

+ 11- (-6) = +17 

He walks first to +11; turns around to face as though 
to walk in the direction of the arrows marked B; then 
walks backwards 6 steps, stopping at + 17. Hence, 
(+ 11) - (- 6) = + 17. Also, (+ 6) - (- 11) = + 17. 

Case (3), 

(-11) -(+6) = -17 

He vr^lks first to — 11, turns around to face as though to 
walk in the direction of the arrows marked A (indicated by 
the plus sign of the second term) ; then walks backwards 
6 steps, stopping at — 17. Hence, (— 11) — (+ 6) = — 17. 
Also, O 6) - (+ 11) = - 17. 

Case (4), 

(- 11) — (— 6) = — 5 

He walks to —11; the minus sign of second term indi- 
cates he is to face so as to walk in the direction of the 
arrows marked B\ the minus sign between the terms indi- 
cates that he is to walk backwards 6 steps. He therefore 
stops at — 5. Hence, (— 11) — (— 6) = — 5. 

Had the subtrahend been greater numerically than the 
minuend, that is, had the operation been (— 6) — (— 11), he 
would have walked first to — 0, and then walked backwards 
11 steps, stopping at + 5 Hence, (— 6) — (— 11) = + 5. 

4 4. An inspection of these results shows: first, that 
when the signs are alike, as in cases (1) and (4), the differ- 
ence is equal to the difference between the two numbers, and 
the sign of the difference is the same as the sign of the 
larger number; second, that when the signs are unlike, as 
in cases (2) and (3), the difference is equal to the sum of the 
two numbers, and the sign of the difference is the same as 
the sign of the minuend. 
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45, Consider further the four cases of subtraction. The 
result obtained in each case might also be obtained by 
changing the sign of the subtrahend and proceeding as in 
addition, as follows : 

(+11) -(+8) = (+11) + (-6) = 11-8 =+ 5 

(+ 11) - (- 6) = (+ 11) + (+ 6) = 11 + 6 = + 17 

(- 11) - (+ 6) = (- 11) + (- 6) = - 11 - 6 = ~ 17 

(- 11) - (- 6) = (- 11) + (+ 6) = - 11 + 6 = - 5 

Moreover, this method will always produce the same 
results as will be obtained by applying the law for subtrac- 
tion stated in Art. 44. Hence, the following rule for the 
subtraction of like monomials : 

Rule . — Change the sign of the subtrahend , and proceed as 
in addition. 

Example. — F rom — 8 ab 9 x take 7 ab*x. 

Solution — Changing the sign of the subtrahend, lab 9 *, and add- 
ing A we have 

— Sab 9 * — 8 ab 9 x 

lab 9 * — lab 9 * (sign changed) 

— I0ab 9 * Ans 

If the monomials are unlike, the difference cannot be 
expressed as a single term. Thus, to subtract 5ab*x 
from 3 a*bx 9 change sign of 5 ab*x and add it to 3 a'bx. obtain- 
ing 3 a*bx -f- (— 6ab M x) = 3 a*bx ~ 5ab 2 x. 

46. In arithmetic, subtraction consists in finding how 
much greater (or less) some number is than another. In 
algebra, subtraction has an entirely different meaning on 
account of the use of negative quantities. In algebra, sub- 
traction consists in finding what quantity must be added to 
the subtrahend to produce the minuend, and the subtra- 
hend may be greater than or less than the minuend, and 
either may be positive or negative. The result of the sub- 
traction must in all cases be the actual difference, and its 
sign must show whether the subtrahend must be increased 
or decreased to produce the minuend. For example, if A 
has $11 and B has $6, + td must be added to B's money to 
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make the amount the same as A’s; also, — $5 must be added 
to A’s money to make the amount the same as B’s. In 
one case the subtrahend is increased, and in the other it 
is decreased, and the sign of difference shows which 
occurred. Hence, 11 — 6 = 5, and 6 — 11 = — 5. 

Further, if A has $11 and B owes $6, i. e , has — $6, it is 
necessary to increase the amount B has + $17 to make the 
amount equal to A’s, since it would take $6 to pay what 
B owes and $11 more to reach the amount A has. Since the 
amount B had was increased, the sign of the difference is +. 
Hence, 11 — ( — 6) = + 17. 

If A owes $11 and B has $6, B must lose $17 in order to 
owe the same amount as A. Hence, — 11 — 6 = — 17. 

If A owes $11 and B owes $6, B must lose $5 more to owe 
as much as A, and A must gain $5 to owe as little as B. 
Hence, — 11 — (— 6) = - 5, and - 6 - (- 11) = + 5. 


EXAMPLES FOR PRACTICE 


Solve the following: 


1 . 

2 . 


8 . 

4. 

6 . 


6 . 


From 17 a take — 11 a. 

From — 11a take 17 a. 

Subtract 5 cd from — 4 cd 
Subtract — 103 9 from — 10^. 

What quantity added to 1 ( )xy will produce — 1 2xy ? 
What does lOxy subtracted from — 12xy equal ? 


Ans. 28a 
Ans. —28a: 
Ans. — 9 cd 
Ans. 0 

Ans. — 22xy 
Ans. — 22 xy 


SUBTRACTION OF POLYNOMIALS 

47 . To subtract one polynomial from another: 

Buie. — Write the subtrahend underneath the minuend, 
with like terms tn the same vertical column . Change the 
sign of each term of the subtrahend , or imagine the sign of 
each ter in to be changed , and proceed as in addition . 

Example 1. — From Sac — 2 b subtract ac — b — d. 

Solution.— Sac — 2 b 

— ac+ t + d (subtrahend with signs changed) 
difference 2 ac — b + d Ans. 
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Example 2 —From 2;r 8 — 3x*y 4- subtract x* — xy* + y z . 
Solution.— 

2 jt 8 — Sx^y 4- 2*/* 

— jt* + jry* — j/ 8 (subtrahend with signs changed) 

difference x z — 3x*y + 8xy* — y a . Ans. 


EXAMPLES FOR PRACTICE 
Solve the following: 

1. From 7a + — Sc take <2 — *17> + 5^ — 4. Ans. 6a + 12<5 — 8c + 4 

2. From 8/« — 5 n + r — 2s take 2r + 8^ — m — 5s. 

Ana 4m — 8n — r 4- Ss 

3. Subtract 2x — 2y + 2 from j/ — jr. Ans. 8y — 8^r — 2 

4. Subtract 8.T 8 4- 4*^ — 7xy* 4-^* — jry 8 from Sjt 8 4- x *y— Qay*+ y z . 

Ans. 2x 8 — 8^®^ 4- 4- jry® 


SYMBOLS OF AGGREGATION 

4 : 8 . Parentheses, brackets, etc. being used to enclose 
expressions that are to be treated as one quantity, the 
sign before the symbol affects the entire expression , not 
the first term only. Thus, - (rt a - 2 ab + b' 1 ) signifies 
that all the terms are to be subtracted from what precedes, 
not a a only. 

49 . When combining the terms of any expression with- 
out parentheses, proceed as in addition of monomials. 
When a parenthesis is preceded by a minus sign, the expres- 
sion within the parenthesis must be considered as a subtra- 
hend, and all signs must be changed before removing the 
parenthesis. 

50 . If, on the contrary, the sign before the parenthesis 
is plus, the signs of the terms within the parenthesis must 
not be changed when the parenthesis is removed, because 
the signs of the terms are not changed in addition. 
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which, in turn, is equal to 

5a — b + led — 4 a -h Zed — a b 
Combining like terms 

0a — 4dz — a — b + b + led + = a + Ans. 

53. If it is desired to enclose several terms in paren- 
thesis or some other symbol of aggregation, and the sign of 
the first term to be so enclosed is plus, simply write the 
symbol so as to enclose the desired terms. But if the sign 
of the first term is minus, it is customary to change the 
signs of all the terms enclosed and write the minus sign 
before the parenthesis, so that the first term within the 
parenthesis may be positive. Thus, if it were desired to 
enclose the last two terms of x 3 — 2ax + a 3 in parenthesis, it 
would be written x a — (2ax — a 3 ) ; while if the first two 
terms were to be enclosed, it would be written (x 3 — 2ax) + tf 9 . 


EXAMPLES FOR PRACTICE 
Remove the parentheses from the following . 

1. — (2 mn — m* — n % ). Ans — 2m n + w* 

2. 1 — ( — b ■+■ c + 8). Ans. b — c — 2 

8. 5a — 4b + 8^ — ( — 8a + Zb — c) Ans 8 a — 6b + 4c 

4. 3* — (2* — 5) + (7 — *). Ans. 12 


Remove the symbols of aggregation from the following : 

5. m ~ \4n — k — (m + n — 2£)]. Ans. 2m — Sn — fi 

0. 5x — (2* — fy) — (* + 6 y). Ans. 2x — 2 y 

7. 8 a — [7 a — (6*z — b — a)"] — ( — a — 4b). Ans a + 5b 


8. 8* + { 2y — [5x — (8 y + x - 4y) ] }. Ans. y - x 

9. 100* - j 200* - [600* - ( - 100*) - 300*] - 400*} . AnB. 600* 

10. lex — \ 4 cy — [ (4ex + 8 cy) + cy — £•*]} . Ans 10^* 


Note.— O bserve that the sign before the parenthesis is ■+■ understood. 

11. Enclose within parenthesis the second, third, and fourth terms 

of ** — 4*® 4- 6** — 4* -f- 1. Ans. x 4 — (4*8 — 6** + 4x) + 1 

12. Enclose the last two terms of x 4 — 4x B 4- 0* s — 4* -fl in 

parenthesis, the last three terms in brackets, and the last four terms 
In braces. Ans. x* — {4** — [G* 3 — (4* - 1)] } 


i 
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MULTIPLICATION 

MULTIPLICATION OF MONOMIALS 

54:. Multiplication of algebraic quantities consists of two 
distinct operations; first, the multiplication of the coeffi- 
cients, and, second, the multiplication of the literal parts. 
The second operation will be treated first. 

Consider two quantities as a and b; their product is 
evidently a x b = ab, the sign of multiplication being 
understood. The product of ab and c is evidently ab X c 
= a X b X c = abc. The product of a and a is a X a = a* ; 
of a a and a, is a* X a = a X a X a = a a ; of a* and b is 
a* X b = a*b\ of a'b and be is a*b X be = a X a X b X b X £ 
= and of tf 3 £ a and fl a <5V istfXtfXtfX^X^X^Xtf 

XiX^X^Xf=«XrtXflX«X^X^Xixixixi 
X £ = a*b*c. An inspection of these results shows that the 
product consists of all the letters occurring in both multipli- 
cand and multiplier and that the exponents of the letters in 
the product are equal to the sum of the exponents of the 
corresponding letters in the multiplicand and multiplier. 
The law is perfectly general, whether the exponents are 
positive (as above) or negative, integral (as above) or 
fractional, provided that the w.rd sum is understood to 
mean algebraic sum. 

55. The coefficients are multiplied separately and in the 
same manner as in arithmetic. For example, 6a*b* X 3 ab* 
= 5 X a*b* X 3 X ab* = 5 X 3 X a*b* X ab* = 15 a*b A \ ±ab 
X be = 4:X abx 1 X be = 4x1 X ab X be = 4 ab*e, etc. 

56. All that now remains is to determine the sign of 
the product. As in addition and subtraction, there are 
four cases as follows: 


(4-11) X (+6) = 

-t-66 

( 1 ) 

(+ 11) X (- 6) = 

- 66 

(2) 

(-11) X (+6) = 

-66 

( 3 ) 

(- 11) X (- 6) = 

+ 66 

( 4 ) 
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Referring to Fig. 3, which is Fig 2 repeated here for 
convenience, the man starts walking in all cases at the zero 
point 0. Call 11 in all four cases the multiplicand and 6 



the multiplier. Let the sign of the multiplicand indicate 
the direction faced and the sign of the multiplier indicate 
whether the walk is forwards or backwards. 

Case (1), 

(+ 11) X (+ 6) = + 66 

The man starts at O, faces to walk in the direction of the 
arrows marked A and tak^s 66 steps forwards, going twice 
around the plot and stopping at 18. Hence, (+ 11) 
X (+ 6) = 11 X 6 = 66. 

Case (2), 

(-1- 11) X (- 6) = - 66 

He starts at O , faces to walk in the direction of the 
arrows marked A, and takes 66 steps backwards, going 
twice around the plot and stopping at — 18. Hence, (+ 11) 
X (- 6) = 11 X - 6 = - 66. 

Case (3), 

(- 11) X (+ 6) = - 66 

He starts at O, faces to walk in the direction of the 
arrows marked B, takes 66 steps forwards, going twice 
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around the plot and stopping at — 18. Hence, (— 11) 
X (+ 6) = - 11 X 6 = - 66. 

Case (4), 

(- 11) X (- 6) = +66 

He starts at 0 , faces to walk in the direction of the 
arrows marked takes 66 steps backwards, going twice 
around the plot, and stopping at + 18. Hence, (— 11) 
X (- 6) = - 11 X - 6 = + 66. 

57 . An inspection of the results obtained shows that 
when the signs of the multiplicand and multiplier are alike, 
the product is positive, and when the signs are unlike, the 
product is negative. 

58 . A little consideration will show, further, that when 
a series of monomials are to be multiplied together to form 
a single term, the sign of the product will depend on the 
number of minus signs, being positive when the number of 
negative monomials is even and negative when the number 
of negative monomials is odd. For example, the product 
ax— bxcx— a* is positive, since the number of minus 
signs is two , an even number. This can be shown by 
actual multiplication; thus, nx— bxcx—a* = — abx c 
X — a* = — abc X — a 9 = a 9 bc. Again, the product a 
X — bx c X — a* X — b is negative, since the number of 
minus signs is three , an odd number. This can also be 
shown by actual multiplication ; thus, ax — b X c x — a* 
X — b = — ab X c X — a* X —b = — abc X — a* X — b 
= a % bc X — b = — a'b'c. 

59 . From the foregoing the following rule is obtained 
for the multiplication of monomials : 

Hale . — Jo the product of the coefficients , annex the letters 
of both monomials; give each letter an exponent equal to the 
sum of the exponents of that letter . 

Make the sign of the product plus , ivhen the signs of the 
multiplicand and multiplier are alike; and minus , when they 
are unlike . 
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Example. — Multiply 4 cPb by — 5 a*bc. 

Solution. — The product of the coefficients is 20, and the letters to 
be annexed are a , b , and c. The new exponent of a is 5, and of b t 2, 
since a a + * = a 5 , and b 1 + 1 = b* The sign of the product is minus, 
since the two factors have different signs 

Hence, 4 a 3 b X — bcPbc = — 20 a h b*c Ans 

60. When there are more than two factors, there are 
simply three or more examples in multiplication to solve in 
succession, each to be performed by the foregoing rule. Or, 
multiply the coefficients as in arithmetic, write all the 
letters that occur in the factors, and give to each an expo- 
nent equal to the sum of the exponents of the letters in 
the factors. Determine the sign by the principle given in 
Art. 58. 


Example. — Find the continued product of Qx*yz* t — 9 jfVs 9 and 

- 8x 4 yje. 

Solution —First • x — = — 54^r 3 + s j/ 1 + 3 tf 8+ * I 0 r 

- 64 x*y*s\ Now, multiplying this product by — 8x*yz, we have 

- 54*y*e x - = 162 Ana. 

Second - The product of the coefficients is 6 X 9 x 8 = 162. The 

sum of the exponents of is 2 + 2 + 4 = 8, of y iB 1 + 2 + 1 = 4, and 

of z is 3 + 2 1 = 6. Since the number of minus signs is even, the 

sign of the product is +. Hence, the product is lG2x*y*s*. Ans. 


E XAM PLES FOR PRACTICE 
Find the product of- 

1. a*b* and — 6 abd 

2. — 7jt y and — 7;r s jA 
8 — 16 m B n 6 and 8 mn. 

4. 8 a{x — yf and 2a 9 (x — y), 

Suggestion —Treat the (x — y) as thoug-h It were a single letter 
6. Find the continued product of 2 a*m*x, - and 4am*x ■. 

Ana. -*24 a*m 6 x 

6. What does - a'bn X - 2 cdn X - Udc* x - 2acn* equal ? 

Ans. 12 aH l c*d*ti 


Ans. — 6 a A b*d 
Ans 49x*y* 
Ans. — 4 6w fl « 1 
Ans. 6a\x — y ) « 
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MTJTjTIP lic ation of poxyxomiaxs 

61. There are two cases, (1) when the multiplier is a 
monomial, and (2) when it contains more than one term. 
The first case will be considered first. The process is best 
illustrated by an example. 

Example. — Multiply 8 — 8 a*b — b* + a 6 — 4 ab x by - 5 ab % . 

Solution — First: 

3 a'P - doth - b* + a 6 - 

- 5 ab* 

- 15 aW 4* 15 aW + 5 ab* - 5 aW + 20 aW 

Arranging terms accprding to descending powers of a, the product 
is - 5 a'P + 15« 8 ^ 8 - 15 a* 6* + 20 aW + Sab* Ans. 

Second . Arranging the multiplicand according to descending powers 
of a, before multiplying, 

a* - 8 a*b + 8 aW - 4 ab* - b* 

-5 a£>* 

— Ba 6 b* + 15 a h ¥ — 16 a*b* + 20 a*b* + Sab* Ans. 

Explanation. — For convenience, the multiplication is 
begun with the left-hand term of the multiplicand instead 
of at the right, as in arithmetic, and the multiplier is 
written at the left also. Each term of the multiplicand is 
then treated as a monomial and multiplied by the multi- 
plier, according to the rule of Art. 59, and the various 
results are added algebraically, as indicated As it is more 
convenient, and in most cases necessary, to have the result- 
ing product arranged according to the descending or ascend- 
ing powers of one of the letters, the terms are then rearranged 
according to the descending powers of a. 

A better way to obtain the result indicated by the answer 
is to arrange the multiplicand according to the descending 
or ascending powers of the letter selected, by which means 
the product will not require to be rearranged ; this is indi- 
cated by the second solution. Here, a 6 x — 5ab* = — 5a°b 2 i 

- 3 a K b X - tab* = 1 5a'b\ 3 a'b 2 X - 5ab 2 = — 15a 9 b\ 

— 4 ab* X — 5ab* = 20 a 2 b i i and — b K X — 5ab 2 = 5ab\ 

$07 602 ? 
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653. From the foregoing, the following rule is derived: 

Rule. — Arrange the terms of the multiplicand according 
to the descending or ascending powers of some letter , and 
multiply each term of the multiplicand by the monomial mul- 
tiplier ; the algebraic sum of the results will be the product 
sought . 


63. When the multiplier consists of more than one 
term: 

Rule. — The terms of the multiplicand are arranged accord- 
ing to, the descending or ascending powers of one of the let- 
ters , and the terms of the multiplier are arranged similarly, 
with the left-hand term of the multiplier under the left-hand 
term of the multiplicand. Each term of the multiplicand is 
then multiplied by the first ( left-hand ) term of the multiplier, 
proceeding from left to right , and the successive results are 
written underneath , connected by their proper signs , for the 
first partial product. Each term of the multiplicand is then 
multiplied by the second term of the multiplier for the second 
partial product , the terms similar to those in the first partial 
product being placed underneath to form a column . The 
multiplication is thus continued with the third and remaining 
terms until all the terms of the multiplier have been used as 
monomial multipliers . The various columns are then added 
and the result is the product sought . 

Example 1 —Multiply 6a — 4b by 4 a — 2b. 

Solution — Write the multiplier under the multiplicand, and begin 
to multiply at the left 

6a - U (1) 

4a - 2b 

Multiplying (1) by 4 a gives 24 a* — 1 6ab (2) 

Multiplying (1) by — 2b gives — 12ab + 8 b* (8) 

Adding (2) and (8) gives 24*2* — 28ab + 8 b 3 Ans. 

The like terms, — \6ab and — 12 ab t are written under each other, 
so that it will be easier to add them 

Example 2 —Multiply .x l — x 1 + x* by 1 ~ x* + x. 

Solution. — Arrange both multiplicand and multiplier according to 
the increasing or the decreasing powers of the same letter, in this case 
according to the increasing powers of x. 
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1 - x + x* + x* ( 1 ) 

1 + X — X 1 

Multiplying (1) by 1 gives 1 — x + x* + x* (2) 

Multiplying ( 1 ) by + x gives - x a + x 8 4 . x 4 ( 8 ) 

Multiplying (1) by — x* gives — x* 4 - x z — x 4 — x 5 (4) 

Adding (2), (8), and (4) gives 1 - x* + dx 8 — x 5 Ans 


Example 3.-— Find the product of 8 a'b + a 8 4- 8 ab* + b 8 and a 3 — & 
+ dab* — 3 a'b. 

Solution — Arranging the terms according to the descending 
powers of a and multiplying, 

a 8 + 3a s b + dab* + b 8 
a 3 — 8 a*b + dab* — b 8 
a 6 4- da 5 b -l- 8 a*b* + a 8 b 8 

- 8 a 5 b - 9 a*b* - 9 a 8 b 8 - 3 a*b 4 

8 a 4 b* 4- 2a 8 b 8 4- 9 a?b 4 4- dab 5 

- aW - da*b* - dab 6 - b 3 
a 6 4- 0 — 8a 4 <$* + 0 + 8 a*b 4 + 0 — b* 

Hence, the product is a° — 8a 4 /** 4- da*!? 4 — b 9 . Ans 

64:. Multiplication is frequently indicated by enclosing 
each of the quantities to be multiplied in a parenthesis. 
The sign of multiplication is not placed between the paren- 
theses, multiplication being understood. When the quanti- 
ties are multiplied together, the expression is said to be 
expanded. 

For example, in the expression (in — 2n) (2m—n) 1 the 
binomial m — 2n is to be multiplied by the binomial 2 in — n 
Performing the multiplication, the product is 2m* — 5 mn 
+ 2 n*, which is the expanded form of the expression. 


EXAMPLES FOR PRACTICE 
Multiply the following 

1. x* 4 - 2xy +y* by x + y Ans x 8 + 8 x*y 4- dxy* +y* 

2. 8 ab*m 8 4 - 4 a*b — 2 by cPfflmK Ans 3 cPb*m n 4 - 4 a 8 £*w 8 — 2 atb'm 8 

3. c 2 — d * by c* 4 - d *. Ans c 4 — d 4 

4. x 4 + x *y* + y* by x s — y*. Ans. x 6 — y 9 

5. da* — 7 a 4 - 4 by 2a* 4 - 2a — 5. Ans. 6a 4 4 - 18a® — 70a* 4 - 71a — 20 
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Expand the following . 

6. (8a — Sc) (4 — 8a). Ans. 8a — 12c — 6a’ •+■ 9 ac 

7. (x + 8) (a: — 2) ( r* 4- 4). Ans. x 1 — 16 

8 [x(x’ - ?) - 3][.v(-t a + y 1 ) + 3]. 

Note— T he expressions in the brackets reduce to x* - xy* - Sand x* 

The product of these Is x a — x*y* - 4xy* - 4. Ans. 


DIVISION 


DIVISION OF MONOMIALS 

65 . The law of signs for division is the same as for mul- 
tiplication; i. e., when the dividend and divisor have like 
signs , the sign of the quotient is plus , and when they have 
unlike signs, the sign of the quotient is minus. This may be 
proved (1) directly or (2) as following from the law of signs 
for multiplication. It will first be proved directly. 

66 . There are four cases as follows: 


(+ 66) -f- (+ 11) = 

+ 6 

( 1 ) 

(+ 66) - (- 11) = 

-6 

( 2 ) 

(- 66) -s- (+ 11) = 

— 6 

( 3 ) 

(- 66) -5- (- 11) = 

+ 6 

W 


Referring to Fig. 3, suppose our man to start from 0 in 
all cases. He is to walk 11 steps and count 1, walk 11 steps 
more and count 2, and so on until he has walked 66 steps. 
The number of 11-step periods counted will be the quotient. 
If he walks around the plot in the direction of the arrows^, 
the quotient will be plus, while if the walk is in the direction 
of the arrows B, the quotient will be minus. Let the sign 
of the dividend indicate the direction he is to face, and let 
the sign of the divisor indicate whether he is to walk 
forwards or backwards. 

Case (1), 

(-(- 06) -r- (H-,11) = + 6 

The plus sign of the dividend shows that he is to face to 
walk in the direction of the arrows marked A ; the plus sign 



ELEMENTS OF ALGEBRA 


33 


of the divisor shows he is to walk forwards; hence, he walks 
around the plot in the direction of the arrows A , and the 
sign of the quotient is plus. Therefore, 66 -s- 11 = 6. 

Case (2), 

(+ 66 ) 4 - (- 11 ) = -6 

He faces to walk in the direction of the arrows marked A ; 
the minus sign of the divisor indicates he is to walk back- 
wards; hence, he walks around the plot in the direction of 
the arrows B , and the sign of the quotient is minus. There- 
fore, 66 -s- - 11 = - 6. 

Case (3), 

(- 66) “S- (+ 11) = - 6 

The minus sign of the dividend shows he is to face to 
walk in the direction of the arrows marked B\ the plus sign 
of the divisor indicates he is to walk forwards; hence, he 
walks around the plot in the direction of the arrows B , and 
the sign of the quotient is minus. Therefore, — 66 - 4 - 11 
= - 6 . 

Case (4), 

(_ 66 ) - 7 - (— 11 ) = +6 

He faces to walk in the direction of the arrows B\ the 
minus sign of the divisor indicates he is to walk backwards; 
hence, he walks around the plot in the direction of the 
arrows A , and the sign of the quotient is plus. Therefore, 
- 66-5- - 11 = 6. 

67. The second proof follows directly from the laws of 
multiplication and the fact that the product of the divisor 
and quotient plus the remainder, if any, must equal the 
dividend. 

Case (1), 

(+ 66 ) - (+ 11 ) = + 6 

Here the product of the divisor 11 and the quotient 6 
must equal + 66. Since only the product of like signs is 
positive and the sign of the divisor is plus, the sign of the 
quotient must also be plus. 

I LT 381—4 
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73. From the foregoing, the following rule is derived 
for division of monomials : 

Rule. — Divide the coefficient of the dividend by the coeffi- 
cient of the divisor and to the quotient annex the letters of 
the dividend \ each with an exponent equal to its exponent m 
the dividend minus its exponent in the divisor , omitting those 
letters whose exponents become zero . 

Make the sign of the quotient plus when the divide?id and 
divisor have like signs , and minus when they have unlike 
signs. 

Example 1.— Divide GaWc* by — 8 a 9 bc*. 

Solution. — The quotient of 6 h- 3 is 2. The letters to be annexed, 
and their exponents, are = a 8 , and b*~ l = b 8 . The c has an 

exponent of 8 — 8 = 0, so that it becomes equal to 1, and is omitted. 
The sign of the quotient is minus 

Hence, QaWc* -i 3 dbc* = — 2 a z b z Ans. 

Proof — — 8 a*bc* X — = tiaWc* 

Example 2.— Divide — lOa^Wby — 2 ab*c. 

Solution. — — lOaWc'd + - 2ab*c = V-V = tided. 

Ans. 


EXAMPLES FOR PRACTICE 
Divide the following: 

1. 12 m*n by 4» 

2. 80 x*fbd by — tix n y*c*. 

8. - 44aW by - ll*m 

4. — IOOjt 4 y 3 * 3 by x *yK 

5. Itipfxbd by 75;r 8 . 


Ans. dm* 
Ans — tixbc 
Ans 4 a*b 
Ans. — lOO-ry* 4 
Ans. pq*mt 


DIVISION OF POLYNOMTATJ9 

74. When the divisor is a monomial : 

Rule. — Divide each term of the dividend by the divisor > 
and connect the partial quotients by their proper signs. 

Example.— D ivide 12a 9 £ 4 — 9ab a + 6 a*b* by 8 ad. 

Solution.— 3a<5 8 )12a 9 £ 4 — 9 ab* + tiaW 

quotient ±ab — 3 + 2 a*b Ans. 
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EXAMPLES EOR PRACTICE 

Divide the following. 

1. 64 m 3 n l — 82 rnn 3 + 8 m 3 n by 8 mn Ans. 8mn 3 — 4/z -b m 

2 27* Y* - 9 x'yz 3 - 888**y z* by - 8 x'yz. 

Ans. — 9y + 3* -b Illy* 

3. 10(* -b y) 3 — 5 a(x -b y) + $a\x -b j/) by 5(* + .y). 

Ans 2(* + J') — a 4 a 8 

75. The division of a polynomial by a polynomial is 
performed in the same manner as is the operation called long 
dtvtston in arithmetic. The work is performed to the best 
advantage if the dividend and divisor are arranged according 
to the ascending or descending powers of the same letter. 
The process is shown in the following example. 

Example. — Divide x 8 — 9x * + x 4 — 16* — 4 by 4 4- ** + 4*. 

Solution. — A rrange the dividend and divisor according to descend- 
ing powers of x 

dividend x* + ** — 9* 8 — 16* — 4(* 8 + 4* + 4 divisor 

x 4 + 4* a + 4* s {** — 3* — 1 quotient 

first new dividend — 8*® — 18** — 16* 

- 8*8 - 12 ** - 12 * 

second new dividend — * 8 — 4* — 4 

-**- 4*— 4 

Divide the first term of the dividend x* by the first term of the 
divisor * s for the first term ** of the quotient. Multiply the whole 
divisor by x 3 and the product is * 4 -b 4** -b 4* 8 . Subtract this from 
the dividend and the remainder is the first new dividend — 8** — 18* s 
— 16* — 4. The term — 4 need not be brought down, since the divisor 
consists of three terms only. 

Divide the first term of the remainder — 8*“ by tjie first term of the 
divisor * B and the result is — 8*, the second term of the quotient. 
Again, multiply the whole divisor by this term of the quotient and 
subtract the product, — 8* 1 — 12** — 12*, from the first remainder. The 
remainder is — * a — 4* — 4, the term — 4 being brought down from the 
original dividend. Divide the first term of this remainder — ** by 
the first term of the divisor * 8 and the quotient — 1 is the third term 
of the quotient. Multiply the whole divisor by this term of the 
quotient and the product is — ** — 4* — 4. When this product is 
subtracted from the remainder, — ** — 4* — 4, there is no remainder. 

The sum of the various products plus the remainder, if any, * 4 4- 4** 
4 - 4* 8 , — 8* 1 — 12* 8 — 12*, and — ** - 4* - 4, is the original dividend. 
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76. The student will find it advantageous to place the 
divisor on the right of the dividend, with the quotient below, 
as shown in the last example It will then be easier to 
multiply each term of the divisor by the new term of the 
quotient and there will be less liability of mistakes. The 
solution will also require less space. 

77. To divide one polynomial by another: 

Rule. — I. Arrange both dividend and divisor according 
to asceyidmg or descending powers of some common letter . 

IX. Divide the first term of the dividend by the first term 
of the divisor to obtain the first term of the quotient . 

III. Multiply the entire divisor by the first term of the 
quotient; write the product under the dividend and subtract 
it from the dividend for the first remainder . 

IV. Regard the remainder as a new dividend and divide 
its first term by the first term of the divisor for the second 
term of the quotient 

V. Multiply the whole divisor by the second term of the 
quotient; write the product under the first remainder and 
subtract as before . 

VI. So co?itinue until the remainder is 0 , or until the first 
term of the remainder cannot be divided by the first term of 
the divisor without a change of sign m the exponent of the 
quotient . 

Noth — When there is a final remainder, it is to be written over the 
divisor and annexed to the quotient. 

Example 1 —Divide ** + 57* — 70 by * 8 + 8* ~ 5. 

Solution — 

dividend x 4 + 57* — 70(* 8 + 8* — 5 divisor 

(* s + 8* — 5) X x a = x 4 + 3* 8 — 5* s (* 8 — Sx + 14 quotient 

first new dividend — 8* s -f fur 8 + 57* 

(* a + 8* - 5) X (-8*) = -8** - 9* a + 15* 

second new dividend 4- 14* s 42* — 70 

(*8 + Qjc - 5) x 14 = +14* 8 + 42*-70 
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Check. — By the definition of division the dividend is the 
product of the divisor and quotient; therefore, to check a 
division, multiply the divisor by the quotient, and if the 
product is the dividend, the work is probably correct. Thus, 
example 1 may be checked as follows : 

divisor x* + 3x — 5 

quotient x* — %x + 14 

x*-\-3x*— 5x* 

-3x a - 9x 9 + 15x 

+ 14^ 9 + 42x — 70 

product x K + — 70 dividend 


Example 2 —Divide ( a ) x* — y % by x— y ; also, ip) a* — x* by a + x. 


Solution — 

(«) 

,r 2 — y \x — y 
X* — xy {x +y 
4- xy —y* 

+ xy— y* 


(*> 

a 4 — x i (a 4- x 

a 4 4- cfix (a 8 - a*x 4- ax 9 — x 8 

— a 8 x — x 4 

— a*x — a % x 9 


a 9 * 9 - x* 


Ans. | 


(«) ■*'+>' 

(b) a 5 — a 9 # + ajr 9 


a 2 jr 8 4- ajtr 8 

- ax* - x* 
x 8 — ax 8 — x 4 


Example 3. — Divide a B — 9 4- 7a* — 17 a 8 by 8 4- a 9 4- 5a. 
Solution.— 

-17 a 8 4- 7a 9 - 9(a 9 + 5a + 8 
a® 4- 5a 4 + 8a 8 (a 3 — 5a 9 4- 6a •— 8 Ans. 

-5a 4 -20a 8 4- 7a 9 
-5a 4 -25a 8 -15a 9 

6a 8 4- 22a 9 - 9 
6a 3 + 26a 9 + 16a 

- 3a 8 - 16a - 9 

- 8a 9 - 16a - 9 


EXAMPLES FOB PRACTICE 

Divide : 

1. a* 4- 2a£ 4- b* by a 4- b. 

2. a * — 2ab 4- b % by a — b. 

8. a 3 — 8 a*b 4- 8a£ 9 — b 8 by a - b. 


Ans. a 4- b 
Ans. a — £ 
Ans. a® — 2a£ 4- 0* 



40 


ELEMENTS OF ALGEBRA 


§3 


4. a 8 4- a 3 + 4a — 20 by a — 2 Ans a 3 + 3a 4- 10 

5. 8-r 8 — Sfljry H- 15y* by 4.r — 8y. Ans. 2;tr — 5/ 

6. x 4 — jr 8 / 8 — lSj' 4 by + 8y 8 . Ans. ;r s — 4yt 

7. a 4 + 64 by a 9 + 4a 4- 8. Ans. a 3 — 4a + 8 

8 . jr*_y* 4 - 2jry*j — jr 9 * 9 +^ 8 by xy 4- xz +ys. Ans. xy — xss + yz 

9. 12jtr 4 — 26 : *y — 8x 3 y 3 4- 10xy 8 — 8y* by 8x 2 — %xy + y 3 . 

Ans. 4x 3 — 0jt y — 8 y* 

10. a 10 — 29 a 4 + 02a D 4- 8 a 3 4- 16a — 852 by a 4 + 2a 8 — 5a — 11. 

Ans. a 6 — 2a* 4- 4a 4 — 8a 8 4- 7a s — 16a 4- 82 



ELEMENTS OF ALGEBRA 


(PART 2) 


FACTORS AND MULTIPLES 

FACTORING 

1. It was stated in Art. 4, Part 1, that factoring is a 
particularly important operation. The reason that this is 
so is that terms cannot be combined in algebra as in arith- 
metic, because the equivalence of the terms is not known. 
The idea can be best illustrated by an example. 

* Suppose it is required to multiply 5,402 by 136. The 
number 5,402 is equal to 5,000 + 400 + 2 = 5 (10*) + 4 (10 3 ) 
+ 2. Similarly, 136 is equal to 10 3 + 3 (10) + 6. If now a 
be substituted for 10, the two numbers become 5a 1 + 4a: 3 + 2 
and a* + 3a + 6. Multiplying these two algebraic expres- 
sions, the product is 

5a 1 + 4a 3 + 2 
a* + 3a +6 
5a 4 + 4a 4 + 2 a % 

15a 4 + 12 a 9 + 6a 

30 a 1 + 24a s + 12 
5a' + 19a 4 + 42a s + 26a 3 + 6a + 12 

That this result is correct can be seen at once by substi- 
tuting 10 for a, thus: 

COPYRICHTCD BY INTERNATIONAL TBXTBOOl* COMPANY. ALL MONTI RKSKRVEO 

14 
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Example 2. — Find the prime factors of 862 

Solution. — After dividing 802 by 2, try to divide 481 2 )862 

by 2, 8, 6, 7, 11, 18, 17, and 19. It is unnecessary to try 4 8 1 
any prime number greater than 19, for 481 divided by 19 
gives a quotient less than 28, the next prime number. Therefore, 
if 481 were divisible by 28 or any number greater than 28, the quotient 
would be less than 19, and 481 would have a factor less than 19. But 
by trial it is found that 481 has no factor less than 19, and is, therefore, 
a prime number. Thus, 

862 = 2 X 481 Ans. 


EXAMPLES FOR PRACTICE 
Find the prime factors of: 


1. 

86. 

Ans. 5x7 

2. 

117. 

Ans. 8* X 18 

8 

8,576. 

Ans. 5* X 11 X 18 

4. 

18,260. 

Ans. 8* x 8 X B X 18 X 17 


FACTORS OF ALGEBRAIC EXPRESSIONS 

11. An algebraic term is integral if it does not contain 
a letter as a divisor ; otherwise it is fractional. 

Thus, ab y x* 9 3 mn*x 9 \xy are integral terms; while a -f- b, 

— , are fractional. An integral term may have either an 

integral or a fractional value; so also may a fractional term. 

The classification of terms into integral and fractional 
has reference to their literal part, not to their numerical 
part or to their numerical value. 

An Integral expression is an expression of which all the 
terms are integral. 

Thus, 5x + 3x* + 6x* + 3 acx K is an integral expression. 

But j + -g- + “ r a fractional expression. 

An expression is said to be integral ivith respect to a cer- 
tain letter when that letter does not occur as a divisor in 
any term. 
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Thus, ^ + -^ + -^ 7 - is integral with respect to x , but 

fractional with respect to a . In the following discus- 
sion of factors and multiples, only integral expressions are 
treated. 

12. Factors of Monomials. — Since monomials contain- 
ing more than one element are simply indicated multi- 
plications, the factors of a monomial are found by mere 
inspection Thus, 

llaV = 11 xaxaxaxaxxxx 

13. Factors of Polynomials. — The product of two or 
more binomials or trinomials often assumes a certain type 
form, and when these type forms appear, it is easy to find 
the factors. Some of the simplest methods of finding these 
factors are given in the following articles. 


CASE I 

14. To factor a polynomial when all of its terms 
have a common factor. — The common factor is found by 
inspection and the other factor is found by dividing the 
polynomial by the common factor. 

Example. — Find the factors of 16jr 9 y 9 + 4r®j/ 9 — 12 xy*. 

Solution —It is evident that each term contains the common factor 
4 jry 9 . Dividing the number by 4 ry 9 , the quotient is 4r 4- x* — 8 y 9 , 
which is the other factor. 

Hence, 16jr 9 y 9 + 4x*y — lSjry 4 = 4ry 9 (4r + ar s — 8 y*) Ans. 

15. To discover the monomial factor of a poly- 
nomial, first' - ascertain the factors common to all the 
numerical coefficients. This is done by ascertaining if 
the smallest numerical coefficient is contained in the 
coefficients of all the other terms, and if so, reserve 
it for the coefficient of the monomial factor; if not. 
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and it is not a prime number, resolve it into its prime 
factors and see if any are factors of all the remain- 
ing terms, multiplying all the common prime factors 
for the numerical coefficient of the monomial factor 
bought. Then examine the polynomial to find the letters 
common to every term, take each of these common letters 
with the lowest exponent it has in any term of the poly- 
nomial. The product of the letters so chosen and the 
common factors of the numerical coefficients is the 
monomial factor. 


Example 1. — Find the factors of 12adW — 4 24<zV 

— 36a*bcy. 

Solution. — The numerical coefficients are 12, 18, 24, and 86, The 
smallest coefficient, 12, is not a factor of 18 ; hence, it is resolved into 
its prime factors, which are 2x2x8. Since 18 is divisible by one 2 
and by 8, and the other coefficients, 24 and 86, are divisible by 12, the 
numerical coefficient of the monomial factor is 2 X 8 = 6, the largest 
factor common to 12, 18, 24, and 86. The letters a and c are common 
to all the terms, and the lowest power of a is the first, and of c the 
square. Therefore, the monomial factor is 2 X 3 X a X or 6ac* 
Dividing the polynomial by 6 ac*> the quotient is 2 b*c — 8 a*y 4- 4ac 9 

— 6 a*bc*y*. Hence, 

12 ab*c* - 18 a*c*y + 24 - 36a 4 fry = 6ac\2b*c-r3a*y + 4 ac*-6aWy*) 

Ans. 

Example 2 —Factor %ax - bx 

Solution. — The only letter or number common to the two terms 
is x. 

Hence, 2 ax — bx = (2 a — b)x Ans. 


EXAMPLES ITOR PRACTICE 


Factor the following expressions. 

1. a 4 + ax \ 

2. 12 a> - 2a s + 4a 4 . 

8, 80 m K n^ — 0;/ 8 . 

4. 1 6xy - 8*‘ + 8. 

6. 4 x*y — 12 xy 4- 8-ty 3 . 

6. 40 aWc 4 *- 68 aWc 4 + TaW. 


Ans. a{a z 4 x) 
Ans. 2 a\6a* - 1 4 2a) 
Ans. 6?i\6m 4 — n) 
Ans. 8(2 * y — x* 4 1) 
Ans 4xy{x % — 8 xy 4- 2y“) 
Ans. '7a 9 b*c*( t ?bc — 9 ac 4 a*) 
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EQUAL FACTORS 

16 . Equal factors are those whose terms have the same 
letters, and whose letters have the same exponents and the 
same signs. Thus, 5a(2y — x) and 5a (2y — x) are equal 
factors of 5a( 2y — x) X 5a(2y — x) = 25a\2y — x) a ; but 
5a(2y — x) and — 5a(2y — x) are unequal factors, since the 
signs of 5a are not the same in both expressions. 

17 . A product of two equal factors is a perfect square. 
Either of the equal factors of a quantity is called its square 
root. 


18 . A product of three equal factors is a perfect cube. 
Any one of the three equal factors of a quantity is called its 
cube root, 

19 . In factoring, it is important to be able to easily dis- 
tinguish quantities that are perfect squares and cubes, and 
to determine their roots. By definition, 9 a*b* is a perfect 
square because 3 ab X 3 ab = 9 a*b*, and Sab is its square root. 
Also, 8 a 9 is a perfect cube because 2a* x 2a* x 2a 9 = 8a 9 , 
and 2a 3 is its cube root. In each of these cases the coeffi- 
cients of the roots are multiplied together, and the expo- 
nents added, to produce a perfect power. Hence , a 
quantity is a perfect square when its coefficient is a perfect 
square, and the exponents of all its letters can be divided 
by 2. For example, SSx l \ 49£W 8 , 16^ 0 ^ 10 , and 1 are all 
perfect squares, whose roots are 6x*, 'tbc'd 9 , ±a*b 9 , and 1, 
respectively. No perfect square, however, can have a minus 
sign ; for, let a = any quantity, — a X — a = a*, and 
a X a = a*. The square root of a 8 may be — a, or a, and 
a square root is often written ± a, read plus or minus a. 

A quantity is a perfect cube when its coefficient is a perfect 
cube, and the exponents of all its letters can be divided by S. 
Thus, 2*1 x 1 *, —64 b*c 9 d 9 , 8 a 19 b Jt , and 1 are all perfect cubes, 
whose roots are ?;r\ —4 bc'i*, 2a*b 9 , and 1, respectively. 
The sign of the cube root is always the same as that of its 
cube. 
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CASE II 

20. To factor a trinomial that Is a perfect square. 

Any trinomial ts a perfect square when the first and the 
last terms are perfect squares and positive , and the second 
term is twice the product of their square roots . 

Thus, let x and y represent any two quantities whatever, 
and we have the general forms of the square as follows: 

(*+J>Y = (x+y) (x+y) = x' + %xy+y' (1) 

{x—yy = (x — y) ( x-y ) = - 2xy+y' (3) 

The sign of the second term of the square always deter- 
mines the sign of the second term of the root, y in this 
particular case. 

21. Since x may represent any quantity and y any other 
quantity, it is evident that any trinomial having the form 
x* + 2 xy + y or x a — 2 xy + j/* is a perfect square. 

Rule . — Extract the square roots of the first and the last 
term of the trinomial , and connect the results by the sign of 
the second term. 

Example 1. — Factor x % 4- 6xy + 9y 9 . 

Solution. — First see if the trinomial has the form stated in 
Art 20. The first and the last terms are seen to be perfect squares, 
and their roots to be x and 8y. The second term is also twice the 
product of the roots x and 8y, and, since it has the plus sign, the 
binomial root must be x + 3y. Hence, the given expression is a square 
of the form x* -h 2 xy +y % , and 

x* + 6jt y ■+• 9y = (x 4- 6y) {x+%/) = (x + 8 y)' Ans. 

Example 2. — Factor 16m* + 9 n* — VAm'n*. 

Solution — The first term of the expression is a perfect square, but 
the last term is not. Inspecting the second term, it is found to be the 
square of 8«>, and the third term to be twice the product of dn l and 
the square root, 4 m* y of the first term. Arranging the trinomial so 
that the first and the last term are perfect squares, it becomes 1 6m* 
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— 24w s « 3 + 9« fl (a square of the form x 9 — 2xy+y 9 ); hence, 16m* 
+ 9«* — 24m 9 n 3 = lOwr 4 — 24w 9 » 8 + 9 n % = (4w 9 — 8n 3 ) (4*« 9 — 8# 8 ) 
= (4 m 9 - 8 » 8 ) 9 . Ans. 

Example 8 — Factor 4ar 9 + jr 9 ^ 9 + 2 x 9 y. 

Solution — Arranging the trinomial so that the first term and the 
last term are perfect squares, it becomes 4 jt 9 + 2 x 9 y + x 9 y 9 Now, 
although the first and the last term are perfect squares with roots 2x 
and xy , respectively, the second term is only equal to the product of 
the roots , hence, the trinomial is not a perfect square, and can only be 
factored by Case I Each term contains x 9 , and 

4x 9 + x 9 y 9 + 2x 9 y = ;r 9 (4 + y 9 + 2y) Ans. 

22. When two of the terms of a trinomial are perfect 
squares , and have like signs , and the other term is twice the 
product of their roots , the trinomial is a perfect square . 

Compare this statement with Art. 20. Thus, 2 ab — a 3 

— b\ if divided by — 1, becomes — 2ab + a* + b 3 = a 3 — 2ab 
+ b 3 ; hence, 2 ab — a 3 — b 3 = — (a 3 — 2 ab + £ a ) = — (a — b) 3 . 

Example 1 — Factor 4pq — 4/ 9 — q 9 . 

Solution. — Dividing first by — 1, we have — 4 pq + 4/ 9 + q 9 = 4/ 9 

— 4 pq ■+• q 9 = (2^ — q) 9 . 

Hence, 4pq - 4/ 9 - q* = - (4^ 4 - 4^ + ? 9 ) = - (2p - $0 3 Ans 

Example 2. — Factor lGr 8 .? 9 4- 1 fir 4 + 4J 4 . 

Solution. — The expression contains three squares, but, by careful 
inspection, we see that the first term is also twice the product of the 
square roots of the other two. 

Thus, 16r a J 9 + lBr 4 + 4s* = 1 fir 4 + lfir 9 * 3 + 4-r 4 = (4r 9 + 2 j 9 ) 9 Ans 

23. The two formulas given in Art 20 are also used to 
write out the square of the sum or the difference of two 
quantities in place of actually performing the multiplica- 
tion These are expressed in words as follows: 

The square of the sum of two quantities is equal to the 
square of the first , plus twice the product of the first and the 
second , plus the square of the second . 

The square of the difference of two quantities is equal to the 
square of the first, minus twice the product of the first and 
the second \ plus the square of the second . 

I L T 281 — 5 
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Example 1 — What is the value of (2ax -b 8£ 2 ) 2 ? 

Solution. — Here x in formula 1, Art 20, equals 2ax and y — 8 b 3 ; 
hence, x 9 = 4a 3 x 3 , 2 xy = 2 X 2a-r X 8*5 9 = 12ab 3 x, and y 3 = 9b 4 . 

Therefore, (2ax + 3^) 9 = 4rt 9 .r 8 + 12 ab 3 x + 9<$ 4 Ans. 

Example 2 — What is the squai e of — 2ax + a 9 ? 

Solution.— ** — 2a.r + a 3 = (-r 9 — 2<wr) + a 9 . Now treating the 
two terms in parenthesis as a single term, let x infoimula 2 equal 
x 3 - 2 ax and y equal a 3 , x 8 = (x 3 - 2 axf = .r 4 - 4^ 8 + 4a 9 .r 9 (apply- 
ing formula 2); 2xy = 2 X (* a - 2**) X «* = 2rt®*: 9 - 4^ 8 jr, and y 3 = a 4 . 

Therefore, 

(jr* — 2ax -b tf 9 ) 9 = x 4 — 4ax 3 + 4a 3 x 3 + 2a*x 9 — 4a 3 x 
+ a* = x 4 - 4rtjr a + 6fl 2 A- 2 — 4a 8 ;r + a 4 Ans. 

The same result will be obtained if the second and third terms are 
included in parenthesis and treated as one term. Thus, x 3 — 2 ax + a 2 
=r x 3 — (2ax — a 3 ). See Art 53, Part 1. Let x in formula 2 equal x* 
ana y = 2 ax — a 9 . Then, x 3 = ( x 2 ) 3 = x*\ 2 xy — 2 X x 3 X (2 ax — a 3 ) 
= 4« j: 8 — , and y 2 = (2rt^r — rt 2 ) 9 — 4a 2 ^ a — 4^ B ^r + a 4 . There- 

fore, (x* - 2ax + a 2 ) 8 = -r 4 - (4<zjr 8 - 2^r a ) + 4a 3 x 3 - 4a 3 x + a 4 = x* 
— 4 ax 3 + 6a s x 3 — 4a 8 x + # 4 Ans. 

24. After a little practice, simple expansions like those in 
the last two examples can be written directly. Formulas 1 
and 2 are very important and should be thoroughly 
memorized. 


EXAMPLES EOR PRACTICE 


Factor the following trinomials: 

1. x 9 — 10Jtr -b 64. 

2. n* - 26n* + 100. 

8. 25-r* -b VOxyz + 49 [y 9 * 9 . 

4. 10c* + b 3 - 8 be. 

5. 2 nix — m 3 — x 3 * 

0. aWc* - 2abh * 4- 1. 

Square the following: 

7. m + n. 

8. 4*4-2. 

9 . 9a — 6b. 

10. Square 2c 3 — c -b d. 


Ans. C*r-8) 9 
Ans (n 3 — 18) 2 
Ans. (5 jt -b tys) 3 
Ans. (4 c — £) 9 
Ans. — (w — ^) 2 
Ans. (ab'c* - l) s 


Ans. m 3 -b 2 mn -b 
Ans. 16-ir* -b 16.r -b 4 
Ans. 9a 9 — 29ab -b 25 b 3 


Note — First separate Sc" - e + rf Into two terms by enclosing c + rf In paren- 
thesis , then the expression becomes Sc" - (c — rf), and considering this as a 
binomial, the square is 4 c 4 - 4<r"(e - rf) -f Cc — rf)“. 

- 4c 9 (e ~ rf) = - 4c“ + 4f*rf 
(c - rf)" = e 9 - Serf 4- rf a 

Adding these results to 4c*, the final result is 4c*-4c B 4-4c 9 rf-b£* -Scrf+rf 1 . Ans. 
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case m 

£5. To factor an expression that Is the difference 
between two perfect squares : 

Formula, 

( x +y) ( x -y) = *?—y % 

26. Since x may represent any quantity and y any other 
quantity, it is evident from the formula that any expression 
that is the difference between two perfect squares may be 
factored by the following: 

Rule. — Extract the square roots of the first and last terms 
Add these roots for the first factor , and subtract the second 
from the first for the second factor. 

Example 1 — Factor 9 x 8 f — 4, 

Solution — The square roots of the first and last terms are 3.z^y 8 
and 2. The sum of these roots is 3x 4 f + 2, and the second subtracted 
from the first is Sx 4 /* — 2. 

Hence, — 4 = (8 x 4 f + 2) (8^/* — 2) Ans. 

Example 2.— Factor (a + b)* — mhi*. 

Solution. — T he square roots of the first and last terms are a 4- b 
and inn. The sum of these roots is a + b 4- inn, and the second sub- 
tracted from the first is a + b — mn 

Hence, 

(a 4- b) q — m 3 n* = {a + b 4- mn) (a + b — mn) Ans. 

27. The formula in Art. 25 is also generally used to 
write out the product of the sum and difference of two 
quantities, without actually performing the multiplication. 
The formula is stated in words as follows: 

The product of the sum a?id difference of two quantities is 
equal to the difference of their squares , 

Example 1.— Expand (a * 9 + 8) (x 3 — 8). 

Solution —The square of the first term is x 4 , and of the second, 9. 

Hence, (x* + 8) (x* — 8) = jr 4 — 9 Ans. 

Example 2. — Expand (ax 9 4 * bx — 1) (ax 9 4 - bx 4 - 1). 

Solution.— ax * 4 - bx - 1 = (ax 9 + bx) ~ 1 , ax* + bx + 1 = (ax 3 
4 - bx) 4 - 1 , their product is, therefore, (ax* 4* bx) 3 — 1 , the two terms 
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in parenthesis being treated as one term If desired to expand further, 
the expression becomes, applying formula 1, Art. 80, a 9 x A + 2abx* 
4- b 9 x 9 — 1. An?. 

Example 8 — Factor the expression obtained for the answer to the 
last example. 

Solution — On examining the expression a 9 x A + 2 ctbx* + b 9 x 9 — 1, it 
is seen that the first three terms are composed of descending powers 
of x with but two literal coefficients Hence, these terms are sepa- 
rated from the last term, — 1 , for investigation, thus obtaining 
(a*x 4 + 2 abx a 4 - b 9 x 9 ) —1, which equals x 3 (a 9 x 9 + 2 abx + b 9 ) —1. The 
expression m parenthesis is evidently the square of ax + b , hence, the 
expression becomes x 9 (ax 4 - b ) 9 —1 In this last expression the first 
term is a perfect square, and since the second term is also a perfect 
square, x\ax + b) 9 — 1 = [x(ax 4- b) 4* 1] [ x(ax 4- b) — 1] = (ax 9 + bx 
4- 1) (ax 9 + bx — 1). Ans. 


EXAMPLES FOR PRACTICE 


Factor the following expressions: 


1 . a 9 - 16 . 

2. a 9 - 49^. 

3. BlxY - 1- 

4. (ax 4- byf — 1. 

6. 25x<y - (bx + 1)*. 

6 . 1 - lMxY* a ' 


Ans. (a + 4) (a — 4) 
Ans. (a + 7^) (a -7^) 
Ans. (9jr J / + l)^y-l) 
Ans (ax + by + 1) (ax 4- by — 1) 
Ans. [6 x 9 y 4- (bx + 1)] [5x 9 y - (bx 4- 1)] 
= (fix 9 ')/ 4- bx 4- 1) (6 x 9 y — bx — 1) 
Ans. (1 4- 18 xy 9 z*) (1 - Wxy'sfl) 


Expand the following: 
7. (m 4- 1) (m - 1). 

8 (x 9 +y 9 ) (x 9 — y 9 ). 

9 . ( 4 a + 4 b 9 ) ( 4 a - 4 b 9 \ 


Ans. tn 9 — 1 
AnB. x 4 — y 4 
Ans. 16a 8 -16^ 


28. In example 5, the expression (&r + l )* should be 
regarded as a single term; in fact, any number of terms may 
be regarded as a single term by enclosing them in paren- 
thesis and operating on them as though they were a single 
letter. 

When solving any examples requiring the application of 
the rules in Art. 26 or 29, iirst ascertain if the numerical 
coefficients of the two terms are perfect squares or perfect 
cubes; if not, there is no use of examining further. 
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CASE IV 

29. To factor an expression that Is the sum or dif- 
ference of two perfect cubes. 

Lettings represent one quantity and y some other quan- 
tity, the sum and the difference of two perfect cubes will be 
represented by x*~\-y*a.nd x % — y % By actual division it 
may be shown that 

(x' +/) + (x+y) = X* - xy +/ (1) 

and (x‘ — y') - 4 - (x — y) = x* + xy -\-y’ (2) 

Hence, any expression that is the sum or difference of 
two perfect cubes may be factored as follows: 

Rule. — Extract the cube root of each term . Connect the 
results by the sign of the second term for the first factor, and 
obtain the second factor by division . 

It is to be noticed that the second factor will not be a per- 
fect square, because its second term will not be twice the 
product of the square roots of the other two. 

Example. — F actor 8^* — 27 y*. 

Solution. — The cube root of the first term is 2ar ! , and of the Second 
term 8 y 3 ; the sign of the second term is minus Consequently, the first 
factor is 2;r 8 — 8 y 3 . The second factor is found by division to be 
4 6x*y* 4 9y # . Hence, the factors are 2:tr 8 — 8 if and 4x* 4 Gx^y 3 
4 9 y 6 . Ans. 


EXAMPLES FOR PRACTICE 


Factor the following expressions' 


1. x 3 — 8y*. 

2. m % 4 04# e . 

8 27a 8 - 8^r 8 . 

4 1,000 - 27 a'b\ 

5. 1 4 720w 18 * 1B . 
0. 512a 8 -04^. 


Ans ( x — 2 y) ( x 9 4 2 xy 4 4y 8 ) 
Ans. (m 4 4* 8 ) ( m 8 — 4 mn 3 4 10» 4 ) 
Ans. (8a — 2x) (9 a s 4- Gax 4 4jt 8 ) 
Ans. (10 - 8a 8 4) (100 4 30a 8 4 + 2a*P) 
Ans. (1 + 0w 4 * B )( 1 - Ow 4 /* 6 4 81 

Ans. (8a - 44) (04a 8 4 82a4 4 104 s ) 
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CASE V 

30. Sometimes expressions may be resolved into two or 
more factors by the application of more than one of the given 
rules. The student should make himself so familiar with the 
first four cases that he will be able to determine readily when 
any of them may be applied 

When Case I is to be used m connection with other cases , it 
should be applied first . 

Example 1.— Factor 8 mx * y z — 12 ? njy \ 

Solution, — By Case I, Sm.vty 3 — 12 my 1 = 3my\x 8 — 4/). Factoring 
the expression m the parenthesis by Case III, * 2 — 4y* = (* + 2y 2 ) 

(*-a y 9 ) 

Hence, %tnx % jP — \%rny* = 8 my*{x + 2 y 8 ) (* — 2 y 8 ) Ans. 

Example 2 —Factor 80« 8 * 2 — 40a* a + 5* a . 

Solution — By Case I, 80a 9 * 2 — 40a* 2 + 5r 8 = 5 jt 9 (1 6a 2 — 8a 4- 1). 

Factoring the expression in the parenthesis by Case II, 16a 2 — 8a -h l 
= (4a - 1) 2 . 

Hence, 80a 2 * 2 - 40a* 3 + 5* 3 = 5* a (4a - l) 2 Ans. 

Example 8 —Factor 2 mn + 1 — m* — n % 

Solution.— Arrange the expression as follows: 1 — m q + 2 mn — « 2 
= 1 — (m* — 2 mn + n% By Case II, this equals 1 — {m — »)*. By 
Case III, this equals [1 + (m — »)] [1 - (m — n)] = (1 H- in — n) 
(1 — in n) Ans. 

Example 4.— Factor a* — b fl . 

Solution.— By Case III, a 6 — b* = (a 8 + 3 8 ) (a 8 — £ 8 ). By Case IV, 
a 8 4- b* = (a + b) (a* - ab + £ 9 ), and a 8 - b* = (a - b) (a* + a£ H- <$ 2 ). 

Hence, 

a 6 — <5® = (a + £) (a — 0) (a 3 — a£ -f 3 s ) (a 8 H- a£ H- £ 8 ) Ans. 

Example 6 —Factor 4a 9 + * 4 — r 8 + + 4a* 9 — d' 2 . 

Solution. — This may be arranged as follows 4a 8 + 4a* 2 -+■ *4 — c % 
+ rf 8 = 4a 3 + 4a* 2 + *4 - + d 8 ). 

By Case II, this equals (2a +• * 8 ) 9 - (e - a?) 2 . Hence, by Case III, 
4a 2 + * 4 - r 3 + 2 cd + 4a* 8 - d* = (2a + * 9 + c - of) (2a + * 3 - c + 

Example 6.— Factor ac — be + ad — bd. Ans * 

Solution —We observe that, if the first two and last two terms be 
factored by Case I, they will each show the same binomial factor, a — b. 
Thus, ac — be + ad — bd = ( ac — be) + ( ad — bd) = r(a — £) + ^(a — b)> 
Applying Case I again, we have (dividing by a - b) for the factors 
(a ~ b) {c 4- d) Ans. 
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ICxampus 7 —Factor a* -{- ax — bx — ah. 

Solution — This example is like the last Here, x 9 + ax — bx — 
r= ( H- rt i ) — (/> 1 h- <r<5) ~ .r ( r + «) - />( r -h a) = (-»' -4- a) (-t* — b ). Ans. 

HI. When factoring polynomials which come under 
Case V, first ascertain whether there is a monomial factor 
in the expression. If there is one, divide it out and reserve 
it. If the remaining terms cannot apparently be factored 
by Cases II, III, and IV, endeavor to so arrange the various 
terms that they may be factored by application of some of 
the preceding rules. No fixed rules can be given that 
will cover all the different expressions which fall under 
Case V, and the results depend entirely on the ingenuity of 
the student, who must have considerable practice before he 
can factor polynomials successfully. It is important, how- 
ever, that he should have some knowledge of the process. 
The explanations to the following examples are more full 
than those given above, and will probably afford some 
assistance to the understanding of the solutions given under 
Case V. 

Examplic 1.— Factor ax 9 — ay 8 H- b 9 r® — b 9 y°. 

Solution.— I t is readily seen that a is a factor of the first two terms, 
and b* a factor of the last two. Enclosing the first two and laBt two 
terms in parentheses, the polynomial becomes (ax*— ay 6 ) -f- (b*x* — b 9 y% 
which of course equate rt(A'“ — y*) -h b 9 (. r fl — y B ). It is now seen that 
both terms of this binomial have the common factor (a : 0 — y*). Dividing 
it out, the quotient is a +• b a . Hence, the required factors are (a +■ b 9 ) 
and (.i* — y*). But, since ,r fl and y 6 are perfect squares, the quantity 
.v* — y * may be factored by Case III. Thus, a* 0 — y 6 = (.r 3 + y 3 ) (a * 8 — y 3 ). 
Both of the factors last obtained may be factored by Case IV. Thus, 
x* b/ 8 = (x 9 — xy -b /OCr-h y) and at 8 — y 3 = (x 9 + xy + y 9 )(x — y). 
Therefore, since it is impossible to factor any further, ax B — ay 6 ■+■ b 9 x 6 
— fi*y* rz {a -+■ b 9 ) (,r 9 — xy -b y 9 ) (x 9 -h xy +y*) (x + y) (x —y). Ans. 

Examplh Factor 4 — dm 9 — n 9 4- fantu 

Solution, — Apparently, none of the rules will apply here; hence, 
the chief dependence must be placed on the proper arrangement 
of the terms. Noticing that the teims 9m* and n 9 are both perfect 
squares and have like signs, and that the term 6 mn is twice the prod- 
uct of the square roots of 9 m 9 and n 9 , the last three terms are enclosed 
In parenthesis, and the expression becomes 4 — (dm 9 -b n 9 — 
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The second term of this binomial is a perfect square, according to 
Art. SO, and the binomial may be written 4 — (8 ?n — «) 8 , since 
(8 m — n)* = 9 m* — 6 mn + « s The binomial 4 — (8 m — ?if may now 
be factored by Case III, since both terms are perfect squares. There- 
fore, 4 — (3 m — n)* = 

[2 + (8 m — n)] [2 — (8 m — «)] = (2 + 3 m — n ) (2 — 8 m 4- n) Ans. 

If the student will carefully study the following Examples 
for Practice in connection with the foregoing, he should 
experience no great difficulty in factoring. Until he has 
become accustomed to factoring, the student should prove 
his work by multiplying the factors together, and compar- 
ing the result with the original expression. 


EXAMPLES FOR PRACTICE 
Factor the following expressions: 

1. x K — y*. Apply Case III twice. Ans (x* +?*)(* 4-j/)(jf — y) 

2. 8 abx 8 + 8 afb 4- 6 axyb. Apply Cases I and II. Ans. 3 ab(x 4- y)* 
8. a*b* — ab 6 . Apply Cases I and IV. Ans. ab\a — b) (« 8 4- ab 4- b 3 ) 

4. 2 be — b* — c* H- 4. Ans. (2 4- b — c) (2 -*■ b 4- c) 

5. 10 m* — 25^ 4 4- 4« B 4- 16 mn. Ans. (4w 4-2 n + 5d 3 ) (4 m 4- 2 n -5 d*) 

0. y* — ay 4- by — ab. Ans. (y — a) (y 4- b) 

7. c* — 1 4- 4* — 4r 8 — 2£v / 9 4- Apply Cases II and III after 
arranging the terms as follows: (c* — 2 ra? 8 4 - </ 4 ) — (4jt 8 — 4.r 4- 1). 

Ans. (c - d* 4- 2x — 1) (<r — tf 3 — 2,r 4- 1) 

8. a* - j: ! - 1 4- 2-r. Apply Cases II and III. 

Ans (a 4- 1 — x) {a — 1 4- x) 

9. 4^ 8 — 16 ab 3 4- 10aW Apply Cases I and II. Ans. 4£ 8 (1 — 2 a) 1 

10 .v* - /«> Ans. (x* 4- wz 4 ) 4- w 8 ) (* 4- w) - m) 


CASE VI 

32. Expressions of the form x* ± y n frequently occur, 
in which n is an integer (whole number). The sign ± is 
read plus or minus , and means that either sign may be used. 
One of the factors will be x -| - j/, when n is an even number 
(#, If . , d, etc.) and the connecting sign is — , w/wi n is an 
odd number (d, 6 1 7, the connecting sign is -|-. 

When the connecting sign is — , x—y is always a factor . 
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x n ~\ - y n cannot be factored when n is even unless n is exactly 
divisible by some odd number that is greater than 1. 

Thus, x K — y* may be divided by x + jV, and also by x — y ; 
x 4 -| -y K cannot be factored; x 6 + may be divided by x +jy; 
x 6 — y* may be divided by x — y. x* + y t can be factored, 
since it equals x*** + J 9XI ; it is divisible by x a +y. Since 
1 with any exponent equals 1 (that is T 9 = 1, l a = 1, 
l 10 = 1, etc.), any root of 1 will also equal 1. Therefore, 
in the above expressions, 1 may be substituted for either 
x or y . Thus, x K — 1 is divisible by ^r + 1 and x— 1; 
1 — y* is divisible by 1 + y and 1 —y, etc. 


FRACTIONS 


REDUCTION OF FRACTIONS 

DEFINITIONS 

S3. A fraction, in algebra, is considered as an expres- 
sion indicating division. The sign -s- is seldom used, it 
being more convenient to write the dividend, or quantity to 
be divided, above a horizontal line, with the divisor below 
it, in the form of a fraction 

Thus, the fraction 4 means that a + b is to be divided 

by c — d, and is the same as (a + b) — {c — d ). It is read 
1 1 a -f- b divided by c — d ” or * 1 a -|- b over c — d.” All frac- 
tions Are read in this way in algebra, except simple numeri- 
cal fractions, as ff, etc., which are read as in arithmetic. 

34. The quantities above and below the line are called 
the numerator and the denominator, respectively, as in 
the case of numerical fractions. They are known as the 
terms of a fraction. 


35. Since dividing any quantity by 1 does not change 
its value, we may write any quantity as a fraction by making 
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the quantity itself the numerator and 1 the denominator. 
Thus, Vx*y may be written — -A- anc ^ not altered in value. 

36* The three signs of a fraction are: the sign before 
the dividing line, which affects the entire fraction; the sign 
of the numerator; and the sign of the denominator. When 
any one of these signs is omitted, it is understood to be plus. 
Any two signs of a fraction may be changed without altering 
its value , but if any one, or all three , be changed, the value of 
the fraction will be changed from + to — or from — to +. 

When either the numerator or the denominator has more 
than one term, it should be enclosed in a parenthesis when 
performing operations affecting it as a whole. The paren- 
thesis may be removed after the operations are completed. 

q £ 

Take the fraction — - — placing numerator and denom- 
inator in parentheses, we have — The signs of the 

numerator and denominator are each + and that of the 
fraction — . 


Let the quotient of ( a ■ 

-6) + (c- 

-d) 

= 

q; then. 

__ + ( a 
+ (* 

~b) _ 
-d) ~ 

— 

( + ?) 

= — 

9 

(i) 

_ - 
- [c 

~b) _ 
-d)~ 

— 

( + ?) 

= — 

9 

W 

+ (a 
- (c 

~b) _ 
-d) ~ 

— 

(“?) 

= + 

9 

(3) 

_ - (« 
+ i c 

~b) _ 
~d) ~ 

— 

( ?) 

— + 

9 

(4) 

+ +(< 

~b) _ 
-d)~ 

+ 

( + 9) 

= + 

9 

(3) 

+ -<* 
- ic. 

~b) _ 
-d) ~ 

+ 

( + ?) 

= + 

9 

(«) 

_L+ ( a 

“ if 

~b) _ 
-d) 

+ 

(-9) 

= — 

9 

(?) 

+ + {c- 

~b) _ 
-d) ~ 

+ 

(-9) 

= — 

9 

(8) 
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Taking equation (1) as the standard, the sign of the quo- 
tient is minus. In equations (2), (7), and (8) two of the 
signs were changed, but the sign of the quotient remained 
unchanged In equations (3), (4), and (5) only one sign 
was changed, with the result that the sign of the quotient 
was changed from minus to plus. In equation (6) all three 
signs were changed, resulting in a change in the sign of the 
quotient from minus to plus. 


PRINCIPLES USED IN REDUCTION 

37. To reduce a fraction is to change its form without 

lOx 20x 

changing its value. Thus, — - and — ■ have different 

o 10 

forms, but like values, since lOx -s- 5 and ~ 10 are each 
equal to %x 

The terms of a fraction may both be multiplied, or may 
both be divided by the same quantity without changing their 
value . 


38. To reduce a fraction to its simplest form: 

Rule. — Resolve each term into its factors , aiid cancel those 
factors that appear in both terms . 


39. In performing all operatio?is on fractions , the student 
must learn to use a polynomial factor as a single quantity , 
like a monomial factor . 

This is illustrated in the following examples, where there 
are polynomial factors in both numerator and denominator 
that can be canceled. 


-I- 3jci/ *4- v® 

Example 1 ,— Reduce ’ . J 8 J to its simplest form. 

x* — y 

Solution.— Factoring both numerator and denominator 
x 3 + %xy + y 2 __ {x+y) {x + y) 
x*-y* (x+y)(x-y) 

Canceling the common factor x + y from both gives, as the result, 
(x+y) (x+y) x+y ^ 

(*+r) (x-y) x-y 
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6* 


Example 2 —Reduce 


8.r“ — 6.r 4 y 
6xY - l%xy a 


to its simplest form. 


Solution— 8jr * “ ^ = 8^(.r-2 y) 
QxY - 12^“ <ixy'(x - 2_y)’ 

Canceling the common factors, the result is 


when factored. 


or 1 


frr ) 2y’* 

2 


Ans. 


40 , Sometimes the whole numerator is contained in 
the denominator, or the denominator in the numerator. 

The numerator or denominator will then reduce to the 
number 1. 

Example 1 — Reduce ^ + ^ to its simplest f ortn. 

J + te* -b 1 3r* 1 

Solution— a *. + 6 ^ = = ™ 

1 

Example 2 —Reduce ^ to its simplest form. 

Solution - = £±1 = ,. +1 . Ans . 

(Art. 35.) 

41 . From the last example it will be seen that division 

x * _ i 

may sometimes be performed by cancelation. Thus, „ 

x X 

means (x* — 1) (x* — 1), and the divisor x* — 1 canceled 

from the dividend x* — 1 gives the quotient X s + 1. 

A factor must be common to each term of the numerator 
and to each term of the denominator in order to be canceled. 

Thus, the factor x cannot be canceled from because 

it is not common to both terms of the denominator. 


EXAMPLES EOR PRACTICE 


Reduce the following to their simplest form : 

8a + $b 
l ' a*-b*' 


x 4 — y 4 
X s — y v 


a 8 

Ans T 

a — b 

Ans. x % +y* 
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72 a*Pc' 

12 a*x* 

4 ‘ SSa'x*' 

** - 2» s 
« 9 — 4n + 4* 


al 


Ans. 

Ans. 

Ans. 


Safi's 

4 

1 

«* 

*-2 


REDUCING FRACTIONS TO A COMMON DENOMINATOR 

42. When fractions are to be added or subtracted, it is 
necessary to so reduce them that all the denominators will 
be alike. This is called reducing them to a common 
denominator. 


43. To reduce fractions to a common denominator: 

Rule . — Resolve each denominator into its factors . 

Take each factor the greatest number of times it occurs in 
any denominator , and find the product of these factors. 

Divide this product by each of the denominators . Multiply 
the corresponding numerators by these quotients , for new 
numerators . Write each new numerator with the common 
denominator beneath it. 


Example. — Reduce 
denominator. 


7 a 


Safi 


x + / jit 3 — y* 


and 


2 6 


to a common 


Solution. — Factoring the denominators, x + y is not factorable. 
x 9 —y* = (x + y) {x — y\ and ( x ■+■ y )* = (x + y) (x + y\ Now here 
are two separate factors, x+y and x — y, of which x 4- y occurs 
twice in {x + yf Hence, the common denominator is (x + y) {x + y) 
(x — y) = (x -¥y?(x — y). Dividing this product by x -f- y, the quo- 
tient is {x -\~y){x —y) = jr* — y\ Hence, the first new numerator is 

-y') and the new fraction is (J+yffy)' Similarl > r - fly* 
&ab(x+y) 3 b becomeB 2b(x-y) 


becomes 


(x + y)' (*-y)' and (x + yy 


(x + yy(x—y)' 


Ans. 


The student should note that this denominator can be 
written in several different ways, and he should not become 
confused if his work does not always agree with the answer. 
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Besides (x-\-y) (x + y) (x — y) and (x+y)* (x — y), it may 
be written (x* —y 3 ) {x + y), (x* + %xy + y*) (x—y), or x° 
-\-x*y — xy a —y s These five expressions have exactly the 
same value. The student should prove this statement by 
substituting numbers for x an dy. 


EXAMPLES EOR PRACTICE 
Reduce the following to common denominators; 

18y'x* 


1. 


4. 


8yz ixz , 5 ji tv 

-t’ ip and IF- 

x*y xys 7 'ys* 

10 1 15 ’ 80 * 

2 8 4 

(fix* ax* aG a*x 

m + n ,m — n 
■, and 


Ans. 


16.vV 15^y 

12 xyz' 12 xys 1 ana 12xyx 


Ans. 


2 


5. 


m — n 
2 8 
? 2x— V 


in + n 

%x — 1 


Ans. 


tf 8 * 8 ’ 

nfi + 2 mn -f* ifi 
nfi — tfi 


, and 


3a a 

fl 8 * 8 ’ an # 8 Jtr 8 
/«? ~ 2 mn + tfi 
nfi — tfi 


and 


4jc s — 1* 


2(^-1) 9x(ix+l) x(%x - 1) 
- l) 1 *(4*» - 1)’ an<1 at(4*»- 1) 


OPERATION’S WITH FRACTIONS 
ADDITION AND SUBTRACTION OF FRACTIONS 

44. To add or subtract fractions: 

Rule. — Reduce the fractions , if necessary, to a common 
denominator. A dd or subtract the numerators , and write the 
result over the common denominator. 

Example 1.— Find the sum of — ~ - and 

5 4 

Solution — —g — and reduced to a common denominator, 

. 4(2<i-i) . B(a + b) 

become 2() and ^ ', which are equal, respectively, to 

8a — 46 j 5aH-5£ AJ _. 

20 an<1 20 ' numerators, the result is 8 a — 46 
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+ 5a + 5b =s 18a 4- b, which written over the common denominator 
gives as the sum, ^ The work is written as follows: 

iC(J 

2a — b a -h b _ 8a — 4b Ba -h 5b 
6 + ~ 4 “ 20 + 30 


_ 8a — 4b + 5a 4 - 5b __ 13 a 4 - b 
20 ”30 

Example 2.— Subtract — ~ from 4 a ~~ 1 


Ans. 




2 a 


4a- 1 


Solution — Reducing the fractions to a common denominator, — ^ 

Bb — 2_ 12 ab — 8 b 12 ab — 4 a 
Bab 


. Subtracting the second numerator 


3 b ~ to* 

from the first, and writing the result over the common de- 

. , 12ab — 3b 12 ab - 4 a (12 ab - 3 b) - (12 ab - 4a) 

nominator, ^ ^ = ** 

12^ — 8b — 12 ab + 4 a ~ .. . 

= , with the parentheses removed. Combining 

4a - 8b 
Bab 


like terms in the numerator gives as the result 


Ans. 


45. If, as in the example just given , the numerator of 
the fraction to be subtracted has more than one term , care 
must be taken to change the sign of every term before com- 
bining. It will usually be convenient to enclose the whole 
numerator in a parenthesis before combining. The paren- 
thesis may then be removed by the principles of Arts. 49, 
50, and 51, Part 1. 

Example l.-Simpllfy _ _£l _ + _L_. 

Solution. — R educing to the common denominator jr 9 — 1, 

x 8 x a _ x 1 _ x 4 + x 3 _ x* — x 9 __ a - 8 + x — 1 

x — 1 x 4- 1 — 1 + A' H- 1 ” — 1 ,r 8 — 1 x* — 1 + jr a — 1 

Adding or subtracting the numerators as required, 

(x 4 + x a ) — — jr 3 ) — ( x 8 4- jt) + (jt — 1) 

jt 8 -1 

which, with the parentheses removed, 

x 4 + x 8 - x* 4- -r 9 — x s — x + X — 1 
2=0 x*-l 
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Combining like terms, the result is 
^-1 . 


= x* + 1 Ans. 


Example 2.— Simplify ^ ^ 

Solution. — If the denominator of the second fraction were written 
j*r— 2 instead of 2 — jtr, (jr— 2) s would be the common denominator. 
By Art 30, the signs of the denominator and the sign before the 

fraction % \ x mSL 7 changed, giving — x = — x~2> 


(Art 24, Part 1 ) Hence, _ 2)9 + __ = ^ which, 

when reduced to a common denominator, 

1 x — 2 __ 1 — (.r — 2) _ 1 — x + 2 d — x 


(^r — S) 9 (jr-2) a 


(*-2) 2 


C* - — 2) 9 “(.r-2)* 


EXAMPLES BOB PRACTICE 
Simplify the following by reducing to simple fractions: 


£ + £ + £ 

8 + 4 + 6 

. 47 * 

An3- " 60 " 

4 r — 8 ( lx + 1 , 8jit 

. 189 * — 8 

5 1 8 + 2 * 

1 

*“■ 80 

1 1 

Ans 

% 

1 

H 

1 

I 

H 

Ans. 0 « 

.r 3 — y % 

a 1 + 4 * (« + £)* . 

2 4 . Ans 

2 (a> + £ 3 ) - ( a 8 + 2a <S + £*) (a - <$) 3 

4 “ 4 * 


after removing parentheses and combining. 


a* — l a — l a + 1' 
n + 1 8w — 1 1 — 12n 

4//i 3 12w> + 12* • 


cP -f- 2a 
a* -l 

n + m* 


7 ? + _Z 

(•*■ + y) % x'—y* x + / 

Ans y( x -y) +y (*+ y) - t* 4 -y*) = 2xy-x s +y 

(■*■ + J') 4 C* — JO jr 1 -f — jrp* — y 

A x ^ , 8^r * :r 

Ans ^ 
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MULTIPLICATION OP FRACTIONS 

46. To multiply fractions: 

Rule. — Multiply the numerators together for the numera- 
tor of the product , and the denominators together for the 
denominator of the product . 


47. Any number of fractions may be multiplied together. 
The operation may be very much shortened by resolving 
the terms of the fractions into their factors, and canceling. 
The product should be reduced to its simplest form. 


Example 1. — Find the product of and 

Solution. — The product of the numerators is 6 rf 8 X %ab X 2ac 
= 24rt 4 <5r, and of the denominators, 5 X 86’ X b* = Writing MaWc 

£4 a \b c 

over 15 6% the product of the fractions is when reduced 

to its lowest terms. The work is written as follows: 


ga* 8 a> 

5 X l$? X J r ~ «?' 


Ans. 


Example 2.— Find the product of x * — 1, and J 

Solution. — First make x % — 1 a fraction by writing 1 for its 
r fl — 1 

denominator, thus, * — j — ; then, factoring both terms of each fraction, 

x* -f- 2jtr jit 8 — 1 x* — 4.r -h 4 
(jr-l)« X 1 X a* -4 

_ -i -H l)(^ — 1 )(^= — — 3) _ x(x + l)(*-3) *___ 

(*-*)(* - 1) " *-l * 


4r« 


Example 8.— Find the product of ^ , and ^ ^ 

1 4^9 1 — 4^9^ 

Solution,— Performing the subtraction, ^ — — = — — * 


Multiplying, 




x I+a£ * (i i a-wK 


(a 'i'V.i. 


Ails. 


I L T 281 — 6 
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EXAMPLES FOR PRACTICE 


Multiply the following. 

8 a*bc , \0ab a c 
lm 6 ad? by 3 abc' 


5 x a y 

IF 


by 21 xy. 


Find the product of: 


8x s y 

4X2*' 


5y Q s 

Thy' 


and 


- 12jt s 
2 xf • 


4 . 


x a —y* 
d* —d*' 


c — d 
{x+yT 


and 


x 3 -by* 
x-y ‘ 


5. 


6. 


4; 16 ,1 

x xy 2y + 4 

a 4- b , a — b A 4 

2 + 4 * ^ 


Ans. 


2ab 

c 


Ans. lS^r 9 ^ 8 


Ans. 


15x 

4s 


Ans. 


x* — xy + y* 
c*-hcd + d 5 


Ans. 


Ans. 


2y-4 

xy 

1 

8a + £ 


DIVISION OF FRACTIONS 

48. Division, in fractions, is the reverse of multiplica- 
tion, and is the process employed when, given one of two 
fractions and their product, it is required to find the 

other. For example, it is required to divide ~ by 

Find such a fraction that, multiplied by -, will give 7 , for 

2 4 

the product. This fraction is for ~ X ^ Also, % 

2 2 2 4 5 

X XX 

-T- = -, since - x y = -jj. * n this case > the divisor had 

been inverted and the fractions multiplied, the result would 

x 7 7 

have been — X — = -r. 

5x5 


49. Hence, to divide by a fraction : 

Rule . — Invert the divisor a?id proceed as in multiplication . 

„ -i ™ 8a 9 <$ . 9a£ 8 

Example 1 — Divide ■=—=- by =- /t , « . 

ox*y lOx^y* 

Solution. — T he divisor inverted = 

9a£ 8 
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2a x y 

TT _ 3 a % b Zab % Za'b ^\0x*f _2axy 

Hence » Wy *167/ " 6]?r X "9aS r ~ Zb' ‘ 


Abs. 


Example 2.— Divide + 2.r + 1 by 

Solution.— B y Art. 35, 

*■ + 3*+! *-1 __ (^-+Ht)(^+l)(4r-l) 

1 **+l "" ^-Hr = 


X*-l 


Ana. 


EXAMPLES FOB PRACTICE 

Divide the following. 

. 9x* — 8.r 4 1 3x 

1. by 


24 


8* 

ac — ^4: 


ft « £ — <5 A' 

2 by 

0 l-8^ 2 + 16^ u l-4£ 3 

8 - 1 + 2 b hy-3 — • 

4 Mcd-Mcdlvj^r 


. 3.T 8 - ** 

Ans. g 

Ans — 
£ 

Ans 3a(l — 2£) 
Ans. a? — b z 


MIXED QUANTITIES AND COMPLEX FRACTIONS 

50- An integral expression (see Art. 11) is one con- 
taining neither fractions nor negative exponents. The 

expression a 9 + 2 ab is integral, but the expressions a 3 + 

3 

2a~* a * are not - The expression 2a 3 is only another 
way of writing \ 


51. The Integral part of an expression is that part 
which, if taken by itself, would be an integral expression. 

52. A mixed quantity is an expression containing 
both integral and fractional parts, as 2a* — C . Consider- 
ing the integral part, 2a*, as a fraction with a denominator I 
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(see Art. 35), a mixed quantity becomes simply the indi- 
cated addition or subtraction of two fractions; thus, 
os c + d _ 2d 2 c + d 

2a “ “ t 4# 


53. A fraction may be reduced to either an entire or a 
mixed quantity by dividing the numerator by the denomi- 
nator, provided the division be possible. It frequently hap- 
pens that by performing the indicated division, the fraction 
will be reduced to a simpler form The case of reducing 
a fraction to an entire quantity was taken up in Art. 40. 

_ ... 4x* + 12;r— 1 

Example —Simplify 2x-h 8 

Solution.— Performing the indicated division, 

2x + 3)4-r 9 -h 12 jc — l(2;t: + 8 — ^ « Ans. 

6x 

6x — 1 

6x + 9 
— 10 


54. Mixed quantities are frequently more convenient to 
handle as fractions. 

To reduce a mixed quantity to a fraction: 

Rule. — Write the integral part with a denominator 1 , and 
perform the indicated addition or subtraction . 


Example.— Reduce x 3 + x y+y 3 - 
Solution.— 

x* + jty + y 3 - 


x-y 


- to a fraction. 


b __ x s -f- xy + y* _ b 
x — y ~ 1 ~ x — y 

Subtracting the second fraction from the first gives 
C* s + xy +y)(x-y) - b _ * 8 -y* - b 


*-y 


x—y 


EXAMPI/ES FOR PRACTICE 
Solve the following ■ 

f t> j a*c + „ 

1. Reduce to a mixed quantity. 


Ans. a* + — 
c 
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*y 


2. Simplify ^ + SX Ans. x + 2y - 8 + ■>£ 


7x + 8 

8 Reduce x + 3 — ^ T to a fraction. 
2x -h 1 

4 From 8 a 4- subtract a — a - 


Ans. 


2x* 

2x+l 


. jv 2d 2a{d + 1) 

Ans. 2a + —r = , 

a a 


5. Divide tn 4- n by in — n . 

in — n J m 4- it 

Suggestion — First reduce the mixed quantities to fractions. 


Ans. 


in + n 
in — n 


COMPLEX FRACTIONS 


55. A complex fraction is one that contains fractions 

. x a 

a H — a b ~b 

in one or both of its terms. Thus, — , ahd - are 

’ a + x> x ’ £ 

complex fractions. y d 


56- Complex fractions can be reduced by performing the 
indicated division ; thus, f = f 4- 7 = | X t = A much 

J O 4 DO o 

simpler way is to multiply both terms by the least common 
denominator of the fractions contained. 


Thus, - 5 


£X 8 


57. Hence, to simplify a complex fraction: 


Rule. — Multiply both terms by the co7mnon denominator of 
the fractional parts. 

Example 1. — Simplify £ — 
y~x 

Solution. — The common denominator of the fractional parts is x y. 
Multiplying each term by this, 


jx xy-^xxy 

jXV'-jXV' 


X*-y* 

x-y 


= x+y 


Ans. 
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The multiplication can frequently be performed mentally, 
without writing the common denominator, at the same time 
canceling common factors. 


Example 2.— Simplify 


1 + 


1 + a + 


2a* 


1 — a 

Solution — This is the case of a complex fraction in which the 
denominator is itself a complex fraction. 

a 

2a* ' 


First, consider the part 


1 + a-b 


1 — a 


Multiplying both terms by 1 — a, 

*(!-«) = a -a* _ a — a' 

(1 + a) (1 - a) + 2a 9 1 - a* + 2a* 1 + a* 


The fraction thus becomes 


1 


1 + 


a — a*' 
1 + a* 


Multiplying both terms by 1 -h d 1 2 , 

1 -4- a* _ 1 H- a* 
1 4 - a* + a — a* ~~ 1 + a 


Ans. 


EXAMPLES FOB PRACTICE 
Simplif y the f ollowmg : 

3 at* 

i. il. 

24 


A aC% 

*“• 128 



Ans. 


8-2^ + ^ 


Ans. 


c — a 


( 8 -*)* 


Suggestion.— 21 means 2 + f Hence, for the numerator multiply 2 by the 
least common denominator 8, and add 7. 

1 A 4 

j Ans. — 

1 


4 . 




+ 8 


1 + 


8 — JT 
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THEORY or EXPONENTS 

58. An exponent may be a number, a letter, or a com- 
bination of both; it may be integral, fractional, or zero; 
and it may be positive or negative. 

59. When the exponent is a letter, it is called a litoral 
exponent. Exponents may involve several letters and 
terms. The following are examples of exponents: x\ jr*, 

a 

x %t \ .r s , x 3 , x°, etc. 

60. It has been shown before (see Art. 70, Part 1) that 
any quantity with zero for an exponent is equal to 1. It 
has also been shown that any quantity having a negative 
exponent is equal to the reciprocal of the quantity with an 

equal positive exponent; that is, for example, x 3 = 

x' 6 

An expression like x* p '~ q arises from dividing x 2p by x Q ; 
thus, x* p x° = x apmmq . 

61 . As it is frequently necessary in algebraic operations 
to use letters for exponents — as an example see Art. 32 — it 
also becomes necessary to affect such quantities with expo- 
nents and to extract roots. For example, the square of x n 
may be written either (^ n ) a or x Qn , the latter being a simpli- 
fied form of the former. An expression of this kind can be 
best understood by a numerical example. Thus, consider 
the expression 6 axBxa ; this is equivalent to [(S 0 ) 3 ] 8 and also 
to 5*. The advantage of writing it 5 3XBX9 is that it indi- 
cates how the multiplication may be simplified. For 
example, instead of multiplying 5 by 5 and this product 
by 5 and so on until 5 has been used eight times as a factor, 
simply square 5, then square the product, and then square 
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the last product; this results in three multiplications 
instead of seven. 

Since = (x m ) X (x m ) X (x m ) = x am , and (x m ) n evi- 

dently equals x” m f all that is necessary to do in raising an 
expression like to any power is to multiply the exponent 
of the given expression by the exponent denoting the power 
to which the expression is to be raised. An expression like 
;r 8w must not be considered as equivalent to x m X x*, for the 
latter expression is equal to xT 1 **. 


62. If an expression like x* tn occurs and it is desired to 
extract, say, the cube root of it, divide the exponent of the 
expression by the index of the root. Thus, 4/x™ = x*™'*'* 
= x * m ; this is necessarily true since (.r ,^n ) , = x tm . But 
when the exponent is not exactly divisible by the index, the 
division is indicated by a fraction. Thus, = x m * n 

_ VL - -L 

\/x°- 


m 

= **; 


= X s ; \Tx - x*; = 


a ^ 
X 8 


a 

etc. 


63. From the foregoing the following rules are evident : 

Rule I. — To raise a monomial to any power , raise the 
numerical coefficient to the desired power and multiply the 
exponent of each letter by the exponent denoting the power to 
which the monomial is to be raised. If the sign of the mono - 
mial is plus> or if the sign is minus and the exponent denoting 
the pozver is even , the sign of the power will be plus; but if 
the sign is minus and the exponent denoting the power is odd } 
the sign of the power will be minus . 

Rule II. — To extract any root of a monomial \ extract the 
required root of the numerical coefficient and divide the 
exponent of each letter by the index of the root. If the index 
is odd \ the sign of the root will be the same as the sign of the 
monomial; but if the index of the root is even and the sign of 
the monomial is plus , the sign of the root will be ± , while if 



§4 


ELEMENTS OF ALGEBRA 


33 


the sign of the monomial is minus , the root must be indicated \ 
as it is impossible to extract an even root of a negative 
quantity . 

G4. These two rules should be readily understood from 
what has preceded, but a further discussion of the law of 
signs will be given. For this purpose consider the two 
expressions (±.r)“ and j/±x. These give rise to the fol- 
lowing eight cases : 

When n is even (+ x) n = x n (1) 

When n is odd (+ x) n = -\-x n (2) 

When 7i is even (— -r) M = x n (3) 

When n is odd ( — x) n — — x 11 (4) 

When n is odd j h+ x — + %/x (5) 

When n is odd x — — \/x (6) 

When n is even \/ + x = ±Vx (7) 

When n is even x = \f^Tx (8) 

Cases (1) and (2) are evident, since any positive quantity 
raised to any power must be positive. Cases (3) and (4) 
follow from Art. 58, Part 1. Case (5) is the converse 
of Case (2), and Case (0) is the converse of Case (4). Case (7) 
gives an ambiguous result because when n is even (+ x) H 
and (— x) n are both equal to -f- x" t and unless there is some- 
thing else in the conditions of the problem to determine 
which sign to use, it is necessary to use the double sign. 
Case (8) can only be indicated as shown. This can virtually 
be restricted to \l — x, in which the index is 2. The square 
root of a negative quantity is called an imaginary quan- 
tity. There is no integral or fractional quantity whose 
square will equal a negative quantity; hence, the square 
root of such a quantity must be indicated as shown in 
Case (8). 

Example X.— Find the values of the following: (a- 1 )"*; 

(.r a )- b -+- (jtr- a )- 6 . 

Solution.— -In the first, multiplying the exponents, — 1 X — i = f 

Hence, = or i/a Ans. 
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In like manner, 

( cd -»)* = Ans., since 1 X f = f , and — 2 X f = — 5 

In the next one, 

(x a )- b = x~ ab and (x~ a ) ~ b = x° b 
Dividing, x~ ab + x^ = x- ab ~ ab = x~ iab Ans. 

Example 2.— Find the value of fadQa 4 /}' 3 ^. 

Solution.— The 4th root of 266 is 4 The exponent of a in the 
root is 4 + 4 = 1, of J, 12 4 = 8, and of c, 8 + 4 = 2 Asthisisan 
even root of a positive quantity, the sign should be ±. 

Hence, j/256a *b u c* = ±4 ab*c* Ans. 


Example 8.— Find the value of 




*/2 l 7?n 8 x d 
cfid'c™ ‘ 


Solution.— #2Wx> = 8 mx* , The quantity 

is positive, and, as this is an odd root, its sign must be the same, or 
positive. 


Hence, 


</■ 


27ffl a jr fl 

a 9 b Q c u 


8mx* 

a s b 3 c* 


Ans. 


65, Since in — a~* 9 a * changes to a 1 when placed 

in the denominator, we may state the following principle: 

A factor may be cha7iged from the numerator to the denom- 
inator , or from the denonmiator to the numerator , if the 
sign of its expone?it be changed. 


For example, = 


a 7 


x s _ y 

“^ rr= 


etc. 


abn" ab~* a 7 5y ^ 

In the last, the positive exponent 1 of the y is not written. 


Example.— Express, with positive exponents, 

+ ar^b~*c~^ + aNr 3 

Solution —Since these terms may be taken as fractions, with 1 
for the denominators, transfer the letters with negative exponents to 
the denominators, obtaining 


a-'t-W + a~ 3 b~^c~^ +■ 


-£l 

ab 9 


1 

a?b*c* 



Ana 
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66. The student must note very carefully that factors 
of an entire term only can be changed from numerator to 
denominator, or vice versa, and that when thus changed 
they become factors of the whole of the other term. Thus, 

in , cayinot be transferred to the numerator by 

be 3 + d' 

merely changing the sign of the exponent. The exponent 

may, however, be made positive by multiplying both terms 

n a . a X c* ac 4 T ac~* . r 

by c ; thus, 9 . a = t . a In L 7, 11 we 

J ’ (6c * + d)xc % b + c d b + d ’ 

transfer the c~ 9 , it becomes c a becoming a factor 


transfer the it becomes 
of the entire denominator. 


c'(b + d) y 


Example X — Clear x\ y-*s-' + f'®' — f of negative 

y~ l — x° ar o 

exponents. 

Solution.— T reat each term of the expression separately x*y-*z- 1 
__ x jr-*—' changing the factors with negative exponents to the 
denominator, and at the same time changing the signs of the expo- 

J .1 ix ■_ -T S t 2 xy 


nents, the result is ■ 


In . U1 y- 1 is not a factor of the whole 

y-i _ x* ' 


denominator; hence, multiply both terms of the fraction by the recip- 

rocal of y~' or y; thus, = 1 _ x y In + b • «" 

and are factors of the entire numerator, so we write them as factors 
of the entire denominator, with the signs of the exponents changed , 
thus, 

Zar'Ir'c* _ 8r» _ 8^ 

a* + b ~ ab\a 8 + -5) tf 3 4 a + *3 3 

Hence, 


2jry ^ 3 a -1 _ x^ 


x y~ j^-i — .r 3 + £ y*z 1 — 

Example 2. — Solve the following: 

2n 

a* x n X iT*; 2c"* X c m c m ; x? 


— r. Ans. 


Write the answers with positive exponents. 

Solution. — a 1 X o -1 ™ a 8+ ( -1 ) = a 8 ” 1 = a? Ans. 

n X »"* «= « n 1 '! - ni Ans. 
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2 c * X 




&L* _ _1 2 _1_ _ 2X1 

i ^ i/— r — a ^ _ u — 






X 3^ 



2 

8<r*+* “ 

2 

3<r* 

Ans. 

n 2n n 

2;j n — 2» 

— 71 

n 

c m + c m = e» 

m = c m 

= c m 

= c m 

jr> + 

= x 3 -i- .r* = 

= . 

x-V-i = . 


= — Ans. 


EXAMPLES FOR PRACTICE 
Clear the following of negative exponents: 




Ans. 


2 8 cr^b + 


2a 


■ + c-Y 


y* 2 \ 

Ans. — + 2 ab % c + - 

CL c 


8 


Ans 


4 (c+d) 
a\2c + d) 


b-*c~ l 

4 ar\c h- 
2r -f- d 

Express the following without radical signs* 

4. Ans or 

5 ar' x lr-*. Ans. 4 acr^b~^ = 4a^b~i 

Find the values of the following • 

6. X Ans. m * 

7. 2ab* X cT^b. Ans. 2 dW 


8 . 

0 


10 . 


n 

C 2 -S- 4/r - " 

2:t-* - 1 - (;r 8 )“*. 
\cd m ) X 


Ans. c n 
Ans. 2.*— 1 

Ans. £ 9wi 



ELEMENTS OF ALGEBRA 

(PART 8) 


EQUATIONS 


1. As defined in Art. 5, Part 1, an equation is a 
statement of equality between two expressions, as x + 6 


= 14. 


2. Every equation has two parts, called the first and 
second members. The first member is the part on the 
left of the sign of equality, and the second member the part 
on the right of that sign. In x + 6 = 14, x + 6 is the first 
member, and 14 is the second member. 

3. Equations usually consist of known and unknown 
quantities; that is, of quantities whose values are given, 
and of quantities whose values are not given, but are 
to be found. Thus, in x + 6 = 14, 6 and 14 are known 
quantities, and x is unknown; but since by the state- 
ment of the equation, x+6 must equal 14, x must 
have such a value that when added to 0 the sum will 
be ]4. Hence, the value of x is fixed for this particu- 
lar case, and in a similar manner the value of a single 
unknown quantity in any equation is fixed by the relations 
that it bears to the known quantities, and this value can 
usually be found. 

OOPYRiaHTBD BY INTERNATIONAL TEXTBOOK COMPANY. ALL RtaHTS RDBRVKD 
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4. To solve an equation is to find the value of the 
unknown quantity This is done by a series of transforma- 
tions by which the first member becomes the unknown quan- 
tity, and the second member becomes a known quantity, 
which is, therefore, the value of the unknown quantity. 


TRANSFORMATIONS 

5. In transforming an equation, the equality of its mem- 
bers must be preserved; otherwise the existing relations 
between the known and unknown quantities will be 
destroyed. Transformations are based upon the following 
principles: 

6. In any equation : 

I. The same quantity may be added to both members. 
For example, if 2 be added to both members of x 2 — 16, the 
members of the resulting equation, x* -f- 2 = 18, will be 
equal. 

II. The same quantity may be subtracted from both 
members Thus, if x 2 = 16, then x* — 2 = 14. 

III. Both members may be multiplied or both divided 
by the same quantity. Thus, if x 3 = 16, then 2-r 1 = 32 

and ~ = 8. 

2 

IV. Both members may be raised to the same power. 
Thus, if x 3 = 16, then x 4 = 266. 

V. Like roots of both members may be extracted. 
Thus, if x 2 = 16, then x = 4. 

A little thought will show that none of t'hese operations 
will destroy the equality of the members. In the equation 
16 = 16, for example, by I, 16 + 2 = 16 + 2; by II, 16 
— 2 = 16 — 2; by III, 16 X 2 = 16 X 2, etc. It is to be 
observed, however:, that after any transformation, the mem - 
bers do not equal their - original values. In transforming an 
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equation, it is not permissible to multiply or divide the given 
equation by 0, since principle III cannot be applied when the 
multiplier or divisor is 0. 

7, Transposition. — In transforming an equation, it is 
frequently necessary to transpose, or change, a term from 
one member to the other. For example, in the equation 
Zx + 5 = 12, let it be required to transpose the + 5 to the 
second member. This may be done by subtracting + 5 
from both members, which, by Art. 6, II, will not destroy 
the equality ; thus, 

3* +5 = 12 

Subtracting + 5 from both members, 5 5 

Sx = 12 - 5 = 7 

Again, let it be required to transpose the — 5 in 3x — 5 
= 12 to the second member. This may be done by adding 
+ 5 to both members, which, by Art. 6 5 I, will not destroy 
the equality; thus, 

3x — 5 = 12 

Adding + 5 to both members, 5 5 

3x = 12 + 5 = 17 

Now, what was really accomplished in each case was to 
transpose 5 from the first to the second member, with its 
sign changed ; and in changing a term from the second to 
the first member, the same operation would be performed. 
Hence, 

8, Any term may be transposed from either member of an 
equation to the other , if its sign be changed. 

9, Cancelation. — When the same term appears with the 
same sign in both members of an equation , it may be canceled 
from both. For, in the equation x+a = 6 + tf, we have, 
by transposing the a in the first member, to the second 
member, x = 6 + rt — a; whence, the a’s cancel, leaving 
x = 6. It must be observed that terms will not cancel 
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from both members Unless they have the same sign. Thus, 
in x — a = 6 + a, we have, by transposing the — a y x = 6 
+ 2 #. 


10, Changing Signs. — It is sometimes desirable to 
change the sign of a quantity in an equation from — to + or 
from + to — . To change it, we use the following principle : 
the signs of all the terms of both members of an equation may 
be changed without destroying the equality . For, in the 
equation— ^+4 = 10 — #, both members may be mul- 
tiplied by — 1 (Art. 6, III), giving ;r — 4 = — 10 + #, or 
#- 10 . 


11. Clearing of Fractions. — When an equation con- 
tains fractions it must be cleared of them in order to find 
the value of the unknown quantity. 

Example, — Clear the equation * 4- ^ -h ^ ^ = 100 of fractions 

Solution — The least common denominator of the fractions is 12. 
By Art 0, III, both members may be multiplied by the same quan- 

ISjit 38 * 

tity. Hence, multiplying each term by 12, we have 12* + 

a 4 

24* 

+ £= 1,200. Now, reducing each fraction to its simplest form, 

o 

which will not alter its value, and so will not destroy the equality of 
the members, we have 12* + 6* + 9* + 4* = 1,200, the denominators 
of all the fractions having canceled. 

12. He?ice , to clear an equation of fractions , multiply 
each term of the equation by the least common denominator . 

13. Instead of multiplying the numerators by the least 
common denominator and then reducing the fractions to 
their simplest forms, it is easier to divide the least common 
denominator by each denominator, and then multiply the 
corresponding numerators by the quotients. 

O 1 Q O 

Example. — Clear the equation — — ^ = 5 5 — of fractions. 

* + 2 2 ** — 4 

Solution —The least common denominator is 2(* 5 — 4). Dividing 
this by * + 2 and multiplying 2* by the quotient, 2 (* — 2), gives 
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4x(x — 2), or 4x* — Bx, dividing 2(x 8 — 4) by 2 and multiplying 1 by 
the quotient, x 2 — 4, gives jr 9 — 4; and dividing 2(x 3 — 4) by x* — 4 and 
multiplying — (8x + 2) by the quotient, 2, gives — 6x— 4. Hence, the 
equation becomes 4x a — 8x = x a — 4 — 6x — 4, all the denominators 
having canceled in the process 

14. Where a fraction is preceded by a minus sign , care 
must be takeii to change the sign of every term of the numer- 
ator when clearing of fractions. ' 


EXAMPLES EOR PRACTICE 


Clear the following equations of fractions 

1. * + + l = 16 - Ans. 28* 2 + 21*» + 20* = 448* - 58 

4 7 x 


2 . 

8 . 


4. 


x x — 8 _ a 

4 2 ~ 6 

x a — b . 

1 — x = — —7 — 1 

a — b a 4- b 

Ans. du 1 + bx — 4- b q x 

1 x a b 

{a — b) ~ a — b~~ x 


Ans. Bx — 6x 4 - 18 = 2 a 


= a*- 2 ab 4 - b* - a* + ^ 

Ans. .ar = jf 3 — a 8 4* b* 


SOLUTION OF SIMPLE EQUATIONS 

15. A simple equation is one containing only the first 
power of the unknown quantity, when cleared of radical and 
aggregation signs and fractions. It is also called an equation 
of the first degree. 

16. The unknown quantity in a simple equation contain- 
ing but one unknown quantity is usually represented by the 
letter x . Known quantities are represented by figures and 
by the first letters of the alphabet. Equations containing 
known quantities represented by letters are called literal 
equations, and if any literal equation be solved (Art. 4), 
the value of the unknown quantity will usually contain one 
or more of the first letters of the alphabet. 


I LT 281-7 
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17. To solve a simple equation: 

Buie . — Clear the equation of fractions, if it has any . 

Transpose the terms containing unknown quantities to the 
first member , and the known terms to the second member. 

Combine the terms containing th& unknown quantity into 
one term and reduce the second member to its simplest form. 

Divide both members of the resulting equation by the coeffi- 
cient of the unknown quantity (Art. 6, III), and the second 
member of this last equation will be the value of the unknown 
quantity. 

This rule does not hold absolutely in all cases, since 
special methods are often used, of which the student can 
learn only by practice. 

18. To verify the result, substitute the value of the 
unknown quantity in the original equation, which should 
then reduce so that both members will be alike. When this 
occurs the equation is said to be satisfied, 

19. A root of an equation is the number or quantity 
which, when substituted for the unknown quantity, satisfies 
the equation. After an equation has been solved the root 
so obtained should always be substituted for the unknown 
quantity to see if it satisfies the equation ; if it does the root 
found is correct; otherwise the work must be repeated to 
find the error. 

20. In the following examples, the value of the unknown 
quantity x is to be determined. The transformations used 
all depend on principles explained in Arts. 5-14. 

Example 1. — Solve the equation 20 + 5jtr — 8 jt — 18 = 10. 

Solution. — Transposing 20 and — IS to the second member, 

5*- 8* = 10-20 + 18 

Combining like terms, %x = 8 

Dividing both members by 2 (Art. 6, III), 
x = 4 Ans. 
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To verify the result, substitute 4 for * in the original equation. 
(Art 18.) Thus, 

304*5x4 — 8x4 — 18 = 10 
or, 20 + 30-13-18 = 10 

Combining, 10 = 10, which proves the result 


Example 2. — Solve the equation 5* — (10 — x) = 5* + 4(^r — 1). 
Solution. — Removing the parentheses, 

5* — 10 + x = 5* + 4* — 4 
or 6x — 10 = 9* — 4 

Transposing — 10 to the second member and 9x to the first member, 
6x~ 9x = 10-4 

Combining like terms, — 8x = 0 

Changing signs to make the term containing x positive, 

8* = - 6 (Art. 10.) 

Dividing both members by 8, x = — 2. Ans. 

Proof.— 5 x-2-(10 + 2) = 5x-2 + 4(-2-l) 
or —10 — 10 — 2 =-10-8-4 

Combining, — 22 = — 22, which proves the result 


Example 8. — Solve the equation 

16 - jr - { 7* - [8* - (9* - 8* - 6 jt)J } =0 
Solution.— Removing the aggregation signs, 

16 — *— 7*+8*— 9* + 3*— 6* = 0 
or — 12* + 10 = 0 

Transposing 18 to the second member, 

- 12* = - 18 

Dividing both members by — 12, 

x = H rs 1$ Ans. 


Example 4 — Solve the equation 

2 * + 2 1 __ 8 - 0 * 
+ 4 - 


2(6* + 7) 
8 


"2 r 4 ~ ~TT 
Solution. — Reducing the first term of the first member and the last 
term of the Becond member to a simpler form, the equation becomes 
„ . 1 8-6* , 6*+ 7 

x + 1 + 4 ~ ~~6 1 ~ 

Clearing of fractions by multiplying each term of both members by 
20, the least common denominator, we have 

20*+ 20 + 5 = 82 — 24*+ 80*+ 86 
or 20*+ 26 5= 6 *+ 07 
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Transposing and uniting terms, 

14* = 43 

Dividing by 14, x = 8 Ans. 

x I 4 Sx mm “ 4 x 

Example 5 —Solve the equation x h g g g = 9. 

Solution.— Clearing of fractions by multiplying each term by 40, 
the least common denominator, and remembering that the sign of the 
second fraction is minus (Art. 14), 

40* + 20* + 80 ~ (24*— 82) - 5* = 860 

Removing parenthesis, transposing and uniting terms, 

81* = 248 

Dividing by 81, * = 8 Ans, 

8 2 1 

Example 6. — Solve the equation j— ^ ^ ^ ^ = 0. 

Solution —Clearing of fractions by multiplying by 1 — * 9 , the 
least common denominator, 

8(1 4 - *) — 2(1 — *) + 1 = 0 
848*— 2 + 2* + 1 = 0 

Uniting and transposing terms, 

6 * = — 2 
* = — .4 Ans. 

Note — 0 multiplied or divided by any number =» a 

21 . If the denominators in a fractional equation are 
partly monomial and partly polynomial, it will be easier to 
clear of fractions at first partially by multiplying by the least 
common denominator of the monomial denominators. 

Example 1.— Solve the equation 6 — \ x — . 

14 7 6* + 2 

Solution — Clearing of fractions partially, by multiplying each term 
by 14, and noticing that 2 may be canceled from the denominator of 
the second fraction of the second member when multiplying by 14, 

8*+5 = 8*+ia 

ox 4* 1 

Transposing and uniting the terms (Art. 9), 

49* -21 
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Clearing of fractions by multiplying each term by Sx + 1, 

4f)x — 21 — 21x + 7 

28 jr = 28 

x = 1 Ans. 

Q , 4 — -* 1 

3 ® j _ 

Example 2. — Solve the equation 1 4- = g 

Solution.— Simplifying the second member by multiplying both 
numerator and denominator of the fraction by 1 — x> 

8 _ 8(1-*) + 4-* 

+ *-l ” 8(1- at) 

Changing the signs of the first fraction so as to make the denomi- 
nator 1 — -ar, and clearing of fractions by multiplying by 8(1 — x ), 

8(1 - X) - ft S 8(1 - x) 4- 4 - * 

Canceling 8(1 — x) from both members and transposing, 
x = 18 Ans. 

22 . When powers of the unknown quantity higher than 
the first appear in an equation, they will often cancel, the 
equation thus reducing to a simple one. 

Example. — Solve the equation 

(x 4* 8)» - 8x(4x 4- 1) = 5x* - (4r- 5)° 

Solution.— Performing the operations indicated, 

x a + 6*4. 9 - 12* 9 — 3x = 5x a - (18* 9 - 40* + 25) 

Removing the parenthesis and transposing terms, 

x a 4- 6x— 12x* - 8* — 5x a + 10* 9 - 40* = - 26 - 9 

Combining like terms, — 87* 55 — 84 

Dividing by — 87, * = Ans. 

23. In literal equations (Art. 16), the terms con- 
taining known or unknown quantities cannot always be com- 
bined into one. In solving, all terms containing unknown 
quantities must be brought into the first member without 
regard to whether they contain known quantities. 

Example 1. — Solve the literal equation 2ax —8 b = x 4- c — Bax. 

Solution.— Transposing the terms containing the unknown quanxi- 
ties to the first member and the remaining terms to the second member, 
and combining like terms, 

Sax — x a= 8& 4- c 


^ t 1 
i I I v i 
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Factoring 5 ax — * with a view to bringing x alone in the first 
member, 

(5 a — l)x =3 b + c 

The coefficient of x is now 5a — 1, this being considered as one 
quantity. 

33 , £ 

Dividing by 5a — 1, x ~ 5a — i ^ nS ‘ 


Proof. — Since the original equation is equivalent to 5ajr — x = 83 
4- c , it will be sufficient to satisfy this equation. Hence, substituting 
the value of x , 


5a(33 + c) __ 33 4 * c 
5a — 1 5a— 1 


Sfi + c 


or 


«*-»<V + 4 m u + c 

5a — 1 


Canceling the 5 a — J, 

83 4- c =s 83 4“ c 


Example 2. — Solve the equation 

(x 4- a) (x — 3) — (x — a) (x 4- 3) = a> — 3 s 
Solution. — Performing the operations indicated, 

or 8 4 - ax — bx — ab — (x* — a x 4- bx — ab) = a* — 3 s 

Combining like terms, 2 ax — 2 bx = a 3 — b 3 
whence, 2(a — bjx = a 3 — 3 s 

a*-b 3 _(* + 3>(a-3) _ (a + 3) 

“ 2(a - b) ~ 2(a - 3) . ~ 2 Ans * 


or 


Example 3.— Solve the equation, 3 ‘ r+ i 1 = + * 

* *4-1 3(*4- 1) — a 

Solution. — Clearing of fractions, 

(Sx+l)[b(x+l)-al = (*4-l)(83*-2a4-c) 

83*(x4- 1) - 3 ax 4- 3(.r 4- 1) — a = Mx(x + 1) - (2a - c)(x 4- 1) 
Canceling 83*(;r 4- 1) from both members, 

— 3 ax 4- bx 4 - 3 — a = — 2a* 4- cx — 2a 4- c 
Transposing and uniting terms, 

— ax 4- bx — cx = — a — b + c 
Changing signs and factoring, 

(a - 3 4 - c)x = a 4- 3 — e 

a 4- 3 — c 

~~ a— b 4- c 


whence, 


Ans. 
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EXAMPLES EOR PRACTICE 


Solve the following equations: 


1. 

16 - 3* = 13 - 6*. 

Ans. * = — 1 

2. 

3(4*- 5) + 6 = 1 + 2*. 

Ans. * = 1 

3. 

6(5-2*) = 6 — 2(* — 2). 

Ans. * = 2 

4. 

2* 4* e 3* 

_____ = 5- t . 

Ans. * = 60 

5. 

*+l *+4 *+3 

3 - 5 =16 “ 4 • 

Ans. * = 41 

6. 

* * 9 — 5* 2 

3~ 3*- 7 “ 3* 

Ans. * = — 7 

7. 

5 _ 2* _ 3 — 2* _ 

*+ 1 *+ 4 

Ans. * = 4J 

8. 

2* — 4 a = 3 ax + a 2 — a*x. 

_ a 2 + 4a 

Ans - * = «._*,+» 

9. 

ax + 2* a* + 4a + 4 

5 a M 

. 5<z 2 + 10tf 

Ans. x = ^ 


SUGGESTION. — Transposing the second term to the second member, 

ax + _ a 9 + 4a + 4 _ (a + 2) a 

5 a ~~ 4 b ~ 4 b 

Multiplying both sides by 5 a. 


a x + 2x = 


Sa(a + 2)3 
4b 


Solving for x, 


5 a(a + 2) 9 _ 5 a(a + 2) 
\a + 2)4 b 4b 


10 . 


, + **> = ab + -. 


cx 


5tf 3 + 10 a 
4b 


Ans. 



PROBLEMS LEADING TO SIMPLE EQUATIONS WITH 
ONE UNKNOWN QUANTITY 

24, There are two steps in the solution of problems by 
algebra: 

First . — The relations which exist between the known and 
the unknown quantities, that is, between those whose values 
are given in the problem and those whose values are 
required, must be stated by one or more equations. This is 
called the statement of the problem. 
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Second . — The resulting equation or equations must be 
solved, giving the values of the required quantities. 

25. The ability to state a problem by means of an equa- 
tion depends upon the ingenuity of the operator and his 
ability to reason, rather than upon his knowledge of algebra. 
No definite rule can be given for making the statement, but 
in general, where there is only one unknown quantity in a 
problem : 

Decide what quantity it is whose value is to be found. 
This will be the unknown quantity, or the answer. Then 
represent the unknown quantity by x and form an equation 
that will indicate the relations between the known and the 
unknown quantities as stated in the problem. 

It will thus be seen that by the algebraic method, the 
answer to a problem is used in the solution and operated 
upon as though it were a known quantity, which is one 
great advantage over the arithmetical method. 

Note. — The equation will also indicate the operations that would 
be performed in proving the statement made in the problem, were the 
answer known. Hence, the equation may often be formed by noticing 
what operations would be performed upon the answer in proving. 

Example 1.— Find such a number that, when 14 is added to its 
double, the sum shall be 80. 

Solution.— The quantity whose value is required is the number 
itself. As this is the unknown quantity, let x = the number, whence 
2x must be double the number. Now the problem states that when 14 
is added to double the number the sum will be 30. In other words, 
when 14 is added to 2x, the sum will be 30. Hence, the statement of 
the problem in the form of an equation is 

2x -j- 14 = 30 

Whence, solving, x = 8 Ans. 

Example 2.— Find a number which, when multiplied by 4, will 
exceed 40 as much as it is now below 40. 

Solution.— Let x = the required number, which, when multiplied 
by 4, becomes 4x. According to the conditions of the problem, the 
amount by which 4 times the required number, or 4x, exceeds 4Q is 
equal to the amount that the number itself, or is below 40. 
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But 4r — 40 is the amount by which 4x exceeds 40, and 40 — x is the 
amount by which x is below 40. 

Hence, by the conditions, we have the statement, 

4x — 40 = 40 — x 

Transposing and uniting, 5x = 80 
or x = 16 Ans. 


Example 3. — Two loads of brick together weigh 4,000 lb. ; but if 
500 lb. be transferred from the smaller to the larger load, the latter 
will weigh 7 times as much as the former. How much does each load 
weigh ? 

Solution. — If the weights of the two loads were known and it was 
desired to prove the correctness of the example, we should add 500 lb. 
to the weight of the larger load and subtract 500 lb. from the weight of 
the smaller load, as stated in the example. The larger load should 
then weigh 7 times as much as the smaller. To obtain the equation, the 
same thing is done by letting x = the weight of one load, whence 
4,000 — x equals the weight of the other load. 


Let x = the weight of the smaller load. 

Then, 4,000 — x = the weight of the larger load. 

Also, x— 500 = the weight of the smaller load after transferring 
500 lb. 


And 4,000 — x 4- 500 = the weight of the larger load after transfer- 
ring 500 lb. 

By the conditions, the larger load now weighs 7 times as much as the 
smaller. 

7(;r-500) = 4,000-^+500 
7x — 8,500 = 4,500 — x 
8 * = 8,000 


Hence, 

Solving, 

or 

whence, 

and 


4,000 


x = 1,0001b. = weight of smaller load ) . 

— x = 3,0001b. = weight of larger load ) ns ' 


Proof. — 1,000 — 500 = 500 = weight of the smaller load, and 
3,000 + 500 = 3,500 = weight of the larger load after the 500 pounds 
have been transferred; 3,500 ■+■ 500 = 7. 


Example 4.— The circumference of the fore wheel of a carriage is 
10 feet, and of the hind wheel 12 feet. What distance has the carriage 
traveled, when the fore wheel has made 8 more turns than the hind 
wheel ? 

Solution.— In this example the distance traveled is not known, but 
is required to be found. Suppose that the distance is known, and that 
it equals x feet, and that we wish to see whether the statement is true 
that the fore wheel makes 8 more revolutions than the hind wheel in 
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passing over x feet. The number of revolutions of the fore wheel is 

X X 

evidently and of the hind wheel, The example states that the 
difference between them equals 8. 


Hence, = 8 (1) 

Multiply both members of the equation by 60. 

6z-5*=480 

x — 480 ft. Ans. 

480 

Proof. — -jg- = 48 = revolutions of fore wheel 

480 

■— = 40 = revolutions of hind wheel 

I/O 

48 — 40 = 8. Compare this proof with (1) 

Example 5. — A water cistern connected with three pipes can be 
filled by ope -6f them in 80 minutes, by another in 200 minutes, and by 
the third in 300 minutes. In what time will the cistern be filled when 
all three pipes are open at once ? 


Solution.— Here the unknown quantity is the number of minutes 
required to fill the cistern by all three pipes together. Supposing this 
to be x minutes, the example may be proved by noticing that the sum 
of the quantities of water flowing through each pipe separately in a 
given length of time, as 1 minute, must be equal to the quantity flow- 
ing through all three together in the same length of time. According 
to the problem, the quantity discharged by the first pipe in one minute 
would be fa by the second yfo, and by the third fay of the contents of 
the cistern. In like manner the quantity discharged by all three at 

once in one minute would be Then, if the example is stated cor- 


rectly, 


i + J_+_L -l 

80 ^ 200 + 300 ~ x 


Clearing of fractions, 

*(30 + 12 + 8) = 2,400 
or 50x = 2,400 

whence, x = 48 minutes Ans. 


Example 6.— A man rows a boat a certain distance with the tide, at 
the rate of 6| miles an hour, and returns at the rate of 8J miles an 
hour, against a tide half as strong. If the man is pulling at a uniform 
rate, what is the velocity of the stronger tide ? 

Solution. — If the following statement is not clear, the student 
should reason it out for himself in a manner similar to that used in the 
last three examples. 
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Let x = number of miles per hour that the stronger tide is running, 
then ^ = number of miles per hour that the weaker tide is running. 


Hence, 6| — x and 3$ + ^ are expressions for the rate at which the 

man is pulling. But, as he is pulling at a constant rate all the time, 
these expressions must be equal. Hence, 




or 


Clearing of fractions, 
or 

whence, 



40 — 6x 
— 9x 


x 



10 x 
3 + 2 
20 + Sx 
-20 

2$ miles per hour 


Ans. 


EXAMPLES FOR PRACTICE 

Solve the following examples: 

1. The greater of two numbers is four times the lesser number, and 

their sum is 400 ; what are the numbers ? Ans. 80 and 320 

2. A farmer has 108 animals, consisting of horses, sheep, and cows. 
He has four times as many cows as horses, lacking 8, and five times as 
many sheep as horses, lacking 4 ; how many has he of each kind ? 

r 12 horses 
Ans. < 40 cows 
( 56 sheep 

8. A can do a piece of work in 8 days, and B can do it in 10 days ; 
in what time can they do it working together ? Ans. 4$ days 

4. Find five consecutive numbers whose sum is 150. 

Ans. 28 + 29 ■+• 30 + 31 ■+* 32 

5. A boat whose rate of sailing is 6 miles per hour in still water 

moves down a stream which flows at the rate of 3 miles per hour, and 
returns, making the round trip in 8 hours ; how far did it go down the 
stream ? Ans. 18 mi- 
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QUADBATIC EQUATIONS 

26. A quadratic equation is one in which the square is 
the highest power of the unknown quantity when simplified 
as stated in Art. 15. It is also called an equation of the 
second degree. 

2*7. A pure quadratic equation is one which contains 
the square only of the unknown quantity, as x 2 %ab = 10. 

28. An affected quadratic equation is one containing 
both the square and the first power of the unknown quan- 
tity, as x 1 %x = 6. 

29. By the processes used to reduce simple equations, 
any pure quadratic equation may be reduced to an equation 
havingthe square of the unknown quantity alone in the first 
member, and some known quantity in the second member, 
as in x * = a 1 where x 8 is the square of the unknown quan- 
tity and a is a known quantity. The value of the unknown 
quantity may then be found by extracting the square root 
of both members, which, by Art. 6, V, will not destroy the 
equality of the equation. By referring to Case (7), Art. 64, 
Part 2, it will be seen that after extracting the square root, 
each member should be written with the ± sign. Thus, 
extracting the square root of both members of x* = a, we 
have ± x = ± This may be taken in four ways, 
namely, that 

+ x = + 4 fa 

"(■ x — — ^~ct 

— x = — >/a 

— x — — |— 4 /# 

But by Art. 10, the signs of both members of the last 
two equations may be changed, making + x = + »/a and 
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+ x — — 4 /#, the same as in the first two equations. 
Hence, the equation x* = a has the two values, 

* = + j/a 

and x = — \/a 

and these may be expressed by writing x in the first member 
without any sign (plus understood), and writing the square 
root of a in the second member with the ± sign, thus, 

x — ± \/ a 

30. From the foregoing, we have the following rule for 
solving a pure quadratic equation: 

Buie . — Reduce the given equation to the form ofx* = a 
(Art. 29), and extract the square root of both members , wri- 
ting the ± sign before the square root of the second member. 

Note. — The root of an equation is the value of the unknown quan- 
tity. From this it will be seen that a simple equation has one root, 
and a quadratic equation has two roots. In general, any equation has 
as many roots as there are units in the exponent of the unknown quan- 
tity. 

x^ ~ ~ 3 1 

Example 1. — Solve the equation ^ — 5 = 20* 

Solution. — C learing of fractions by multiplying each term by 80, 
S* 2 - 16(jtr* - 3) = 4 

Transposing and uniting, — ll^r 2 = — 44, 
or x* = 4 

Extracting the square root of both members, 
x = ± 2 Ans. 

Example 2. — Solve the equation 

fx— 2 + 4 /x-h 2 _ 4 
j/x + 2 \/x —2 ~ 

Solution. — Clearing of fractions by multiplying each term by 

i/x+ 2 x Vx- 2 , 

x—2+x+2 = 4fx+ 2 x V*— 3 
or, 2x = 4fx* — 4 

Dividing by 2, x = 2^x % — 4 

Squaring, x % = 4(.ar i — 4) 

or x s = 4 X s — 16 

whence, — 8 j*t» = —16 

and x* = V 
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Extracting the square root of both members, 
x = dt 44 /J Ans. 

Note. — That \Sx + 2xV x — w % = — 4 is readily seen 

from the following: Using fractional exponents \/x — 2 x ■+. 2 
= (x — 2)* (x + 2)*. Since 25* X 36* = 6 X 6 = 30 and since (25 x 86)* 
= 900* = 80, it follows that 25* X 36* = (25 X 36)*; and since any 
numbers whatever may be substituted for 25 and 86, a and b may be 
substituted also, and <z* X = (ab% Now letting a = jr — 2 and 
b — x+2,a*Xb* = (jit - 2)* (x 4- 2)* = [(x — 2) (x 4* 2)1* = (. x 9 — 4)* 
= j/x*-4. 


EXAMPLES FOB PBACTICB 
Solve the following equations: 

1. 3x* - 57 - 4x* = - 8x* + 6. 


a ^ +7 = iP 
a 36 -- s + 50 = ^_^- 10 . 

4. jc- 4/6 + x' 2 = 1 + x 2 . 


Ans. jr = ± 8 
Ans. jr = ± i 

Ans. = ± 5 
Ans. jr = ± J. 


AFFECTED QUADRATIC EQUATION'S 


31. Every affected quadratic 
to the form ± p x = 


equation may be reduced 
±q 


in which the term containing x 9 is positive and the coeffi- 
cient is 1; the term containing x is positive or negative and 
the coefficient has any value ; and the remaining term q has 
any value and is positive or negative. For example, sup- 
pose it is required to -bring the equation ax*-6x + cx 
“ ** + 3 = d into the required form. First collect the terms 
containing x* and factor; then the terms containing x and 
factor; then the terms that do not contain x 9 or x after 
transposing them to the second member. Lastly divide 
by the coefficient of x 2 . Thus, 


ax* — cx — bx = d — $ 
(a — l)x* + (c — <5) jr = d— 8 


x* 4- 


c - 
a ■ 


d — 3 
a — 1 
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Here x 4 is positive, and the coefficient is 1 ; the coefficient 

of x is ^ which may be put equal to p ; and the known 

term (usually called the absolute term, because it does 

cL — 3 

not change for any value of x) is ^ _ , which may be rep- 
resented by q. The equation is now of the required form. 


32. Any equation of the form x*±px = ±q may be 
solved, that is, the values of x (the roots of the equation) 
may be found, whether the coefficients are numerical or 
literal, by the following formula: 

* = =f i(P ± Vp' ± ty) 

The T sign is read minus or plus , and is a combination of 
the minus and plus signs. In this formula, the minus sign 
before the parenthesis is used if the coefficient of x in the 
original equation is positive, and the positive sign is used if 
this coefficient is negative ; the plus sign between and 4 q 
is used if q in the original equation is positive, and the neg- 
ative sign is used if q is negative. The double sign before 
the radical indicates that there are two values of x, one of 
which is equal to one-half of p plus the radical, and the other 
to one-half of p minus the radical. 

Example, — Solve the equation 4x s — — 128 = 0. 

Solution. — 4x 2 — 16^r — 128 = 0 

Transposing 128, 4x* — 16x = 128 

Dividing by 4, x- 1 — 4x = 82 

The equation is now in the required form, and p in the formula 
equals 4, while q = 32. Since p is negative, use the positive sign 
before the parenthesis, and since q is positive, use the positive sign 
under the radical sign. Substituting, 

jr = 1(4 ± j/4* 4- 4 X 32) 

= 1(4 ± 4 /I 6 4- 128) 

= K4 ± 4/144) 

= 1(4 ± 12) 

= 1(4 + 12), or 1(4 - 12) 

= 8 or — 4 Ans. 


* Por proof see page 40. 
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33. The result just obtained may be proved in two 
ways: First , by substituting the values found for xm the 
original equation; if both satisfy the equation, the results 
are correct. Second , put the original equation in the form 
a? ± px ± q = 0, by transposing the absolute term ; then 
form two binomial factors by adding to x the roots with 
their signs changed; the product of these factors must 
equal the first member of the equation, if the work is 
correct. 

Applying the first proof to the last example, 

4(+ 8) a - 16(+ 8) - 128 = 356 — 138 — 138 = 0 
4(— 4)’ - 16(— 4) - 138 = 64 + 64 - 138 = 0 

Applying the second proof to the same example, the roots 
with their signs are — 8 and 4; adding these to x, the sums 
arex — 8 and jt + 4. Treating these binomials as factors 
and expanding (x — 8) [x + 4) = x a — ix — 33, which is the 
value of the first member of the equation 4 jt* — lQx — 138 
= 0 when reduced to the form x* ± px ± q = 0, by 
dividing both members by 4. It is to be noted that 0 multi- 
plied or divided by any finite quantity is zero. 


34. If any equation of the form x 9 ± px ± q = 0 can 
be factored (and every such equation can be factored), either 
factor can be placed equal to zero, and by transposing the 
absolute term the value of x can be found. For example, 
in the last article a? — Ax — 33 = 0 ; hence (x — 8) (x + 4) 

= 0, from which x — 8=^=0, and x = 8, or x + 4 

X "p 4 

= q = 0, and x = - 4. 


This fact gives an easy method of determining the roots 
by inspection when the equation has numerical coefficients 
and the roots are integral or fractional. It is evident, as 
will be seen by actual multiplication, that the product 
of the absolute terms of the factors must equal the 
absolute term of the given equation; also that the sum 
of the absolute terms of the factors must be equal to 
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the coefficient of x\ in both cases the sign of the term is 
supposed to be included in the statement. Consider now 
the equation 

*’-4* -32 = 0 

The absolute term — 32 is obtained by multiplying two 
numbers with unlike signs; the coefficient of x , which 
is — 4, is obtained by adding either two negative quantities 
or a positive and a negative quantity, the negative quantity 
being the greater to obtain the minus sign.’ The following 
are all the pairs of integral factors of — 32, whose product 
will equal — 32, together with their sums: 

Product Sum Product Sum 

-1X32 = -82 -1 + 32 = 31 1 X - 32 = - 32 l + (~ 32) = -31 

- 2 X 16 = - 32 -2 + 16 = 14 2 X - 16 = - 32 2 + (-16) = -14 

— 4 X 8 = — 82 -4+ 8 = 4 4x- 8 = - 32 4 + (- 8) = - 4 

In the last case, both conditions are fulfilled; hence, 

x u — 4=x — 32 = (x — 8) (x -f- 4) = 0, from which x = 8 or — 4. 
It is well in all cases to attempt the solution by inspection 
before applying the formula, since if a solution is possible 
by this method the work is greatly reduced. This method 
also proves the work by simply multiplying the factors. 

Example. — S olve by inspection 13x — x* = — 14 

Solution. — B ring the equation into the required form by changing 
all the signs and transposing the absolute term. 

• ( xt-lSx-U = 0 

The only pairs of integral factors of 14 are 1 X 14 and 2x7. The 
coefficient of x is — 13, and since — 14 + 1 = — 13, the factors are 
evidently — 14 x 1. Hence, 

(x— 14) (j*t+ 1) = 0, and x = 14 or — 1 Ans. 

Remark. — I f the formula had been used in solving the 
last example the work would have been as follows: 

* a - 13* = 14 
* = 4(13 ± |/I3 a + 4 X 14) 

= *(13 ± i^m) 

= *(13 ± 15) 
s= 14 or — 1 


I L T 281—8 
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35, The principles given in Art. 34 may he obtained 
directly from the following data for writing out the product 
of any two binomials, the first terms of which are alike : 

Add the square of the first term , the product of the first 
term and the sum of the second terms , and the product of the 
second terms . 

Example.— Write out the products of ;tr— 8 and jtr — 6; also of 
x * — a and x* -f b. 

Solution.— For the first case, the square of the first term is x*; 
the sum of the second terms is — 8 — 6 = — 9 ; and the product of the 
second terms is — 8 X — 6 = 18; hence, {x ■— 3) (x ~ 6) = x* — 18. 

Ans. 

For the second case, the square of the first term is x 4 ; the sum of 
the second term is —a + b = — {a — b) or (J? — a ) ; the product of the 
second terms is — ab\ hence, 

( *•-«)(** + * ) = x* -(a- »)x> - ai or x* + (3 - a)x> - ad Ans. 

36. Several examples will now be given showing the 
application of the foregoing methods to the solution of 
typical examples. 

Example 1. — Solve the equation — &r’ — ’lx = Jyt. 

Solution. — Dividing both members by — 8 to make x * stand alone 
and positive, x 9 4 - $x = — 

From the formula, x = — ■$(} ± 4 /*#. — 

= -ui± i) 

= — 4 or — f Ans. 

The example may also be solved by inspection, as follows: 
x* + lx + y. = 0 

The absolute term y is equal to = f x f , and f + * = {• 

hence, {x+ f) (x+ f) = 0, and x = — f or — jf. Ana. 

Example 2.— Solve the equation x - x \ ~ 8 = 8. 

X s 4- 5 

Solution. — Clearing of fractions, 

x 9 + 5x - x* + 8 = 2x* + 10 

Transposing and uniting terms, 

— 2x* 4- 5jt = 2 

Dividing by -2, x* — §x a* —1 
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From the formula, x = $($ ± tfif _ 4) 
= 2 or | Ans. 

Solving by inspection, 

— \x 4- 1 = 0 


1 = 1 = 


hence, 


2X1 

1X2 


= 3 X i; -» + (-*) =-2j =-f 


( x “* 2) (^r — -J) = 0, and x — 2 or £ Ans. 


Example 3.— Solve the literal equation acx* — bcx + adx = bd. 

Solution. — Reducing the equation so that the first member will 
contain two terms, one with x 2 and one with x , 
acx i — (be — ad)x = 

Dividing by ac , .#* — ~~ ad x = — 

^ ac 


From the formula, 

fbc — ad 
ac 
(be — 


■=< 

-»c 


/ 3V 9 — Head +- aW 1 8 4 bdac\ 

V a i c i + «*«• / 

— - ad , , /<5V S + 

« ± V <*. J 


— i/^ — ad be -f 

~ *V ac ± a* J 

" *© = ^ 0r = ~ ~c Ana 

The example may also be solved by inspection. 


o be — ad bd A 

* 8 — ^ * = 0 

ac ac 


The coefficient of x is — « , which is equal to — ( — 

fb d\ b d aC ^ aC aC ' 

— ^\a~c) = ~'a~ i ~c ; the P roduct of these two fractions is 

b^d bd ^ ^ , 

a ^ c ” ~ac' which is the same ds the absolute term ; hence, 

(f~^)( x + f) = °> and * = ^ or “7 Ans - 

Example 4 — Solve for .r in the equation 80 — Sx‘ — 2x = — 5, 
Solution. — Transposing the known term in the left-hand member, 

— Sx i -2x = — 85. Dividing by the coefficient of x (which is - 8 in 
this case), the equation becomes x' + \x = if. 
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From the formula, x = — i(f ± 4/f -t- 

= - V- or ¥ = 5 Ans. 

By inspection, the factors of ^ are and 5; but 5 = and since 
¥ + (—¥) = f it is evident that + V = (■* + ¥) (-*—5) = 0, 
and x = — or 5. Ans. 

Example 5. — Find the value of x in the equation x = ^ 

.ar+tf ;r — b 

Solution.— Clearing of fractions, x(x—b) = b(x+a) or x* — bx 
= bx+ ab. The term bx in the right-hand member must be trans- 
posed to the other side so that only the known term shall be on the 
right. The equation then becomes x* ~bx — bx = ab , or 

x* — 2 bx — ab 

From the formula, 

x = $ (23 ± i/4b* + lab) 

= 4<2£ ± 4/4 
= 4(2^ ±2 + 

= £ ± |/£ 2 + Ans. 

This example cannot be solved by inspection, since the 
required factors, which are x — b + \/b a + ab and x — b 

— Vb* + ab can be determined only by the aid of the for- 
mula. That the result is correct may be proved by mul- 
tiplying the factor. Thus, (x — b + i/b* + ab) (x — b 

- i/P + ab) = [x-(b- VP + ab)] X[x-(b +VP V «*)] 
= S-(b-\ 'P + ab +b + VP + ab) x+{b-VP + ab) 
{b-\-Vb'‘ J r ab) (see Art. 35) = x* - %bx + P — (P + ab) 
(see Art. 27, Part 2) = ^-2 bx - ab, which is the same 
as the original equation with the absolute term transposed 
to the first member. 

Example 6— Find the positive value of Tin the equation 

2.03222 = 6.1007 — _ 400,215 

T T* 

Solution. — C learing of fractions and transposing, 

4 06848 T* - 2,719.787' = 400,215 

Dividing by 4.06848, 7’*— 668.5007' = 98,869.7 

Applying the formula, 

T = *(668.5 ± 4/668.5* + 4 x 98,869.7) = 792.609 Ana. 
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EXAMPLES FOR PRACTICE 


Solve the following equations: 


1. 

2. 

3. 

4. 

5. 


6. 


7. 


x 2 + 2x = 35. 
9jtr 2 + 6.r = 15. 
5 jt s — 24 jt = 5. 


x + 


24 

x — 1 


3 ^- 4 . 


— 5;r s + 9;r = 
* *+ 1 


2J. 

= ¥• 


9x _ 3£ 

12jt + ~ 4^r - 2£* 


o 2.r(fl — jr) _ £ 

8<z — 2^r 4' 


Ans. jr = 5 or — 7 
Ans. ;tr = 1 or — 1} 
Ans. x = 5 or — J 

Ans. x = 5 or — 2 

Ans. x = $ or 

Ans. x = 2 or — 3 

Ans. jr = |(3 ± j/T f) 

* 3# a: 

Ans. = -r-or-s 
4 2 


EQUATIONS IN THE QUADRATIC FORM 

37. An equation is in the quadratic form when it con- 
tains only two powers of the unknown quantity, and the 
exponent of one power is twice as great as the exponent 
of the other . Such equations are solved by the rules for 
quadratics. 

Example 1. — Solve the equation x* + 4x 2 = 12. 

Solution. — By inspection, 

x4 + 4x*-12 = (x 2 - 2) (x 2 +• 6) = 0 
whence, x 2 = 2 or — 6 

Extracting the square root, 

x = ± j/2 or ± 4/— 6 Ans. 

Example 2. — Solve the equation x 6 + 20jt 8 — 10 = 59. 

Solution. — Transposing the 59, 

*« + 20 jr 8 -69 = 0 

By inspection, x 9 -h 20 r* — 69 = (x z + 28) (jit 3 — S) = 0; 
whence, x 3 = 3 or — 23 

Extracting the cube root, 

x = ^8 or 28 = — ^28 Ans. 
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Example 3.— Solve the equation x* 4- x i = 756. 

Solution.— Using the formula, because the factors are not easily 
found, 

x* = - i(l ± 4/1 + 3,024) = - Jfl ± *5) = - 28 or 27 

Now, to obtain a value for x, we must extract the cube root of both 
members and then raise both members to the 5th power. This will 
clear x of its fractional exponent. __ 

Extracting the cube root, x^ = 3 or — 4^28. 

Raising to the fifth power, x — 248 or — $ 28 6 . Ans. 


EXAMPLES FOR PRACTICE 


Solve the following equations: 

1. x* + 4x* = 117. 

2. x * — 2jit 8 — 48. 

3. x e - 8x* = 513. 

4. x 8 — x$ = 56. 


Ans. x = ± 3 or ± 4/— 13 
Ans. x = 2 or — 4^6 
Ans. x = 3 or — ^19 
Ans. x — 4 or (— 7)* 


PROBLEMS LEADING TO QUADRATIC EQUATIONS 

38. In quadratics, where two answers are obtained by 
solving equations, it is usually the case that only one answer, 
the positive value, is required. In some instances, however, 
the negative value is the one sought. In works treating on 
higher mathematics, the negative value is used as frequently 
as the positive value. 

Example 1.— There are two numbers whose sum is 40, and the sum 
of their squares is 818. What are the numbers ? 

Solution.— Let x = one number, and 40 — x = the other number. 

Then, by the conditions, x 9 H- (40 — x) 9 = 818 


whence, 

** + 1,600 - 80* + *» = 818 

Combining, 

2** -80* — -788 

or 

* s — 40* = — 891 

From the formula, x s $(40 db — 4 X til) =n 28 or Vt 

whence, 

and 

* = 88 or 17) 

40-* = 17 or 28) Ana 


Both answers fulfil the conditions. 
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Example 2. — An iron bar weighs 86 pounds. If it had been 1 foot 
longer, each foot would have weighed a pound less. Find the length 
of the bar. 

Solution. — Let x = the length of the bar in feet. 

36 

Then, — = the weight per foot, and 

36 

x ^ = the weight per foot if the bar were 1 foot longer. 

By the conditions, — — = 4 

x x-\- 1 * 

Clearing of fractions, 72;r + 72 — 72;r = jt 2 + x 
or x* + jit — 72 = 0 

By inspection, x* + x— 72 = (x + 9) (x — 8) = 0 
whence, x = 8 ft. or — 9 ft. Ans. 

Proof- “ = 4*; ^ = 4; 4*_4 = \ 

0r ^ = - 4 : _f + l =“ 4 »5 -4-<-4» = | 

Only the positive value is required, although both values will satisfy 
the equation. 

Example 8. — A number of men ordered a yacht to be built for 
$6,300. Each man was to pay the same amount, but two of them 
withdrew, making it necessary for those remaining to advance $200 
more than they otherwise would have done. How many men were 
there at first ? 

Solution. — L et x = the number of men at first. 

6 800 

Then, ' ^ = what each was to have paid, and 

^^2 = w ^ at eac ^ finall y P a ^* 

6,800 M00 onn 

By the conditions, — = 200 

J X—% X 

Clearing of fractions and combining, 

200* ! - 400* = 12,600 
or x s — 2x — 68 = 0 

By inspection, x* — %x — 63 = (x — 9) (x + 7) = 0 
whence, x = 9 or — 7 Ans. 

Proof.— 8 ’^°° = 700; = 900 ; 900 - 700 = 800 

Or M00 _ _ 900 . _ 6 .^ g = -700; — 700 — ( — 900) = 900 

Only the positive value can be used. 
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Example 4— A and B start at the same time to travel 150 miles. A 
travels 3 miles an hour faster than B, and finishes his journey 8£ hours 
before him. How many miles did each travel per hour ? 

Solution. — Let x = number of miles A traveled per hour, and 

x — 3 = number of miles B traveled per hour. 

Then, = the time i n which A performs the journey, and 

^ = the time in which B performs the journey, 

... 150 150 ot 

By the conditions, === 


Clearing of fractions and combining, 

2nx*~'75x = 1,350 
or x s — 3x — 54 = 0 

By inspection, X* - Sx - 54 = (x— 9) (x + 6) = .0; 
whence, x = 9 or — 6 

an d 3 = 6 or — 9 

Using the positive values, A traveled 9 miles per hour and B traveler 
6 miles per hour. Ans. 

► > 

+ 

E - O D 

1 < 

Pig. 1 


39 . As an illustration of the use of the negative values, 
consider the following explanation, which refers to the pre- 
ceding example. In Fig. 1 let C be the starting point. Call 
any advance in the direction of the upper arrow, or from C 
toward D , positive, and in the opposite direction, negative. 
Let E and D be each 150 miles from C. Suppose that a 
train of cars 150 miles long has one end at C and the other 
end at D y and that the train is moving in the direction 
from C to£ at the rate of 15 miles per hour. Now, if A 
and B start toward D y running on the train at the rate of 
9 and 6 miles per hour, respectively, while the train moves 
15 miles per hour toward E, the rate of travel of A 
toward D is 9 — 15 = — 6 miles per hour, and of B, 8 — 15 
= — 9 miles per hour. It is now evident that A is travel- 
ing toward D 3 miles per hour faster than B. When A has 
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traveled 150 miles, in other words, when he has reached the 
end of the train, B has reached the point E ; he has traveled 
negatively farther than A, but if he travels to the end of 
the train, it will take him hours longer than it did A. 

The preceding paragraph is also an illustration of the 
statement, that of two negative values, the one which has 
the less value numerically is the greater. 


EQUATIONS CONTAINING TWO UNKNOWN 
QUANTITIES 

40 . In the third problem in Art. 25 , it was shown how, 
under certain conditions, more than one unknown quantity 
in an example may be represented in an equation , by express- 
ing the value of each quantity in terms of .r, thus producing 
only the one unknown quantity x in the equation. 

Sometimes, however, each quantity is represented by a 
different letter, as x , y , or z y in which case, it is necessary 
to have as many equations as there are unknown quantities, 
in order to effect a solution. For example, if it were 
required to find the value of x in the equation x-\-y = 10, 

and being unknown quantities, we should have x = 10 — y 9 
x being still undetermined because its value is in terms of 
the unknown quantity y . There must be another equation, 
therefore, expressing some other relation between the 
unknown quantities x and y, in order to fix their values. 
The equations which fix the values of the unknown quanti- 
ties must be independent arid simultaneous . 

41 . Independent equations are those which express 
different relations between the unknown quantities. Thus, 
#+y = 4, and xy = 6 express different relations between 
x and y, and are independent. But x+y = 4, and 3x + Sy 
= 13, are not independent, because, by dividing both mem- 
bers of the second equation by 3, it reduces to the first 
equation, and thus expresses the same relations between the 
unknown quantities. 
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42. Simultaneous equations are such as will be satis- 
fied (Art. 18) by substituting the same values for the same 
unknown quantities in each equation. 

43. Equations containing more than one unknown quan- 
tity are solved by so combining them as to obtain a single 
equation containing but one unknown quantity. This 
process is called elimination. In what follows, equa- 
tions containing two unknown quantities will be con- 
sidered. 


44. To eliminate by substitution : 

Rule. — From one equation , find the value of one of the 
unknown quantities in terms of the other. Substitute this 
value for the same unknown quantity in the other equation . 


Example.— S olve the equations 

%x + By = 18 (1) 

8x - %y = 1 (2) 


Solution. — It will be more convenient to first find the value of x 
in (2), since, after transposing - 2y to the second member, it will 
become positive. 

Transposing - 2 \y in (2), 8x = 1 + 2y. 

Dividing both members by 3, 


- _ 1 + 
* ~ 3 


(3) 


This gives the value of x in terms of y. 
Substituting this value of * for the x in (1), 


3(1 + 2y) 
8 


+ 8y = 18 


Removing the parenthesis, 


2 + 4y 
8 


+ 8y = 18 


Clearing of fractions, 2 + 4y + 9y = 54 
Transposing the 2 and uniting the Ay and 9 y t 

18 \y bs 52 
y = 4 Ans. 


« ■ 



whence, 
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Now, having the value of /, we may substitute it for/ in any of the 
above equations containing both .rand /, and thus obtain a value for^r. 
Substituting this value in equation (8), 


whence, 


_ 1 + 2x4 
x " 8 


x = 8 Ans. 


45. To eliminate by comparison : 

Rule. — From each equation find the value of one of the 
unknown quantities in terms of the other . Form a new 
equation by placing these two values equal to each other and 
solve . 


Elimination by comparison depends upon the principle 
that quantities which are equal to the same or two equal 
quantities are equal to each other. Thus, if y = 2 and 
x = 2, y is evidently equal to x . 


Example. — Solve the same equations as before, 

2x + 3y = 18 (1) 

8x — 2y = 1 (2) 


Solution. — First obtain the value of x in each equation, it being 
more convenient to obtain in this case than y. 

Transposing 8j y in (1), 2x = 18 — By 


or 


X = 18 ~ 8 ^ 


( 3 ) 


Transposing — 2/ in (2), 


or 


8x = 1 + 2/ 
1 + 2 S 
* ~ 8 ' 


(4) 


Placing the values of .r in (8) and (4) equal to each other, 

18 — 3 / _ 1 + 2 / 

2 ~ 3 

Clearing of fractions, 54 — 9/ = 2 + 4/ 

Transposing and uniting terms, 

- 13 / = - 52 

whence, / 5= 4 Ans. 

Substituting this value in (4), 

x = - t 8 =8 Ans. 
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46. To eliminate by addition or subtraction s 

Rule . — Select the unknown quantity to be eliminated, and 
multiply the equations by such numbers as ivill make the 
coefficients of this quantity equal in the resulting equations . 
If the signs of the terms having the same coefficient are alike , 
subtract one equation from the other ; if unlike , add the two 
equations . 

It is evident that this will not destroy the equality, 
because adding or subtracting two equations is equivalent 
t.o adding the same quantity to, or subtracting it from, both 
members. 


Example. — Solve the same equations as before, 

2 x+Sy = 18 (1) 

3* - 2y = 1 (2) 


First Solution.— Since the signs of the terms containing *in each 
equation are alike, * may be eliminated by subtraction. If the first 
equation be multiplied by 3 and the second by 2, the coefficients of x 
in each equation will become equal. Hence, 

Multiplying (1) by 3, 6* + 9y = 54 (3) 

Multiplying (2) by 2, 6x — 4y = 2 (4) 

Subtracting (4) from (3), 13y = 52 

whence, y = 4 Ans. 

Substituting this value of y for they in (2), 


Transposing, 

or 


Zx — 8 = 1 
3x = 9 


* = 8 


Ans. 


Second Solution.— 2x + Sy = 18 (1) 

3x — 2y = 1 (2) 

Since the signs of the terms containing y in each 
unlike, y may be eliminated by addition. 


Multiplying (1) by 2, 
Multiplying (2) by 8, 
Adding (3) and (4), 
whence, 

Substituting in (1), 


4x + 6y = 36 (8) 

9x - 6y = 8 (4) 

13* — 39 

*• = 3 Ans. 

6 + 3y = 18 
3y = 12 
y = 4 Ans. 


equation 


are 



§5 


ELEMENTS OF ALGEBRA 


33 


MISCELLANEOUS EXAMPLES 

4:7. From the foregoing it will be seen that any one of 
the three methods of elimination can be applied to the solu- 


cion of equations. The student must 

use his judgment as 

to which is the best one to apply in any case. 

Example 1. — Solve the equations 


3 1 5 

a) 

x + y ~ 4 

* y 

(3) 

Solution.— -Multiplying (1) by 3, 


9 3 15 

(3) 

x + y = T 

Adding (2) and (3), 


11 15 11 


4 4 


Clearing of fractions 44 = ll^r 

or x = 4 Ans. 


Substituting this value of x in (1), 


3 1 5 


4 + y ~ 4 


Clearing of fractions, 3y 4- 4 = 5y 

. Transposing, —2 y = — 4 


or y = 2 Ans. 

Example 2. — Solve the equations 


x + 3 6y = 900 

(1) 

36^+^ = 1,320 

(3) 

Solution. — Adding (1) and (2), 


87x+37y = 2,320 

(3) 

Dividing by 37, x+y = 60 

Subtracting (4) from (1), 35y = 840 

(4) 

y — 24 Ans. 

Substituting this value in (4), 


x+U = 60 



x = 36 Ans. 
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Example 3. — Solve the equations 


m , n 
x y ~~ a 

X y 


Solution.— Multiplying (1) by tn , 


1 = am 

x y 

, n 2 mn , 

Multiplying (2) by «, — + — = bn 


Subtracting (4) from (3), 


m 2 — n 2 


( 1 ) 

( 2 ) 

( 3 ) 

(4) 


= am — bn 


Clearing of fractions, m 2 — n 2 = {am — bn)x 

m 2 — n 2 


whence, 


x = " , Ans. 

— bn 


1fLTL fl 2 

Multiplying (1) by n, — + — = &n (5) 
x y 

Multiplying (2) by m, ^ = bm (6) 

x y 

Subtracting (6) from (5), 

n 2 — m 2 

y 

Clearing of fractions, n 2 — m 2 — ( an — bm)y 
n 2 — m 2 m* — n 2 


= an — bm 


whence, 


y an — bm' ° r bm - 


Ans. 


EXAMPLES FOB PBACTICE 


Solve the following equations: 

1. 3;r+7y = 33.) 

2x+ 4y = 20.) 

2. 8y + 12* = 116. ) 

2 x—y = 8. ) 

8. ax + by = m. ) 
c x + dy = n. J 


Ans. 


•{;= 


= 4 
8 


Ans. 


Ans. -I* ~ ® 

(y = 7 

__ dm — 

* “ ad— be 
an— cm 
^ "" ad— be 
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4 . 


5 . 


a b 
x + y 


c d 

x+ x 

6 _ 3 

jr y 

8 15 
*y 



Ans. 



ad — be 
dm — bn 
be — ad 
cm — an 



QUADRATIC EQUATIONS CONTAINING TWO 
UNKNOWN QUANTITIES 

-The methods of solving will be illustrated by the 
solution of a few examples. 

Case I. — When elimination may be performed by the 
methods given for simple equations in Arts. 41 16. 

Example 1. — Solve the equations 

x*+y* = 13 (1) 

x +y = 1 (2) 

Solution.— Transposing the x in (2), 

y = l-x (3) 

Substituting the value of y in (1), 

x* 4- (1 - xy = 18 
or jr* + i-2x+x* = 13 

Transposing and uniting terms, 

2x* - 2x = 12 
or jr 2 — jit — 6 as 0 

By inspection, x* — x— 6 = (x— 3) (x + 2) = 0 
whence, x = 3 or — 2 

Now, two values must be found forjy which will satisfy the equations 
when x = 3 and x = —2. 

Substituting these values of x in (3), 

when x = 8, y = — 2) 
when x = —2, y = 3) Ans ‘ 

This is the form in which answers to simultaneous quadratic equa- 
tions should always be written. 
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or 


Multiplying (2) by 3, 

Adding (3) and (4), 

Extracting the square root. 
Substituting -h 4 for x in (2), 
11 X 16 - 


4x*-3y* =-11 

(1) 

Ux 2 + 5/ = SOI 

(2) 

.ng (1) by 5, 


20x 5 — 15/ = - 55 

(3) 

83^ ! -+- 15/ = 903 

(4) 

53x* = 848 



jr 2 = 16 

jr = ± 4 


or 


5jj/ 2 = 301. 

5/ == 125 
/ = 25 
y = ± 5 

Substituting -4 for * in (2) will evidently give the same result, 
since (— 4) 2 = 16, the same as 4 2 . Hence, 

when jit = 4, y = ±5 ) 

when x = — 4, y = ±5J 


Ans. 


49. Case II. When the equations may be so combined or 

reduced as to produce an equation having for the first mem- 
ber an expression of the form x' 1 -)- Qxy -j- y 1 or x %xy -)- y . 

No rule can be given for solving examples under this 
case. The student must depend upon his own ingenuity. 

Example 1. — Solve the equations 

-ar 2 +y* = 25 (1) 

xy — 12 (2) 

Solution.— Multiplying (2) by 2, 

2xy = 24 (8) 

Adding (1) and (3), x i H- 2 xy +y 2 = 49 (4) 

Subtracting (3) from (1), 

x* — 2xy + y i = 1 (5) 

Extracting the square root of both terms of (4), see Art. 20 , Part 2, 
x-hy = ±7 ( 6 ) 

Extracting the square root of both terms of (5), 
x—y = ± 1 (T) 
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This gives two simple equations, from which either x or y may be 
eliminated by addition or subtraction. Adding (6) and (7), the first 
member of the new equation will be 2x, and the second member may 
have four values as follows: 


7 + 1,7 — 1, — 7 + 1 or — 7— 1 
or 2x = 8, 6, — 6 or — 8 

whence, x = 4, 3, — 3 or — 4 

By substituting these values in (2) we have for the corresponding 
values of y, y — 3, 4, — 4, or — 3. 

These values may also be obtained by subtracting (7) from (6). The 
answers would be written, 


when x = 4,/ = 8; x = 8, y = 4 
= — 3, jy = — 4 ; .r = — 4, = 



Ans. 


Note.— I n solving: examples nnder this case, the object is always to produce 
two equations, one with x+y and one with x— y for the first member, from which 
the value of x or y can easily be found. 


Example 2. — Solve the equations 

.r 8 +y* a 138 (1) 

x 2 — xy+y 3 = 19 (2) 


Solution. — x 3 +y 3 is divisible by x+y (see Art. 32 , Part 2); 
hence, x s + y 8 = (x + y) (x* — xy + y 2 ) = 133. Divide both members 
of the equation by x + y. 


Therefore, 


x s — xy +y* 

183 
x + y 


m 

x+y 
= 19 


and x+y = ^ = 7 (3) 

This gives at once an equation with x+y for the first member. To 
obtain a value for x— y, it will be noticed that the first member of (2) 
lacks only one — xy of being x 8 — 2 xy +y 3 , from which x—y may be 
obtained ; hence, proceed to obtain a value for — xy, to add to (2). 


Squaring (3), X s + 2 xy +y* = 49 (4) 

Writing (2) under (4), x 3 — xy + y 2 = 19 


and subtracting, 3 xy = 80 

or xy =10 (5) 

Subtracting (5) from (2), 

x 3 — 2xy + y* — 9 

Extracting the square root (see Art. 20, Part 2), 

x — y = ± 3 (d) 

Adding (6) and (8), 2 jt = 10 or 4 

x — 5 or 2 

Subtracting (6) from (8), 2y = 4 or 10 
y = 2 or 5 


I L T 281-9 
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Or, solving (6) for x, 


X — 


10 

y 


Substituting the value of x in (3), 



Clearing of fractions and changing signs, 
y* — 7y = —10 

Solving for y T y = 5 or 2 

Substituting their values in (3), 

x = 2 or 5 

Hence, when x = 5, y = 2 ) Ang . 

x = 2, y = 5) 


EXAMPLES FOR PRACTICE 


Solve the following equations: 

1. x*+y* = 29. i 

x-j-y = 3. ) 

2. 2jt 3 +^ 3 =9. ) 

5^2 + 6y2 = 26. f 

3. x + y = — 1. ) 

jcy = — 56. ) 


Ans - 1 ^ 
Ans - 1 * = 
Ans ‘ I X x 


= 5, y = — 2 
= — 2, y = 5 

2.J = ±1. 

— 2, y = ±1 
= 7, y = -8 
= - 8, > = 7 


PROBLEMS LEADING TO EQUATIONS WITH TWO 
UNKNOWN QUANTITIES 

50. A few examples involving equations with two 
unknown quantities will now be given. The student should 
pay particular attention to the manner in which the equa- 
tions are formed from the conditions given. 

Example 1. — A certain fraction becomes equal to $ if 8 is added to 
its numerator, and equal to f if 3 is added to its denominator. What is 
the fraction ? 

X 

Solution. — Let - 

By the conditions, 


= the required fraction. 


x *+■ 8 

y 

X 

y + 3 


2 

7 


and 
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Solving these equations, x = 6 zndy ar 18 
That is, the fraction is T %. Ans. 


Example 2. — A crew can row, 20 miles in 2 hours down stream, and 
12 miles in 3 hours up stream. Required, the rate per hour of the cur- 
rent, and the rate per hour at which the crew would row in still water. 

Let x = rate per hour of crew in still water 
and y = rate per hour of current. 

Then, x+y = rate per hour rowing down stream 
and * — -y = rate per hour rowing up stream. 

Since they row 20 miles in two hours down stream, in one hour, they 
20 

would row = 10 miles, or at the rate of 10 miles per hour. Also, in 

12 

rowing up stream, they would row at the rate of = 4 miles per hour. 


Consequently, 

x+y = 10 


x—y = 4 

Adding, 

2x = 14 

or 

* = 7 

Subtracting, 

2y = 6 

or 

y = 3 


Hence, the rate of the crew is 7 miles per hour, and of the current, 
8 miles per hour. Ans. 


Example 3. — A wine merchant has two kinds of wine, which cost 
72 cents and 40 cents a quart, respectively. How much of each must 
he take to make a mixture of 50 quarts worth 60 cents a quart ? 

Solution. — Let x = required number of quarts at 72 cents 
and y = required number of quarts at 40 cents. 

Then, 72* = cost in cents of the first kind, 

40y = cost in cents of the second kind 

and 60 X 50 = 8,000 = cost in cents of the mixture. 

By the conditions, x+y = 50 

and 72* •+• 40y = 3,000 

Solving, x = 81J qt. and y = 18} qt. Ans. 
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Note. — The equation, x 3 ± px = ± q is equivalent to the four 
equations 

x 3 4- px — g, or x 3 4- px — q = 0 (1) 

x 3 — px = q y or x 3 — px — q = 0 (2) 

x 3 4 -px = —g, or x 3 4- px 4 - q = 0 (3) 

x 3 — px = — or jr 2 — px 4- q = 0 (4) 

Equation (1). — By Art. 33, the roots of equation (1) are 
—UP + VP* + 4^) and — UP — V P* + 4 q). Applying the principle of 
Art. 33, [x + HP + Up 3 + if)] X [* + i(p - 0 s + 4?)] = x> + px 
— q y as here shown by actual multiplication. 

x + i p + i VP 2 + *q 
x + ip-bVp* + 4g 

x 3 + lpx+ix+/p 3 -h4g 

4- \px 4- ip* + ip V p 3 4- 4 q 

— \ x V P* + ^q — iP V P* 4 - 4g — \p 3 — q 
x 3 +px 0 + iP* 0 _ __ q 

or x 3 4- px — q 

Remark.- \Vp 3 4 - 4q x - h Vt 3 + 4q = + 4 g)i x -i(^ a 4- W* = 

-i(/ a 4-4?) = -kp 1 — g. 

Equation (2).— The roots of equation (2) are \(p 4- V p 3 4- 4^) and 
i (/* - O s + 4?). and [> - *(> 4- HP 3 + 4?)] X [> - *(/ - */ p‘ + 4?)] 
= x 3 — px — g. 

*-iP-iVp 3 + if 
*~iP + i VP 3 + if 
x* — \px — \x Y p* + if 

-iPx + iP 3 + \p </p* + if 

+ i* Up 3 + if - ip Vp 3 + 4 q-^p'-q 

X*-px 0 +\p 3 0 — \p 3 — gr 

or x 3 — px — q 

Equations (8) and (4).— Equations (8) and (4) can be produced 
in the same manner, by multiplying its roots, which are : for (8), 
~¥P + VP 3 - if) and -Up - UP 3 - 4 f); for ( 4 ), HP + Up 3 - if) 
and HP — V P 3 — if)- Since these are all the cases that can arise, the 
formula of Art. 33 is correct. 



GEOMETRICAL DRAWING 

(PART 1) 


PRINCIPLES 

INTRODU CTION 

1. Drawing is the art of representing objects or ideas on 
a plane surface, as on a sheet of paper. Drawings are of two 
classes, according to the plan followed in making them. When 
drawings are made free hand, that is, without the use of instru- 
ments, they axe freehand drawings; when they are made 
with the aid of instruments they are mechanical drawings, 
or, as they are sometimes called, instrumented drawings . The 
use of instruments results in greater accuracy than can be 
secured by the hand alone. 

Geometrical drawings are mechanical drawings for which 
the positions of lines must be determined from the principles 
of geometry. Geometry is the branch of mathematics that 
treats of space and its relations; it is the science of the relative 
positions of points, lines, angles, surfaces, and solids. Geometri- 
cal processes are based on redson independent of measurement, 
construction, etc. Geometrical principles are absolutely true , 
and if one understands these principles, the correctness of a 
drawing will depend entirely on accuracy in the use of drawing 
instruments. Mensuration is the branch of mathematics 
that has to do with findiiig lengths of lines, areas of surfaces, 
and volumes of solids. 

2. In order that those who have no knowledge of geometry 
and mensuration can proceed intelligently with the drawing 
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work, definitions and explanations of such terms and proposi- 
tions as will be encountered are given in the following pages. 
These definitions are important and must be thoroughly 
understood. 


DJ£I<uN J.TIONS 

LINES 

3. A point indicates position only ; it has no length, breadth, 
or thickness. It may be represented on paper by a dot. 

4. A line has one dimension only, namely, length; it may 
be straight, curved, or irregular. 

5. If the direction of a line does not change, it is a straight 
line, as in Fig. 1 (a) ; if the direction changes continually about 

«*) 0>) (c) 

c 

PTg. 1 

a point, or center, it is a curved line, as in Fig. 1 ( 6 ), where a b 
is the line and c the center from which it was drawn. A line 
made up of straight lines having different directions, as in 
Fig. 1 (c), is called an irregular line. 
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6. A horizontal line, as the term is used in drawing, is 
a straight line running from left to right, or from right to left, 
without slanting either upwards or downwards. In Fig. 2 (a), 
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A B, CD , E F represent horizontal lines on a sheet of draw- 
ing paper M N P Q. These lines are parallel to the top and 
bottom edges of the sheet. 


7. Vertical lines with reference to the drawing paper 
M N P Q, Fig. 2 (6), are the straight lines A B, CD , E F 
running exactly up and down, without slanting to either the 
right or the left. 

Parallel lines are those that are at an equal distance apart 
throughout their entire length, as the 
horizontal lines in Fig. 2 (a) and the 
vertical lines in Fig. 2 (b). 

8. A line is perpendicular to an- 
other line when it meets it so as not to 
incline toward it on either side; for ex- 
ample, in Fig. 3, line A B is perpendicular to the horizontal 

line CD; however, for a line to be per- 
pendicular to another, it is not necessary that 
either line should be horizontal or vertical. 

9. Oblique lines are lines that are 
neither vertical nor horizontal, as in Fig. 4. 
Such lines are frequently referred to as inclined lines. 



B 

Fig. 3 


10. When two lines cross, or cut, each other as in Fig. 4, 
they are said to intersect. The point A at which they meet 
is the point of intersection. 


ANGLES 

11. An angle, Fig. 5 (a), is the opening between two 
straight lines that meet in a point. The two straight lines are 
the sides, and the point where the lines meet is the vertex 
of the angle. Thus, the straight lines 0 A and 0 B form an 
angle at the point 0; the lines 0 A and 0 B are the sides of 
this angle, and the point 0 is its vertex. 

An angle is usually referred to by naming a letter on each 
of its sides and a third letter at the vertex, the letter at the 
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Polygons are named according to the number of their sides. 
A triangle has three sides ; a quadrilateral, four ; a penta*- 
gon, five ; a hexagon, six ; a heptagon, seven ; an octagon, 
eight ; and a decagon, ten. These polygons are illustrated in 
Fig. 8. 

A regular polygon is one in which all the sides and all the 
angles are equal* The triangle shown in Fig. 8 is a regular 
polygon because all its angles and all its sides are equal. 

The perimeter of a polygon is the distance around its sides. 


TRIANGLES 

18. Triangles have three sides and three angles; they 
are named according to their sides as isosceles, equilateral, and 




00 

Fig. 9 





scalene triangles ; and according to their angles, as right-angled 
and oblique-angled triangles. 

19. An isosceles triangle. Fig. 9 ( a ), is one having two 
of its sides equal. An equilateral triangle, Fig. 9 (&), is 
one having all three of its sides equal. A scalene triangle. 




-U> 


Fig. 10 


Fig. 9 (c) is one having no two sides equal. An oblique 
triangle is one having no right angle. 
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-°\ _ ^ C . l mS j triangle is the side on which the tri- 

ang e is consi ere to stand; any side may be considered as the 
base. In tig. 9 { b ) and (c), the line A C is the base. 

-I. The altitude, or height, of a triangle is the vertical 
distance between the vertex of the angle opposite the base 
and the base, or the base produced. In Fig. 10 (a) and (b), B is 
the vertex of the angle formed by 
intersection of the sides A B and 
B C ; the side A C is the base, and 
B D is the altitude. In (b), A D 
is the base produced, or extended. 

22. A right-angled triangle, 
or right triangle, is a triangle having one right angle. In Fig. 11, 
the sides A B and B C form a right angle at B. The side oppo- 
site the right angle, as A. C, is the hypotenuse. 



Fig. 11 


quadrilaterals 

28. Parallelograms are quadrilaterals whose opposite 
sides are parallel and opposite angles are equal. There are 



- m - ' I 1 * x 

Rhomboid Rhombus 


Pig. 12 


four kinds of parallelograms: the square, the rectangle, the 
rhomboid , and the rhombus , shown, respectively, in Fig. 12. 

24. A diagonal of any parallelogram is a straight line 

\ joining opposite cor- 
ners, as shown at the 
left in Figs. 12 and 13. 

25. A quadri- 
lateral with only two 
sides parallel is a 
trapezoid, and one with no two sides parallel is called a 
trapezium. These are shown in Fig. 13. 
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If, as in Fig. 17, two lines o c and o d are drawn from the 
center o of a circle and cutting its circumference, the number 
of degrees on that part of the circumference lying between the 
two lines is the measure of the angle between the lines. 

In Fig. 17, one-fourth of the circle is divided into spaces 
of 5 degrees each, and it is seen that the arc a b included 
between the lines o c and o d contains seven of these spaces, 
or 35 degrees. 

As the lines o c and o d are extended past the points a and 6, 
the distance between them constantly increases, and when 
they cut the arc c d, which is part of the circumference of a 
larger circle having the same center o, the distance between 
them is much greater than where they cut the arc a b, but it 
is the same proportionate part of the circumference of the 
greater circle; that is, - 3 %, or 35 degrees. Therefore, the 
measure of the angle cod is the same whether measured on 
the arc of the large or the small circle. 

The measure of any angle is the number of degrees on 
the arc included between its two sides, the arc having the 
vertex of the angle as its center. 

For ordinary drawing work, degree and half-degree divisions 
give sufficient accuracy of measurement; but for extremely 
accurate mathematical work degrees .are divided into 60ths, 
which are called minutes, and minutes are divided into 60ths, 
which are called seconds. 

In drawing practice, angles are measured or conveniently 
laid off by the use of a protractor, which is a graduated instru- 
ment showing degrees and one-half degrees. This drafting 
tool will be explained fully further on. The symbol for degrees 
is °, for minutes is ', and for seconds is fifteen degrees 
twenty minutes and thirty seconds may be written 15° 20' 30". 


SOLIDS 

31. A solid is a body having three dimensions: length, 
breadth, and thickness. The more common forms of solids 
met with in engineering and drawing work are prisms, cylin- 
ders, cones, pyramids, and spheres. 
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32. Prisms anti Cylinders.— A prism is a body whoso 
ends arc equal parallel polygons and whose sides are parallelo- 
grams, as shown in 
Fig. 18 (a) and (?>). 

Prisms take their 
names from the 
shapes of their bases, 
or ends. Thus, in 
Fig. 18 (a) the base 
of the prism is a tri- 
angle, and in (h) a 
hexagon, and the 
prisms are called, re- 
spectively, triangu- 
lar and hexagonal prisms. The intersections of the sides, or 
faces, of prisms, as x y, are called the edges. A rectangular 
prism is one whose ends are rectangles, as Fig. 10 (a). A cube 
is a prism whose ends and faces arc square. 

A right prism is one whose sides are perpendicular to its 
base, as shown in Fig. 18 and Fig. 19 (a). The entire surface 
of a solid is the area of all its sides and ends. 

83. A cylinder is a round body of uniform diameter with 



(a) Via. 10 to) 


circles for its ends, as shown in Fig. 19 (b ) . The curved surface 
of a cylinder is called its oonvex surface. 
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The altitude, or vertical height, of a prism or cylinder is 
the perpendicular distance between its two ends, as indicated 
in Fig. 19. 

The perimeter of a prism or a cylinder is the distance 
around its base. 



Fig. 20 


34. Pyramids and Cones. — A pyramid is a solid whose 
base is a polygon, and whose sides are triangles meeting in a 
common point, or vertex, as shown in Fig. 20 (a). A cone, 



Fig. 21 

Fig. 20 (< b ), is a solid with a circular base, and whose convex 
surface tapers uniformly to a point called the vertex. The 
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altitude, or vertical height, of a pyramid or a cone is the per- 
pendicular distance from the vertex to the base. The slant 



Pig. 22 


height of a pyramid is a line drawn from the vertex perpen- 
dicular to one of the sides of the base. 

The slant height of a cone is measured on a straight line 
drawn from the vertex to the circumference of the base. 

35. In the convex surfaces of cones and cylinders imaginary 
lines called elements are assumed to be drawn. These lines 
are often referred to in the problems relating to the cone and 
cylinder. The lines x' y' in Fig. 21 (a) and (6) are elements. 
The line xy in (c) is an intersection 
line, or edge line, and is not an ele- 
ment. 

36. Frustums of Pyramids 
or Cones. — When a pyramid or a 
cone is cut by a plane parallel to its 
base, as in Fig. 22, the lower part is 
called the frustum of the pyra- 
mid or the frustum of the cone, as 
the case may be. 

37. The Sphere. — A sphere, Fig. 23, is a solid bounded 
by a uniformly curved surface, every point of which is equally 
distant -frdm a" point within, called its center. The term hall 
is often ilsed' instead of sphere. 

ILT 281-10 



Fig. 23 
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DRAWING INSTRUMENTS AND TTURIR USE 


DRAWING BOARD 

38. The drawing board should be made of well-seasoned, 
straight-grained pine, the grain running lengthwise. To avoid 
the tendency of the board to warp, the wood of which it is made 
is thoroughly dried before it is put together. But as wood 
absorbs moisture from the air, warping will not be avoided if 
the board is kept near a stove, radiator, or other source of heat. 
The tendency to warp can be counteracted to a considerable 
extent by the manner of constructing the board. 

A board similar to the one shown in Fig. 24, which is about 
21 inches long and 16 inches wide, can be recommended as 
meeting the requirements of all work in this Section. In the 



making of such a board seasoned pine strips of the number 
necessary to make the required width of board are glued 
together. Two hardwood cleats are screwed to the back, to 
prevent the board from bending or warping, and as a further 
precaution grooves are cut on the back between the wooden 
strips in the direction of their length. These grooves reduce 
the tendency of the board to whrp and do not materially affect 
its longitudinal strength. The cleats also raise the board from 
the table, thus making it easier to change the board to any 
required position. 

The drawing board should be so arranged that the drafts- 
man can do his work conveniently and to the best advantage. 
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K no drawing table is used, the best support for the board is 
a solid table of the form shown in Fig. 25. Usually, when in 
use, the board is placed so that one of its short edges is at the 
left of the draftsman and the board is inclined as shown. A 
block of wood or any- 
thing else may be used % \\y A\V% 

to tilt the board to 
the desired angle. 


T SQUARE 

39# For drawing 
horizontal straight 
lines, the T square 
shown in Fig. 25 is 
used in the position 
shown. The head A 



Fig. 25 


of the T square should be firmly held against the left edge of 
the drawing board, whether the short or the long side of the 
board is at the left. The T square must never be used against 
more than one edge of the board for the same drawing. In 
some of the geometrical drawing work required, it will be found 
that the board must be turned with the long side to the left. 
To draw a horizontal straight line, the blade B must be moved 
so that its edge C will be at the place where the line is to be 
drawn. Any number of parallel straight lines, as shown in 
Fig. 25, can be drawn by moving the blade the required distance. 


DRAWING PAPER 

40. The quality of drawqpg paper recommended for this 
series of drawing lessons is co&ft-pressed demy, a grade of 
paper of dven grain and rather rough surface. It takes ink 
well and withstands considerable erasing. 

41* Fastening Drawing Paper. — The paper is fastened 
on the drawing board by means of thumbtacks, Fig. 25 
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which are small tacks having a sharp point and a large flat 
head. When fastening a sheet of drawing paper on the drawing 
board, care must be taken to stretch it evenly, so that it will 
have no wrinkles. To do this, proceed as follows: Lay the 
paper on the drawing board with the edges parallel to, and 
equally distant from, the sides. Insert a thumbtack in the 
upper right-hand comer, about J inch from the edge of the paper, 
and press it in until the head bears evenly on the paper all 
around. Line the upper edge of the paper so that it is parallel 
with the ruling edge of the T-square blade. Then pull the paper 
by sliding the hand lightly and diagonally toward the lower left- 
hand comer, and, holding the paper there, press in another 



thumbtack, as before. Lay the left hand on the mid- 
dle of the sheet, slide it very lightly toward the upper 
left-hand comer, and insert another tack. The fourth 


tack is inserted in the same way as the third, except 
Fre. 26 that the left hand - is slid from the center to the lower 
right-hand comer. If the paper is wrinkled or loose, it 
shows that it has been unevenly stretched, and the preceding 
operation must be repeated until the sheet lies flat and smooth 


on the board. 


42. In damp weather the paper usually swells and becomes 
loose and wavy. In such cases a tack may be put in the mid- 
dle of each edge of the sheet, after the paper has been gently 
and evenly smoothed from the center to the middle of each edge. 
The taels in the comers are then taken out and reinserted 
a little to one side of their former positions, after the sheet is 
evenly stretched toward each comer. By putting the four 
tacks in the middle of the sides first, the drawing will be kept 
in the same position on the- board. This precaution is very 
important when a T square is used. 
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DRAWING PENCILS 

43. For drawing instrumental problems in pencil, a 411 
pencil of any good make should be employed. The use of a 
pencil softer than this is not recom- 
mended, as the point of a soft pencil 
wears away so fast that accurate work 
cannot be done, and soft black marks 
rub off and soil the drawing. 

The pencil should be sharpened as 
shown in Fig. 27. Cut the wood away so 
as to leave about $ or § of an inch of the 
lead projecting; then sharpen it flat by 
rubbing it against a fine file or a piece 
of fine emery cloth or sandpaper that 
has been fastened to a flat stick. Grind 
it to a sharp edge like a knife blade, and 
round the comers very slightly, as shown 
in the figure. If sharpened to a round 
point. Fig. 28, the lead will wear away 
very quickly and make broad lines, and 
unless the pencil is frequently sharpened it is difficult to draw 
a line exactly through a point. 


TRIANGLES 

44. Triangles, or set squares, are used for drawing 
perpendiculars, angles, and parallel lines. The triangles most 
generally used are shown in Figs. 29 and 30. Each has one 
right angle, or 90° angle. The triangle shown in Fig. 29 has 
two angles of 48° each, and that in Fig. 30 erne of GO 9 and ono 
of 30 9 . They are called 4$° and £0° triangles, respectively. 

To draw a vertical line, place the T square in position to draw 
a horizontal line, and lay the triangle against it, so os to form a 
right angle. Hold both T square and triangle lightly with the 
left hand, so as to keep them from slipping, and draw the line 
with the pen or pencil held in the right hand, and against the 
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edge of the triangle. Fig- 31 shows the triangles and T square 
in position. 

45. To draw parallel lines that axe neither vertical 

are neat together, the best way is to plare 
: r _ a. « n h Fitr. 32. on the given line c d, 



Fig. 29 



and lay the other triangle, as B, against one of the two edges, 
holding it fast by letting the left hand rest on it; then move 
the triangle A along the edge of B. The edge a h will remain 




parallel to the line cd; and 
when the edge a b roaches 
a point, as g, through which 
it is desired to draw the 
parallel line, hold both tri- 
angles stationary with the 
left hand and draw the 
line cf by passing the pencil 
along the edge a b. Should 
the triangle A extend so far 
beyond the edge of the triangle B that the desired position 
cannot be reached, hold A stationary with the left hand and 
shift B along the edge of A with the right hand and then pro- 
ceed as before. 
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46. To draw a line at right angles to another line 
which Is neither vertical nor horizontal. 

Let c d, Fig. 33, be the given line (shown at the left-hand 



side). Place one of the shorter edges, as a b, of the triangle B 
so that it will coincide with the line cd; then, keeping the tri- 



Fig. 33 


angle in this position, place the triangle A so that its long edge 
will come against the long edge of B. Now, holding A securely 
in nlace with the left hand, slide B along the edge of A with 
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the right hand, and draw the lines h i, m n, etc. perpendicular 
toed along the edge bf of the triangle B. The dotted lines 
show the position of the triangle B when moved along the 
edge of A. 

47* The right-hand portion of Fig. 33 shows another method 
of accomplishing the same result, and illustrates how the tri- 
angles may be used for drawing a rectangular figure when the 
sides of the figure make an angle with the T square such that 
the latter cannot be used. > ■. 

Let the side c d of the figure be given. Place the long side 
of the triangle B so as to coincide with the line c d, and bring 
the triangle A into position against the lower side of B, as 
shown. Now, holding the triangle A in place with the left 

hand, revolve B so that 
its other short edge will 
rest against the long edge 
of A, as shown in the 
dotted position at B'. 
The parallel lines c e 
and df may now be 
drawn through the 
points c and d by sliding 
the triangle B on the tri- 
angle A y as described in 
connection with Fig. 32. Measure off the required width of 
the figure on the line c e, reverse the triangle B again to its 
original position, still holding the triangle A in a fixed position 
with the left hand, and slide B on A until the long edge of E 
passes through e. Draw the line e f through the point e, and 
e f will be parallel to c d. It is advisable to practice drawing 
lines that are parallel and perpendicular to each other with the 
triangles before beginning the drawing lessons that follow. 

48. To draw, by means of the triangles, a perpen- 
dicular to a line through a given point. 

In Fig. 34, a b is the given line to which it is required to 
draw a perpendicular through the point c. Place one tri 
angle, as A, so that one leg, as l-2> lies on the given line, while 
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the other leg, as 2-3, is a little to one side of the given point c, 
as shown by the dotted triangle. Place the other triangle B 
along the hypotenuse 1-8 of triangle A, as shown by the tri- 
angle Now slide the triangle A along the side of B 

until the leg 2-8 lies on the point through which the perpen- 
dicular is to be drawn, as shown by the triangle ¥-2* -S'. A 
line drawn with the leg 
2' -8' as a ruling edge will 
be the required perpen- 
dicular. 

49. A method that 
can be used when it is 
desired to draw a longer 
line than can be made by 
the preceding method is a 
as follows: 

Let a b, Fig. 35, be the 
given line, and c the given 
point, which, in this prob- 
lem, lies on the line. 

First, place one triangle 
mpn so that the hypote- 
nuse mp will coincide 
with the line. Place one 
edge of the other tri- 
angle qrs along mw, as shown. Hold triangle qrs firmly in 
place and slide triangle mnp along q r a short distance, until 
it takes the position mf n T p'. Hold m' n' p r firmly, and take 
the other triangle qrs and put it in the position q r r f s', with the 
short side in contact with m f p\ A line drawn along q' r' will be 
perpendicular to ab, and, by sliding triangle q f r f s f along mf p\ 
the edge q'r' may be made to pass through any required point. 

50. To draw, by means of the triangles, lines making 
angles of 30°, 45°, or 60° with a given line. 

There are several ways of doing this, all similar to those used 
for the drawing of perpendiculars. The following is one of the 
convenient methods: 
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Let a by Fig. 36, be the line with which the required line is 
to make an angle of 30°. Place the 45° triangle so that one of 
its edges (preferably the hypotenuse) will coincide with ab 9 
and then slide it down along the edge of the other triangle until 
it takes the position mnp. Holding it firmly in this position, 
place the other triangle as shown by q' r' s' y that is, with the 
vertex of the right angle and that of the 30° angle against m n. 
By sliding q' r' s' along m n, it is possible to make q' s' pass 
through any required point. Any line drawn along q's' y in 
any of the positions of triangle q' r' s' y will make an angle of 
30° with a b . If it is desired to have the angle opening toward 



2 

Fig. 36 


the right, triangle q'r' s' must be turned over about q'r'; in 
other words, it should be so placed on m n that r' will be at 
the right of s'. 


An angle of 60° may be drawn in a similar manner by placing 
the triangle q' r' s' so that r' and q' will be on m n. The method 
of drawing a 45° angle is the same, but in this case the 60° tri- 
angle will have to be used in the position mnp, and the 45° 
triangle in the position q' r' s'. 

In using triangles, it is advisable not to allow one to extend 
more than half its length beyond the other, otherwise there 
mil not be sufficient bearing surface and there will be a tendency 
for the triangles to rock, thereby making the work inaccurate. 


51. To divide the circumference of a circle Into 
two, four, or eight equal parts. 

Any straight line as o b, Fig. 37, drawn through the center o 
of a circle, will divide the circumference into halves. Another 
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line, as cd y drawn perpendicular to the first, will divide the 
circumference into fourths. Two other lines, as gh and ef, 
drawn through the center at an angle of 45° with a b , will divide 
the circumference into eighths. Each of the arcs a g, gc , etc. 
will be one-eighth of the circumference. 

52. To divide the circxi m f erence of a circle into six 
equal parts. 

There are two methods: 

The first method is to open the dividers equal to the fadius 
of the circle and, beginning at any point on the circumference, 
step off the chord distances, as a e, e c, etc., Fig. 38. 

The second method is to draw a line, as a 6, Fig. 38, through 
the center o of the circle, and then, with a 60° triangle, draw 


c 




lines c d and e f. These lines will intersect the circumference 
and divide it into six equal parts. 

53. Regular Inscribed polygons are constructed by 
joining the points of division of an equally divided circle. 
Thus, Fig. 37 is a regular inscribed octagon, and Fig. 38 is 
a regular inscribed hexagon. To inscribe a regular polygon 
of any number of sides in a given circle, it is only necessary to 
divide the circumference of the circle into the required number 
of parts and join the points of division. 

54. To draw, with, triangles, any angle that is the 
sum or the difference, or a combination of sums and 
differences, of the angles 00°, 60°, 45°, and 30°. 
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Certain angles may be laid off directly with the triangles v 
either singly or in combination. For example, if a line ac, 
Fig. 39, is to be drawn at an angle of 30° with / 6, it may be 
laid off with the triangle shown in Fig. 30. If an angle bad 
of 75° is to be drawn from the point a on the line a b t it may 

be laid off by a combina- 
tion of the triangles shown 
in Figs. 29 and 30. Simi- 
larly, by drawing the line 
a e at an angle of 60° with 
the angle bad, an angle of 
135° will be obtained. 

& When the required angle 
is greater than 90°, it is 
more easily constructed by 
laying off an angle that is the difference between the required 
angle and 180°. Thus, in the preceding example, 45° is the 
difference between the required angle of 135° and 180°. By lay- 
ing off the line a e at an angle of 45° with a, an angle of 135° 
will be obtained. 



PROTRACTOR 

55. A protractor is a semicircular instrument used for 
laying off or measuring degrees when triangles cannot be used. 
It is made of celluloid or metal and is usually graduated to 
half degrees. The graduations are numbered from each side 
up to 180, the number of degrees in a half circle, for con- 
venience in laying off degrees on either the right or the left. 
A protractor with 360 divisions, representing half degrees, 
is shown in Fig. 40. In laying off angles, the protractor 
must be placed so that the line A B coincides with the line 
forming one side of the angle and the center 0 is at the vertex 
of the angle. 

For example, let it be required to draw a line making an angle 
of 54° with the line O B , Fig. 41. In this illustration the half- 
degree divisions are omitted for the purpose of showing the full- 
degree divisions more clearly. Place the protractor on the 
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COMPASSES 

56. The compasses are an instrument used for talcing or 
marking measurements, subdividing distances, describing 
curves, etc. The compasses, next to the T square and the tri- 
angles, are used more than any other instrument. 

A common form ot compasses is shown in Fig. 42. They 
consist of two legs joined at the top by means of a fork-shaped 

brace and held together by means 
of a screw. The fork carries a 
head for convenience in handling 
the instrument and both legs 
are hinged so that the points 
may be made to stand in a ver- 
tical position, which is necessary 
in drawing circles. The leg a is 
provided with a socket in which 
either the pencil point or the 
pen point b shown separately at 
the right may be inserted. The 
other leg is also provided with a 
socket for holding the needle 
point c. In all good instru- 
ments, the needle point is ad- 
justable and consists of a round 
piece of steel of tapering form 
and having a sharp point. The 
lengthening bar d shown sepa- 
rately is used to extend the leg 
of the instrument when circles 
of large radii are to be drawn. 
The point e shown at the upper right-hand side of the illustra- 
tion is sometimes furnished with compasses so that they can 
be used as dividers. ‘The point is inserted in the leg a instead 
of the pencil point. 

57. Use of Compasses. — The following suggestions for 
handling the compasses should be carefully observed by persons 
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who are beginning to learn how to use them. A drafts- 
man who handles his instruments awkwardly will create a 
bad impression, no matter how good a workman he may be. 
The tendency of beginners is to use both hands for operating 
the compasses. This should be avoided. The student should 
learn at the start to open and close them with one hand. To 
do this the needle-point leg should be held between the third 
and fourth fingers and the thumb and the other leg held between 
the first and second fingers, as shown in Fig. 43. With the com- 
passes held in this position, they are inclined sidewise until the 
side of the hand rests on the paper. This steadies the hand 
so that the needle point of the instrument may be brought to 
exactly the desired point. 

When this has been accom- 
plished the instrument is 
brought to an erect position, 
and’ the leg holding the pen- 
cil point is moved to the 
desired radius by the fingers 
between which it is held, 
aftorwhich the instrument is 
held by the head and oper- 
ated as shown in Fig. 44. 

The compasses must be 
handled in such a manner 
that the needle point will 
not make a large hole in the paper; for this reason use the 
needle point having a shoulder. In operating the instrument 
do not bear on the needle point, and keep it perpendicular 
to the paper, as shown in Fig. 44. A slight pressure on the 
penal point is necessary. The point of the pencil should be 
sharpened like the one shown in Fig. 27, but its width should 
be Narrower. It is important that the pencil point be securely 
fastened. If the pencil point is loose it will wabble and the 
curve will not be made with the same radius at all points. 
This can be tested by striking arcs of circles in both direc- 
tions. If the pencil point is properly fixed in position the lines 
will coincide. 
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58. Dividers . — Although compasses may be used for 
laying off distances on a drawing or for dividing lines into equal 
J 6 parts, the dividers 

can be more con- 
veniently used for 
these purposes. The 
common form of di- 
viders is shown in 
Fig. 45. Dividers are 
| adjusted and then 
held by the head be- 
tween the thumb and 
forefinger the same 
as the compasses. 
In stepping off dis- 
tances, the instru- 
ment is turned alter- 
nately to the right 
and the left. If on 
stepping off equal 
spaces on a line, it is 
found that the last 
space is not of exactly 
the same length as the first, the instrument must be adjusted, 
and this procedure must be repeated until the last space is of 
the same length as those preceding. In making these trial 
spadngs, great care must be exercised not to press the divider 



Fig. 44 




Fig. 45 


points into the paper. If the divider points arc pressed into 
the paper, the spacing cannot be done accurately. 

59. Bow-Pencil and Bow-Pen. — The bow-pencil and 
bow-pen, shown respectively in Pigs. 46 and 47, arc small 
forms of compasses convenient for describing small circles. 
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Ordinarily the points of the instruments must be adjusted so 
that both legs are of the same length; but when very small 
circles are to be drawn, the 
needle point must be slightly 
the longer, so that when the 
point is in the paper the part 
of the leg above the paper is of 
the same length as the other 
leg, otherwise an exact circle 
cannot be drawn. 

To draw a circle of a given 
diameter, the instrument is 
adjusted approximately to the 
required radius. It is th^n 
placed in an upright position 
with the point resting on the 
paper and held by the fore- 
finger pressing lightly on its 
head. The finer adjustment is then made by turning the 
adjusting screw with the thumb and the middle finger of the 
same hand. 



Fig. 46 


Fig. 47 


60. Use of the Lengthening Bar.— When large circles 
are to be described, the lengthening bar d shown in connection 
with Fig. 42 must be used. The method of drawing circles by 



Fig. 48 


the use of the lengthening bar is shown in Fig. 48. The length- 
ening bar is inserted in the socket of the upper part of the leg a 
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and the pen or pencil point is inserted in the socket at the lower 
end of the lengthening bar. In drawing circles when the 
lengthening bar is used, the pen point b and the needle point c 
are held vertical to the plane of the paper, as shown in the 
illustration. In such cases the instrument is operated with both 
hands, as shown. 

61. Beam compasses are used for describing circles of 
very large radii. The instrument consists of a beam a, Fig. 49, 

along which the two 
QjOjU pieces b and c slide; 
li these pieces are pro- 

[r vided with clamp 

screws by which 
they can be fixed on the beam. The piece b carries a needle 
point, and at c either a pencil holder or a pen may be inserted. 
By fixing b and sliding c along the beam, the instrument may 
be set to any radius. Such a compass is not needed in the 
geometrical drawing work to follow'. 



DRAWING INK AND PENS 

62. Drawing Ink* — The ink recommended for drawing 
work is waterproof liquid India ink. A quill is attached to the 
cork of every bottle of this ink, by means of which the pen 
may be filled. The quill is dipped into the ink and the end 
then passed between the blades of the drawing pen. Not 
more ink than will fill the blades for a quarter of an inch along 
their length should be used; if too much is used, the ink is 
liable to drop and cause blots. The cork should be replaced 
in the bottle each time the pen is filled. 

Before drawing ink is used, the bottle should be well shaken, 
because some of the ingredients of the ink settle to the bottom, 
and if the ink is not well mixed the lines will appear gray, if 
ink becomes too thick it may be diluted by adding a solution 
composed of 1 ounce of water and 4 drops of aqua ammonia 
until the ink is of the proper consistency again. Pure water 
alone should not be used to dilute ink. India ink that has been 
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frozen cannot be used, as the lines will be very gray and indis- 
tinct. The ink bottle should always be kept tightly corked 
when it is not in use. 

India ink dries quickly on a 
drawing, which is desirable, 
but it also dries quickly on 
the blades of the pen, which is 
not desirable, because it pre- 
vents the ink from flowing 
freely, especially when the pen 
is adjusted for fine lines. The 
only remedy is to wipe be- 
tween the blades frequently 
with a cloth. The blades 
should always be wiped out 
before the pen is laid down for 
any length of time. If the ink 
does not flow well, it may be 
started by moistening the end of the finger and touching it to 
the point or by drawing a slip of paper between the points 
of the blades. 



Fig. 50 


63. Ruling Pen. — For drawing ink lines other than arcs 
of circles, the ruling pen shown in Fig. 50 is used. The width 
of line drawn and the flow of ink are controlled by a small screw, 

Y which adjusts the distance between the blades. 
The proper adjustment of the blades is shown 
in Fig. 51 (a) and the improper adjustment 
in (6). It will be noticed that in (a) there is a 
greater volume of ink at the point of the nibs, 
which is a good feature, as the ink does not 
dry as fast as when there is la thin film at the 
points. If the nibs are brought very close 
together as shown in (6), the points are spread 
(a) 00 so that they stand apart as shown in the 

FlG * 51 illustration and are, therefore, liable to be 
injured, the flow of ink is retarded, and ragged, gray lines of 
irregular thickness will be formed. 
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When drawing pens become dull, the best plan is to send 
thorn to the dealer to be sharpened. The sharpening of pens 
is highly expert work, and dealers are generally willing to do it 
at a reasonable price. 

64. The ruling pen should be held as nearly perpendicular 
to the board as possible; the hand should be in the position 
shown in Figs. 50 and 52 and should press the pen only lightly 
against the edge of the T square or triangle. If, the pen is 
pressed hard against the edge, the blades will close, with the 

result that uneven lines will 
be made. The edge of the T 
square or triangle should 
serve simply as a guide for 
the pen. It will be found 
that considerable practice is 
required to make smooth 
lines. If the pen is held so 
that only one blade bears 
on the surface of the paper, 
the line will almost invari- 
ably be ragged on the edge 
on which the blade does not 
touch. When the pen is 
held at right angles to the 
paper, as shown in Fig. 52, both blades will rest on the paper 
and if the pen is in good condition smooth lines will result. 

In some ruling pens a needle point is attached to the he ad, 
which can be unscrewed. This needle point is intended for use 
in pricking holes through a sheet of paper into an underlying 
sheet on which lines are to be copied. 

The ruling pen .should always be kept clean. If lint or dust 
collects on the nibs thick lines or blots will result. Dust that 
may have accumulated on the drawing paper should be brushed 
ofE before lines are drawn. 

65. Practice in the Use of Tokin^-In instruments. 
In geometrical drawing great accuracy is required, and only 
by considerable practice in the use of fnkbg-ia instruments 



Fig. 52 
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surfaco. Cdluloid and rubber triangles are especially apt to 
accnunulate dirt, which is transferred to the drawing when these 
instruments^ are moved over the paper. It is considered good 
practice, before commencing a drawing, to clean carefully the 
scale#, triangles, and T square. The drawing board should 
be dusted before the drawing paper is tacked in place on it, 
as particle# under the drawing paper raise small hills that inter- 
fere with the drawing of lines. 

a drawing has been inked in, all soiled spots and pen- 
cil lines should be removed with a soft-rubber eraser. This 
will not injure the ink lines. Before applying the rubber to 
the drawing, it is a good, plan to test it by rubbing it on another 
sheet of paper to remove any dirt that may adhere to it. Jf . 
an Jnked-in line or an ink blot is to be removed, a hard eraser 
made of a mixture of rubber and emery or glass, such as that 
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shown in Fig. 53, should be used. An eraser of this 
kind cuts away the outer layer of the paper and 
thus removes the ink lines or blots. It is a good 
plan, when ink lines are to be removed, to use a 
celluloid shield such as that shown in Fig. 54. This 
contains holes of different shapes, so that it is pos- 
sible to erase particular spots without touching and 
thus injuring other parts of the drawing. Shields 
made from thick drawing paper or thin cardboard 
are also used and have the advantage that slots or 
holes of the exact shape and size of the spots to be 
removed may be cut into them; on the other hand, 
they wear away sooner than those made of celluloid. 


SCALES 




67. Scales are used for laying off dimensions 
on drawings. The scales that are usually used are 
g triangular in shape as shown in Fig. 55 or flat with 
g beveled edges. The edges of the triangular scale 
are graduated for different scales, but as in the 
geometrical drawing work only the full-size scale is 
to be used, only this scale will be considered here. 
The full-size scale is divided, like the ordinary foot 
rule, into twelve equal parts, called inches, and the 
inches are subdivided into halves, fourths, eighths, 
and sixteenths. In using the full-size scale, if it is 
desired to lay off a dimension as small as a 32d of 
an inch, it may be done by laying off by eye a 
point midway between the sixteenth-inch divisions 
as shown at the left in Fig. 56, in which the sub- 
divisions of the inch are indicated. Dimensions as 
small as 64ths of an inch may be laid off by eye in 
the same way by laying off points midway between 
the 32d-inch divisions. A dimension of £ inch may 
be measured by taking seven of the £-inch divisions, 
and a dimension of ^ inch may be measured by 
taking five of the j^-inch divisions, etc. 
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IRREGULAR CURVE 


68. An instrument known as the Irregular curve, or 
French curve, is used for drawing lines of irregular curvature. 



Fig. 56 


This instrument is shown in Fig. 57, and its edges have dif- 
ferent curvatures at different parts. To draw a line of irregular 
curvature, the points through which the line is to be drawn 
must first be determined, and then the curve is placed so that 
some part of its edge will pass through several of the points 
determined, then the instrument is shifted as required. Good 
judgment is required to select the part of the instrument that 
will give the right curvature and a smooth connection with the 
part of the line previously made. The curve on the edge of the 
instrument should be made to pass through at least three of 
the required points, and if it can be made to pass through a 
greater number, so much the better, as the fewer the number 
of parts to be drawn the less liability there will be of getting 
a line of wavy appearance. Considerable skill is required to 



Fig. 57 


make curves of irregular shape with a continuous smooth line. It 
is an advantage to first draw the line in pencil and then ink it in. 
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To illustrate the use of the irregular curve, let it be required 
to draw a curved line through the points a, 6, c, d, etc., Pig. 58. 
As already said, the curved edge of some part of the instrument 
should pass through at least three points. By placing the 
instrument in the first position A outlined by dotted lin es, 
the edge is found to pass through five points, a, b , c y d t and e, 
and the curved line is drawn through these points, as shown 
by the full line. To draw the next part of the curve ef g, 
the instrument is shifted to the position B and is so adjusted 
that it will coincide with a part of the curve already drawn 
and there will be no angle formed where the two parts of the 
curve join. 

In the same way, by shifting the instrument and finding other 
curves on its edge that will pass through a number of points, the 




Pig. 58 


curved line can be completed. Care should be taken to avoid 
making sharp angles between connecting sections of the line. 

To prevent ink from getting on the edge of the irregular 
curve and spreading on the drawing, and to make a good line, 
the blades of the pen must be kept tangent to the edge of the 
curve; that is, the blade must rest against the edge of the curve 
tangent to the curved line and must be kept in this position as 
the pen is moved along the curve. As a precaution against 
making blots on the drawing, it is advisable to place two thick- 
nesses of paper under the ruler to raise it slightly above the 
surface of the paper. In this way, if ink should get on the 
edge of the ruler it will not cause a blot on the drawing. 
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LETTERING 


GENERAL REMARKS 

69. On drawings, the headings, explanations, and dimen- 
sions are lettered with the pen; script writing is not permissible. 
Two general styles of lettering are employed on drawings; 
namely, single-stroke letters, which are of two kinds, slant- 
ing and vertical, and block letters. Single-stroke letters are 
adapted for drawings containing many dimensions or on which 
the space for lettering is limited, as the letters of this form can 
be condensed without materially affecting their legibility. 
What is meant by condensing letters is illustrated in Fig. 59, 
which shows three widths of the same form of letter. The 

/?/Vefed,Jo/nfs fi/yek/Jo//?fc Mz/JM 

\ Fig. 59 

slant style is the most natural, as the strokes approximate the 
direction of the strokes in ordinary writing. Block letters are 
generally used for main titles and subtitles. It is the usual 
practice in drawing rooms to adopt a style of letter that is sim- 
ple in form, legible, and can be made quickly, and all drafts- 
men in the office are expected to conform to this style. Only 
the styles of letters in common use, as mentioned preceding, 
will be discussed here. 

For lettering, any good fine-line pen may be used. Gillott’s 
No. 303 pen can be recommended for this purpose. It is pos- 
sible to make a more uniform line with a pen after it has been 
used for a short time than when it is new. Waterproof ink 
dries quickly and for this reason the point should be wiped fre- 
quently. A doth free from lint should be used for this purpose, 
as the lint would get between the nibs of the pen and dog it. 
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70. Spacing of Letters. — Next in importance to well- 
formed letters is the correct spacing of letters in words. By 
correct spacing is meant the placing of letters at such distances 
apart as to give the appearance of equal spacing between all 
letters. The shapes of letters vary, some having slanting sides, 
some straight sides, and some rounding sides, and others have 
projecting stems, so that only very general instructions can be 
given for spacing. Good judgment must be used for this. 
The letters of a word must be spaced so that the word will have 
an even appearance and there will be no unduly large white 
space or dark spot at any point. 

More space is required between two letters both of which 
have straight sides than between two letters one of which has 
a straight side and one a round side. Less space is required 
between two letters with rounding sides, as 0 O or D 0, than 
is required in either of the preceding cases. The space at the 
bottom between the two capital letters A L should be small 
so that the space between them at the top will be reduced to 
the mini-mum. The capital letters A W have parallel sides, 
consequently considerable space is required between them. 
The letters that cause the most trouble in spacing are A, W, V, 
X , and Y, as, unless good judgment is used, their slanting 
sides produce unequal white spaces. Letters with projecting 
strokes, as F, J, L, and T, are difficult at times to combine 
with other letters. The letters that are most easily spaced are 
those with straight sides, as H, B t IV, D, etc. 

In man y drafting rooms a piece of white paper on which 
horizontal lines are ruled in ink is slipped under the tracing 
doth to serve as a guide for lettering. Until one is well trained 
m lettering, the guide lines should be used; with practice it is 
possible to make good freehand lettering by using only a base 
line as a guide. 
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SINGLE-STROKE SLANT LETTERING 

71. Single-stroke slant letters of the size to be used in this 
drawing work are illustrated in Fig. 60. The same form of let- 
ter is shown on an exaggerated scale in Fig. 61 to indicate more 
clearly the method of forming the letters and the direction in 
which the strokes are to be made. The direction of the strokes 
is indicated by small arrows and the order in which they are 
made is shown by numerals. To produce well-formed and neat- 
appearing letters, the direction and order of the strokes as given 
should be observed. 

72. Three elements enter into the construction of this form 
of letters. These are the straight line, the loop, and the hook, 
as shown in Fig. 62 (a), or modifications of the loop and 

ABCDEFGH/JKLMNOPQRSTUVWX YZ 
abcdefgh /jk/m n opqrsfu \/\A/xyz & 
/23456 78 9 Oi Freehcwc/ Leffer/ng 

Fig. 60 

hook. As will be seen by referring to (&), the loop is the main 
element in the letters a, b , d, g, p, and q, and modifications of 
it enter into the construction of the c> e, and o. In the letters a, 
d, g, and q the point of the loop is at the top, and in the let- 
ters b and p the point of the loop is reversed. The hook with 
the turn at the top is used in forming h, m, and n, and the 
reversed hook is used in u. The only difficulty that will be 
experienced in making the letters v, x, and y, both lower case 
and capitals, is to draw the sides of the letters at the proper 
angle. These letters will be well formed if the sides of the v 
and of the v part of the x and y are drawn so that the upper 
extremities are equally distant from an assumed center line at 
the angle to which the letters are made, as shown in Fig. 62 (6). 



Fig. 61 



§13 


GEOMETRICAL DRAWING 


41 

73. Until the student becomes proficient in drawing the 
lines of letters at a uniform slant, a templet of the slant used 


bj> 


rJ 

j / 




w 


Fig. 62 




in the preoeding illustrations may be used for drawing guide 
lines. It may be of either cardboard or wood. The angle, or 
slant, for the templet may be found by stepping off on a vertical 
line of any length points to divide it into eight equal parts and 
then stepping off three of these equal divisions on a horizontal 
line, as shown in Fig. 63. A line drawn through the extremities 
of the vertical and horizontal lines will give the hypotenuse of 
a triangle of the correct angle, or slant, 
and this angle may be laid off on a 
templet of any size. If desired, the 
slant of the letters may be made 60°, 
and the guide lines for this angle 
may be drawn by use of the triangle 
as drown in Fig. 64. 

74. In the drawing work of this 
Coarse, the height of the capital letters is to be f inch and 
that, erf the lower-case letters two-thirds of this, or tV inch. 



Pig. 63 
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The practice in drawing rooms is to letter drawings freehand 
without the use of guide lines, but until the student becomes 

proficient in lettering, 
horizontal guide lines 


n 


h^i<s 


-jrfr 


laid off as shown in 
Fig. 64 may be used for 
the height of letters. 
Sheets ruled with these 

U , guide lines will be fur- 
nished to the student for 
pig. 64 practice. Proficiency in 

lettering freehand can be 
attained only by persistent practice. This may be begun by 
laying off in pencil slanting guide lines, as shown in Fig. 64, 
using these until the hand becomes accustomed to the slope 
and confidence is obtained, after which the practice should be in 
making the letters without the aid of guide lines. 

In practicing the drawing of letters, care should be taken to 
have the slant and curved lines of all letters extend fully to the 
guide lines, and the letters should be of proportional width. 
If these instructions are not carefully followed the letters will 
present an uneven appearance. The difference in the appear- 
ance of a word when the letters are well made and when they 
are poorly made is shown in Fig. 65. In the first example, the 
letters are of uniform height and slant and of proportional 
width, consequently the word presents a good appearance; 
in the second example, the letters are not uniform in height or 
slant and are not proportional in width; consequently, the word 
presents a poor appearance. 

Care should be taken to have the ascending stems of letters, 
as 6, d y f, etc., extend fully to the upper guide line; the descend- 
ing stems of letters, as /, g, etc., should extend the same 

distance below the , 

base guide line that the 


ex- 


Fig. 65 


ascending stems 
tend above the guide line for the height of the lower-case letters. 

The rounded letters, as c t e< and o, are usually the most dif- 
ficult to make, and dose attention should be given to their 
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construction. The loops and curves of letters should be prac- 
ticed until the hand becomes so accustomed to the movements 
that they can be made with ease and facility. 

75. Another style of slant lettering is shown in Fig. 66. 
This style differs from the style shown in Fig. 60 only in that 


AB CDBBGJ-CUBLJyrJVOPQRSTirV 
WXYZdc 1234-56 7690 
abcdef'ghijJtlmnopqrstuvwxyzr 
Cast Iron. /Z34567890 2- 6£”dia,. 

Pig. 66 


the letters are made a little rounder and are finished with spurs, 
or ceriphs. On account of the ceriphs this style is a little more 
difficult to make than the style shown in Fig. 60, but with this 
exception the same instructions apply to both. 


76. In lettering drawings, it is common practice to use 
capital and lower-case letters, in the same manner as in ordi- 
nary printed matter. In some drawing rooms, however, capitals 
and small capitals are used for notes on drawings, in the manner 
shown in Fig. 67. When so used, the large capitals are made 
$ inch high and the small capitals -iV inch. 


77. Particular attention should be paid to the formation 
of numerals, as they are extensively used on drawings, and it 
is therefore important that they be formed with such exact- 
ness, particularly on working drawings, that a mistake in read- 
ing them will not be made. The numerals are made | inch high, 

th» mm. as the coital let- A Material Cast Iron 

the formation of many of UNLESS OTHERWISE ORDERED 

* Fig 67 

the figures, as will be seen 

by referring to Fig. 61. The forms of the numerals as there 
shown should be closely studied and the indicated order and 
direction of strokes followed. The bottom of the figure 2 and 
the top of the figure 7 may be either a straight or a curved line. 

The figures of both the numerator and the denominator of 
fractions are made the same height as the lower-case letters, as 
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shown in Fig. 68. By allowing a small space between them for 
the horizontal dash, the total height of the fraction will be 
inch. The dividing line of the figures of a fraction should 

always be a horizontal 
stroke. A slanting 
stroke is never used on 
drawings for this pur- 
pose, as it is liable to* 
cause a mistake in read- 
ing dimensions. 


n 


/ / / ' / * / V > 



7 8. On drawings, the 
signs for feet and inches 
are used after numerals. The sign for feet (!) is made with a 
short, tapering stroke somewhat thicker at the top than at the 
bottom; the sign for inches (") is two strokes made in the same 
way . Care should be exercised to have the strokes begin slightly 
above the figure and not to make them too long. Careful 
draftsmen always use a short dash between the figures denoting 
feet and inches; thus, 10 r -5 ". This is done as a precaution 
against the misreading of dimensions. When only feet are 
given, this is emphasized by placing after the figures a dash 
and a cipher followed by the inch sign: thus, 10 r -0"\ dimen- 
sions less than a foot are indicated thus: 0 r -6 ,r . 



SIN GLE-STROKE VERTICAL LEttjskXNG 

79. A single-stroke vertical letter of the style sometimes 
used for drawings is shown in Fig. 69. This is a good form of 

ABCDEFGHIJK LMNOP 
QRSTUVWXYZ& abcdef 
ghijklm nopqrstuvwxyz 
1234 5 6 7 8 9 Oi Vertical Letter 

Fig. 69 


letter, bux the beginner will find it harder to make the strokes 
uniform than in the case of slanting letters, which are also more 




Fig* 70 
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easily c ondensed . The formation of the vertical style of let- 
ters is shown to an exaggerated scale in Fig. 70, which also 
shows the order and direction of the strokes. The forms should 
be carefully studied and the order and direction of strokes 
followed. The rules given for the spacing of slanting letters 
will apply to the spacing of the vertical style. 

It will be found necessary on some of the drawing plates of this 
Course, on acc ount of limited space, to draw the letters less than 
| in ch high and more condensed. Guide lines similar to those 
used in forming the slanting style will be found serviceable. 


BLOCK LBTJLJblRS 

80. The form of letter shown in Fig. 71 is called the block 
letter, and is used for the large headings, or titles, of the Plates. 




tmgmg — 

Pig. 71 


This alphabet is not to be used on the first five Plates given in 
the succeeding Section. 

The letters and figures are to be made inch high and 
| inch wide, except A, I, L, M, and W, and the numerals 1 
and 4* 

The width of any letter or numeral can be readily determined 
by referring to the illustration, where each is shown crossed 
with rg--inch squares. 

The width of the spaces between the letters depends on the 
combination of the letters in words; the best plan to follow in 
this alphabet is to compare the spacings between the various 
letters shown in the illustration. Note the space between the 
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letters A and B and compare it with that of B and C, and follow 
this plan throughout. 

To begin to draw the letters, draw in pencil six horizontal 
lines as guide lines to represent the thickness of the letters at 
the top, center, and bottom; then by the use of the triangle, 
the width of the letters, with the proper spaces between them, 
should be drawn in lead pencil, and the areas of the letters that 
are to be inked may be penciled over lightly to avoid the pos- 
sibility of errors in inking. The outlines of the letters should 
then be inked in with a ruling pen and filled in with a letter- 
ing pen. The comers may be drawn with a 45° triangle. 

It is well to ink all the vertical lines first, then the horizontal 
lines, and, finally, the oblique lines. 

81. A sloping form of letters somewhat resembling the 
block letters is shown in Fig. 72. This style of letters will be 
used for the main titles on subsequent drawing work. 

The letters are to be made £ inch high and £ inch wide, with 
the exception of the letters M, W, and I. The width of the 

AB CDERGH/UKL 
MNORQRSTUVW 


FIG. 72 

letter M is inch; the letter W is f inch wide. The letter I 
and the numeral 1 axe made with a single stroke, which is of 
an inch in width. 

The slant of the lettering is 60° and is made with a triangle. 

To draw these letters, lay off two horizontal guide lines J inch 
apart as shown in Fig. 73. 

The rules given for spacing the single-stroke letters apply 
to this alphabet also. 

By using a few simple guide lines, letters may be more easily 
constructed, as shown in Fig. 73. To draw the letter A, use a 
center line and have the two slanting strokes of the letter 
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equidistant from it at the base line. The slant sides should 
not meet in a point at the top, as sufficient allowance must be 
made for the thickness of the stroke, which is added on the 
inside when inking. 

Similar letters having slanting strokes, as M, V , and W, are 
drawn in like manner, care being taken that the thickness of 
the stroke is added on the side where it is required. 

The letter B is constructed between two slanting guide lines 
i inch apart and the horizontal bar separating the two lobes 
is drawn slightly above the center. The lobes are connected 
to the horizontal guide lines at a point determined by a slant- 
ing guide line located at a distance of one-third the width 
of the letter. The upper lobe is also made narrower than 
the lower one. 

The letter R is constructed in a similar manner to the let- 
ter B\ the upper part is made the full width and the cross-bar 



is midway between the horizontal guide lines. The angle at 
which the tail is drawn is determined by a guide line located 
at a distance of one-third the width of the letter from the 
right-hand edge. 

The method of constructing the letters shown in Fig. 73 will 
be plain from a study of the illustration. 

After the letters are penciled they may be inked with a r ulin g 
pen; the curves are made freehand with a lettering pen. 

The numerals are constructed in like manner to the letters. 
By taking particular note where the curved parts are tangent 
to the guide lines, well-formed letters will be produced. 



GEOMETRICAL DRAWING 
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INTRODUCTION 

1. Purpose and Use of Geometrical Drawing Prob- 
lems. — In this Section are treated the methods of solving 
certain geometrical problems by the use of drawing instruments. 

By the methods here explained it is possible to locate points, 
lines, angles, etc., without resorting to calculations. The solu- 
tions are founded on proved geometrical principles, and the 
methods given may be used with assurance that correctness 
in the results depends only on accuracy in drawing. A com- 
plete understanding of the methods by which these principles 
are proved, and upon which the constructions are based, requires 
a somewhac extended knowledge of geometry, but it is not 
necessary to understand the proofs in order to make use of the 
solutions for the purpose for which they are here used and for 
the every-day work of the draftsman, therefore the proofs 
are not given. 

The problems here treated underlie all work in geometrical 
drawing, and their application to practical work will be evident 
as experience is gained. The most important things to be 
learned in the beginning are (1) to handle the drawing instru- 
ments skilfully, (2) to make neat and accurate constructions 
of the problems, and (3) to print well-proportioned and well- 
formed title headings and statements of the problems. 

When the principles have been mastered, it will not be 
difficult to do the succeeding plates, which are directly applicable 
to practical work. 

CO.YBIOHTBD BY INTERNATIONAL TEXTBOOK COMPANY. ALL RIOHTC RBBKRVBP 

i 13 
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GEOMETRICAL DRAWING PROBLEMS 

PREIJnSIINARY DIRECTIONS 

2. The Drawing Plates. — The size of the drawing paper 
to be used for the drawing work given in this Section is 15 in. 
X20 in. Border lines enclosing a rectangle 13 in. X 17 in. are to 
be drawn in pencil and are to be inked in when the drawing is 
completed, and outside of this border line and § inch from it all 
around another pencil border line is to be drawn. The space on 
the edges of the sheet outside the pencil lines is to be used for 
inserting thumbtacks to fasten the sheet on the board and for 
testing the drawing pen to see whether the ink is flowing well and 
whether the lines are of the proper thickness. When the drawing 
is completed the margin of the sheet outside of the pencil lines 
is to be trimmed off, which will leave the sheet 14 in. X 18 in. 

3. The drawing work of this Section consists' of nine plates, 
for the making of which full directions are given in the text. 
The work required on the first five plates consists of solutions 
of practical geometrical problems that constantly arise in 
practice, and a knowledge of which is necessary in doing the 
work on the more advanced plates that follow. A sample copy 
of the first plate in reduced size will be sent to each student, 
but no_ sample copies of the next four plates will be furnished. 
Sample copies of the sixth and subsequent plates will be 
furnished in slightly reduced size. 

The method of solving each of the problems given for the 
first five plates should be carefully memorized, so that any 
one can be instantly applied when the occasion requires without 
referring to the instructions. Great care should be taken to 
distribute the different views, parts, etc. on a drawing in such 
a way that when the drawing is completed one view will not 
be so near another as to mar the appearance of the work. 
Until one has gained experience in this, it is advisable to draw 
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each figure on a separate piece of paper before attempting to 
locate it on a Plate. This will give familiarity with the con- 
struction and also practice in drawing as well as be a help in 
locating the figure on the Plate. Great care should be taken 
to lay off dimensions accurately, and the entire drawing should 
be made in pencil before any part is inked in. In penciling 
the work, the only distinction that need be made between the 
construction lines is to make those that are to be inked in a 
little heavier than those that are not to be. The location of 
dotted lines may be represented by full pencil lines, which can 
be made in less time than dotted lines. 

The hands should be perfectly clean and should not touch 
the paper except when absolutely necessary. Construction 
lines that are to be removed or that are liable to be changed 
should be drawn lightly, so that the finish of the paper will 
not be destroyed in erasing them. The methods of removing 
both pencil and ink lines have been explained in the previous 
Sections, and those instructions should be carefully followed. 

DIRECTIONS FOR SENDING IN WORK 

4. The plates are to be sent to the Schools one at a 
time as they are completed. When you finish Plate I 
send it to us and then begin work on Plate U. When 
your first plate is received it will be examined and 
returned to you promptly with corrections and such 
suggestions as will aid you in the subsequent work. 
These corrections and suggestions should receive your 
careful consideration. In this way you will make 
better progress than you could otherwise. 

It is very important that you comply strictly with 
the directions. Do not be discouraged if there are a 
large number of corrections on your early plates; we 
are merely pointing out ways in which the drawing 
or lettering can be improved so that your later plates 
may be as nearly perfect as they can be made. No one 
can obtain proficiency unless the work Is criticized, 
and we will do our best to help you succeed ; we should 



52 


GEOMETRICAL DRAWING 


§13 


not b© doing our duty if we did not point out the defects. 
The number of corrections is no indication, of our 
appreciation of the merits of the drawing. 

On all plates that you send to us, write your name 
and address in full in lead pencil on the bach of the 
plates. This should in no case be omitted, as delay in 
the return of your work will otherwise surely occur. 


PLATE I 

5. General Directions. — Fasten a sheet of drawing paper 
to the board as described in the previous Section, then draw 
the inside border lines to be inked in and outside of these 
draw the lines to represent the edge of the sheet when it is 
trimmed, as described in the preliminary directions for this 
work. The term drawing as it will be used hereafter refers 
to the constructions drawn inside the inked border lines. Before 
commencing work on Plate I, open the folded sheet inserted 
at the end of this Section which shows in reduced size Plate I, 
and spread it before you as a guide. The sample sheet shows 
the space inside the inked border lines to be divided into six 
equal rectangular spaces. Now draw midway between the top 
and the bottom border lines a faint horizontal pencil line on 
the sheet fastened to the drawing board, thus dividing the space 
into two equal parts, then divide each of these parts into three 
equal rectangular spaces by two faint vertical pencil lines. 
These division lines are not to be inked in but must be erased when 
the drawing is completed . 

On the first as well as the next four plates, space for the 
required lettering must be taken into account. The lettering 
consists of the word “Problem” and its number and a statement 
of the problem that is to be drawn in each space. This letter- 
ing should not be done before the drawing is finished and inked 
in, and judgment must be used as to the number of lines the 
lettering will occupy. 

The word Problem, as indicated in the sample Plate I, is 
to be in capital letters; and the statement, To bisect a straight 
line, or any similar note, is to begin with a capital letter. The 
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lettering may be of the slanting or vertical single-stroke letters 
explained in the previous Section. If a student is employed 
where some other style of lettering is used, no objection will be 
made to that style being used for this drawing work. 

The tops of the capital letters in the first line of the statement 
are placed | inch below the upper border line of the space in 
which the problem is to be drawn. The space between any 
two lines of lettering is J inch, measured from the base line of 
the first line of lettering to 
the tops of the capital let- 
ters of the second line. 

The height of the capital 
letters on these plates is to 
be | inch, and that of the A 
small letters is to be two- 
thirds of this, or -jV inch. 

To be sure that the heights 
are uniform, guide lines are 
drawn in pencil, as indi- 
cated in the upper right- 
hand comer of the sample plate, and the lettering is drawn 
between them. 

The problems are to be centrally located within the six 
rectangular spaces to insure a neat and well-balanced drawing. 

In connection with the descriptions of the plates that follow, 
the statement of the problem, which is to form the heading, is 
printed in black-faced type after the problem number. 

Problem 1. — To bisect a straight line. 

See Fig. 1; also Problem 1 of Plate I. 

Construction. — With the T square as a guide, draw a 
horizontal line AB 2>% inches long. With one end, as A, as 
a center and with the compasses set to a radius greater than 
one-half of the length of the line A B, describe an arc of a 
circle on each side of the given line; with the other end B as 
a center and the same radius, describe arcs intersecting the 
first two in the points C and D. Join C and D by the dotted 
line CD, and the point P, where it intersects AB, will be the 




Fig. 1 
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required point; then, A P equals PB , and P is the middle 
point of the line AB . As CD is perpendicular to A B, this con- 
struction also gives a perpen- 
dicular to a straight line at its 
middle point. 

Problem 2. — To draw a 
perpendicular to a 
straight line from a given 
2 point in that line. 

Note. — -As there are two cases 
of this problem, requiring two 
figures on the plate, the line of letters will be run clear across both figures, 
as shown in sample Plate I. 

Case I . — When the point is at or near the center of the line . 
See Fig. 2; also Problem 2, Case I, of Plate I. 


\C , 


p 

Fig. 2 


p 
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Construction. — Draw AB 3-| inches long. Let P be the 
given point. With P as a center and any radius, as PD, 
describe two short arcs cutting AD in the points C and D . 
With C and D as centers and any convenient radius greater 
than PD, describe two arcs intersecting in E. Draw PE, 
and it will be perpendicular 
to A B at the point P. 

Case H. — When the point 
is near the end of the Vine . 

See Fig. 3; also Problem 2, 

Case II, of Plate I. 

Draw A B 3| inches long. 

Take the given point P 
about | inch from the end of 
the line. With any point 0 
as a center, and a radius OP, 
describe an arc cutting AB in P and D. Draw DO, and pro- 
long it until it intersects the arc in the point C . A line drawn 
through C and P will be perpendicular to AS at the point P. 

Problem 3. — To draw a perpendicular to a straight 
line from a point without it. 

As in Problem 2, there are two cases. 



Fig. 3 
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Fig. 4 


Case I. — When the point lies nearly over the center of the 
line . See Fig. 4; also Problem 3, Case I, of Plate I. 

Construction. — D raw 
AB 3| inches long. Let P 
be the given point . With P 
as a center and any radius 
PD greater than the dis- 
tance from P to A B y de- A 
scribe an arc cutting AB in 
C and D . With C and D 
as centers and any con- 
venient radius, describe 
short arcs intersecting in E. 

A line drawn through P 
and E will be perpendicular to A B at F. 

Case H . — When the point lies nearly over one end of the line . 

\P See Fig. 5; also Problem 3, 

Case II, of Plate I. 

Draw AB 3§ inches long, 
and let P be the given point. 
With any point C on the 
line AB as a center' and 
with CP as a radius, de- 
scribe an arc PED cutting 
AB in E. With E as a 
center and the distance 
EP as a radius, describe an arc cutting the arc PED in D. The 
line joining the points P and D will be perpendicular to AB. 

Problem 4. — Through */ * . -.l£ 

a given point, to draw a / / 

straight line parallel to 
a given straight line. 

See Fig. 6 ; also Problem 4 
of Plate I. 

Construction. — -Let P 
be the given point and A B the given straight line 3 J inches 
long. With P as a center and any convenient radius, describe 


c 


\ 

\ 

\ 
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Fig. 5 
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Fig. 6 
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an arc CD intersecting AB in D. With D as a center and 
the same radius, describe the arc PE. With D as a center 
and a radius equal to the chord of the arc PE, describe an arc 
intersecting CD in C. A straight line drawn through P and C 
will be parallel to A B. 

6. These four problems form Plate I. They should be care- 
fully and accurately drawn in with lead-pencil lines and then 
inked in in the manner described later. It will be noticed 
that on Plate I, and in Figs. 1 to 6, the given lines are light , 
the required lines heavy, and the construction lines, which in 
a practical working drawing would be left out, are light dotted . 
This system must also be followed in the four plates which arc 
to follow. A single glance enables one to see at once the 
reason for drawing the figure, and the eye is directed imme- 
diately to the required line. 

7. In drawing, accuracy and neatness are essential. Be 
certain that the lines are of precisely the length that is specified 
in the description. When drawing a line through two points, 
be sure that the line goes through the points; if it does not pass 
exactly through the points, erase it and draw it over again. 
If a line is supposed to end at some particular point, make it 
end there — do not let it extend beyond or fall short. Thus, in 
Fig. 6, if the line PC does not pass through the points P 
and C , it is not parallel to AB. By paying careful attention 
to these points, a great deal of trouble will be avoided. 

8. Lines Used on Drawings. — There are five kinds of 
lines used in drawing, thus: 

The light full line . ~ .. .. „ w 

The dotted line . 

The broken-and - 

dotted line. ~~~~ 

The broken line . . , . _ _ 


The heavy full line . 
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The light full line is used the most; it is used for draw- 
ing the outlines of figures and all other parts that can be seen 
by the eye. 

The dotted line, consisting of a series of very short dashes, 
is used in showing the position and shape of that part of the 
object represented by the drawing which is concealed from the 
eye in the view shown; for example, a hollow prism closed on 
all sides. The hollow part cannot be seen; hence its size, 
shape, and position are represented by dotted lines. 

The broken-and-dotted line, consisting of a long dash, 
and with one or two very short dashes repeated regularly, is 
used to indicate the center lines of the figure or parts of the 
figure, and also to indicate where a section has been taken when 
a sectional view is shown. This line is sometimes used for 
construction lines in geometrical figures. 

The broken line, consisting of a series of long dashes, is 
used in putting in the dimensions, and serves to prevent the 
dimension lines from being mistaken for lines of the drawing. 

The heavy full lines are made not less than twice as thick 
as the light full lines, and are used for shade lines. 

The system according to which shade lines are placed on a 
drawing will be explained in detail farther on. 

9. Inking the Drawing. — To ink the lines of the drawing 
that has already been made in pencil, first adjust the ruling 
pen so that the blades practically touch, and put the ink between 
the blades of the pen with the quill stopper. Then try the 
pen on the edge of the drawing paper to see whether the blades 
are set to make a line of the thickness desired and that the ink 
flows freely. First ink in all the light lines and light dotted 
lines which have the same thickness; then adjust the pen to the 
thickness of the heavy lines, test it again, and ink in the lines. 

Keep the ruling pen and compass pens clean by wiping the 
outside and inside of the blades with a damp cloth. India ink 
dries quickly and soon clogs the blades, so frequent cleaning 
is necessary to insure an even flow of ink. 

10 . Lettering and Finishing. — After the drawing has 
been inked in, it should be lettered. Before attempting this 
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carefully read the instructions given under the head of Lettering 
in the previous Section. When the drawing has been finished, 
the word “Plate” and its number should be lettered at the 
top of the sheet, outside the border lines, and midway of its 
length, as shown. The student’s name and class letters and 
number should be lettered in the lower right-hand comer in 
capital letters. Thus, JOHN SMITH, DY 618654. The 
date on w hich the drawing was completed should bo lettered 
in the lower left-hand comer, also in capital letters. Next 
erase all pencil lines and clean the drawing by rubbing it very 
gently with a soft-rubber eraser. Care must be exercised when 
doing this, or the inked lines will appear of a lighter shade 
where the eraser has come in contact with them. After the 
drawing is cleaned, the edges of the sheet should be trimmed 
off. F inall y, write your name and address in full in pencil 
on the back of the drawing, after which put it in the mailing 
tube furnished to you and mail it to the Schools according to 
the directions. 


HINTS FOB PLATE I 

11. Do not forget to make a distinction between the thickness 
of the given and required lines, nor forget to make the construction 
lines dotted. 

When drawing dotted lines, take pains to have the dots and 
spaces uniform in length. Make the dots about iV inch long and 
the spaces only about one-third the length of the dots. 

Try to get the work accurate. The constructions must be accu- 
rate, and all lines or figures should be drawn of the length or site 
previously stated. To this end, work carefully and keep the pencil 
leads very sharp, so that the lines will be fine. 

The lettering on the first few plates, as well as on the succeeding 
plates, is fully as important as the drawing, and should be done in 
the neatest possible manner. Drawings sent in for correction with 
the lettering omitted will be returned for completion. 

The reference letters like A, B, C, etc., as shown in Figs. 1 to 8 
of the text, are not to be put on the plates 

Do not neglect to trim the plates to the required size. Do not 
punch large holes in the paper with the dividers or compasses. 
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Before mailing your drawing be sure that it is complete in every 
detail . Do not attempt to hurry this work . Beginners cannot 
expect to do what experienced draftsmen have taken some time to 
acquire . What is worth doing is worth doing well. 


PLATE n 

12. Draw the pencil border lines and the division lines in 
the same manner as described for Plate I. The following five 
problems (5 to 9, inclusive) are to be drawn in regular order, as 
was done in Plate I, with problems from 1 to 4. 

Problem 5.— To bisect a given angle.* 

Case I. — When the sides intersect within the limits of the 
drawing . See Fig. 7. 

Construction. — Let AOB 
be the angle to be bisected. 

Draw the sides O A and 0 B 
3 J inches long. With the ver- 
tex 0 as a center and any 
convenient radius, describe 
an arc DE intersecting 0 A 
at D and OB at E. With D 
and E as centers and a radius 
greater than half the arc DE, describe two arcs intersecting at C. 
The line drawn through C and 0 will bisect the angle; that is, 
AO C equals COB. 

Case n. — When the sides do not intersect within the limits 
of the drawing. See Fig. 8. 

Construction. — Draw two lines, A B and C D , each 3 \ inches 
long, and inclined toward each other as shown. With any point 
E on C D as a center and any convenient radius, describe arc 

* Since the statement of this problem is very short, it will be better 
to place it over each of the two cases separately, instead of running it 
over the division line, as was done with the long headings of the two 
cases in Plate I. Put Case I and Case II under the heading, as in the pre- 
vious plate. 
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FI G H; with G as a center and the same radius, describe arc 
HLEF, intersecting F I GHmH and F. With L as a center 
and the same radius, describe arc K GJ ; with I as a center and 
the same radius, describe arc J EK, intersecting KG J in K 


i 


-Xk 

/ y* 

' A 
\ 

\ 

\ 


/ 


\/ 

A 


,x° 


/ 


/ 


F ' 


\ /}*’ 

\ X 

'K 


Fig. 8 
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and J . Draw I? F and J K ; they intersect at 0, a point on the 
bisecting line. With 0 as a center and the same or any con- 
venient radius, describe an arc intersecting A B and CD in M 
and N . With M and N as centers and any radius greater than 
one-half M N, describe arcs intersecting at P. A line, drawn 
through 0 and P is the required bisecting line. 
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Problem 6.— To divide a given straight lino into any- 

required number of equal 
parts. 

See Fig. 9. 

Construction. — A 13 is the 
given line 3^ inches long. 
Suppose that it is required to 
divide it into eight equal parts. 
Through one extremity A of 
the line, draw an indefinite 
straight line A C, making any angle with A B. Set the dividers 
to any convenient distance, and space off eight equal divisions 

°ri^ C 'A a t%. AK l K1: ' IH ’ etc ‘ Join C and B th e line 
CB and through the points D, E, F, G, etc. draw lines DL, 

EM, etc. parallel to C B, by using the two triangles; these 
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parallels intersect AB in the points L, M, AT, etc., which are 
equally distant apart. The spaces LM, M N, NO , etc. are 
each equal to JAB. By this method, A B can be divided into 
any number of parts 
by spacing on A C the 
number of parts de- 
sired and then drawing 
the parallels, as ex- 
plained. 

Problem 7. — To 
draw a straight line 
through any given 
point on a given straight line to make any required 
angle with that line. 



Construction. — In Fig. 10, A B is the given line 3J inches 
long , P is the given point, and EOF is the given angle. With 
the vertex O as a center and any convenient radius, describe 
an arc E F cutting 0 E and OF in £ and F. With P as a 
center and the same radius, describe an arc C D. With D 
as a center and a radius equal to the chord of the arc E F, 
describe an arc cutting C D in C. A line drawn through the 
points P and C will make an angle with A B equal to the 
angle O, or C P D equals EOF. 


Problem 8. — To draw an equilateral triangle, one side 
of which is given. 

Construction. — In Fig. 11, AB is 
the given side 2f inches long. With 
AB as a radius and A and B as cen- 
ters, describe two arcs intersecting in 
C. Draw CA and CB , and CAB 
is an equilateral triangle. 

Problem 9. — The altitude of an 
equilateral triangle being given, to draw the triangle. 



Construction. — In Fig. 12, AB is the altitude 2\ inches 
long. Through the extremities of AB draw parallel lines CD 

I L T 281-13 
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and EF perpendicular to A B. With B as a center and any 
convenient radius, describe the semicircle CHKD intersect- 
ing CD in C and D. With C and D as centers and the same 
radius, describe arcs cutting the semicircle in H and K. Draw 

c B jy BH and BK, and prolong 

them to meet EF in E and F. 
BEF is the required equi- 
lateral triangle. 

As each angle of an equi- 
lateral triangle is G0°, the same 
result can be obtained by 
placing the narrow edge of the 
60° triangle along the edge of 
the T square and drawing the line BE to intersect the hori- 
zontal lines CD and EF , then reversing the triangle and draw- 
ing the line B F to intersect the same horizontal lines. 

This problem finishes Plate II. The directions for inking 
in, lettering, etc. are the same as for Plate I. 



Fig. 12 


PLATE IH 

13. The border lines for Plate III are to be drawn as 
explained for the previous plates and the space inside the border 
lines is to be divided into 
six spaces in a similar man- 
ner. 

Problem 10. — Two 
sides and tlie included 
angle of a triangle being 
given, to construct the 
triangle. 

Constructs n. — In 
Fig. 13, make the given sides 
MN 2\ inches long and P Q 
If inches long. Let 0 be the given angle. Draw A B equal 
in length to P Q. Make the angle CB A equal to the given 
angle 0, and make C B equal in length to the line M N, Draw 
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C A, and CAB is the re- 
quired triangle. 

Problem 11. — To 
draw a parallelogram 
when tlie sides and 
one of tlie angles are 
given. 

Construction. — In 
Fig. 14, make the given 
sides MN 2\ inches long and PQ If inches long. Let O be 
the given angle. Draw A B equal to MN, and draw BC , 
making an angle with A B equal to the given angle 0 . Make 

B C equal to P Q. With C as 
a center and a radius equal to 
MN, describe an arc at D . 
With A as a center and a 
radius equal to PQ, describe 
an arc intersecting the other 
arc in D. Draw A D and C D, 
and ABCD is the required 
parallelogram. 

Problem 12* — An arc and 
Its radius being given, to find tlie center. 



Fig. 15 



Construction. — In Fig. 15, ACDB is the arc, and MN, 
If inches long, is the radius. With MN as 
a radius, and any point C in the given arc 
as a center, describe an arc at 0. With 
any other point D in the given arc as a cen- 
ter and the same radius, describe an arc 
intersecting the first in 0. 0 is the required 
center. 



Problem 13, — To pass a circumfer- 
once through, any three points dot In 
the same straight line. Pxg. ie 


Construction. — In Fig. 16, A, B, and C are the given points. 
With A and B as centers and any convenient radius, describe 
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arcs intersecting each other in K and I. With B and. C as 
enters and any convenient radius, describe arcs intersecting each 

other in D and E. Through! 
and K and through D and E 
draw lines intersecting at 0. 
With 0 as a center and 0 A as 
a radius, describe a circle; it 
will pass through A, B , and C. 

Problem 14. — To inscribe 
a square in a given circle. 

Construction. — In Fig. 17, 
the circle ABC D is 3 J inches 
0 in diameter. Draw two di- 

FlG - 17 ameters, A C and D B, at right 

angles to each othei . Draw the lines AB,BC,CD, and DA , 
joining the points of intersection of these diameters with the 
circumference of the circle, and 
they will be the sides of the 
square. 

Problem. 15 — To inscribe a 
regular hexagon in a given 
circle. 

' Construction. — In Fig. 18, 
from 0 as a center, with the com- 
passes set to a radius of If inches, 
describe the circle AB C D EF. 

Draw the diameter DO A, and 
from the points D and A, with the compasses set equal to the 
radius of the circle, describe arcs intersecting the circle at E, C } F, 
and B. Join these points by straight lines, and they will form 
the sides of the hexagon. This problem completes Plate III. 
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PLATE IV 

14. The first four problems on this plate are more difficult 
than any on the preceding plates and will require very careful 
construction. All the sides of each polygon must be of exactly 
the same length, so that they will 
space around evenly with the 
dividers. The figures should not 
be inked in until the pencil con- 
struction is done accurately. 

The preliminary directions for 
this plate are the same as for the 
preceding ones. 

. Problem 16. — To inscribe a 
regular pentagon in a given 
circle. 

Construction. — In Fig. 19, 
from 0 as a center, with the compasses set to If inches, describe 
the circle ABCD. Draw the two diameters AC and DB at 
right angles to each other. Bisect one of the radii, as OS, at I. 

With las a center and I A as a 
radius, describe the arc A J cut- 
ting DO at y. With A as a cen- 
ter and A J as a radius, describe 
an arc J H cutting the circumfer- 
ence at H. The chord A His one 
side of the pentagon. With the 
dividers set to this distance, step 
o2 the sides A E, EF, etc. 

Problem 17. — To inscribe a 
M regular octagon in a given 

Pig. 20 circle. 

Construction. — In Fig. 20, from 0 as a center, with the 
compasses set to If inches, describe the circle ABCDEFG H. 
Draw the two diameters AE and GC at right angles to each 
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other. Bisect one of the four equal arcs, as A G, at H, and 
draw the diameter HOD . Bisect another of the equal arcs, 
as AC, at B, and draw the diameter BOF. Straight lines 
drawn from A to B, from B to C, etc. will form the required 
octagon. 

Problem 18. — To inscribe a regular polygon of any 
number of sides in a given circle. 

Construction. — -With 0, Fig. 21, as a center and a radius 
equal to If inches, describe the circle A 7 BC. Let A 7 BC 
be the given circle in which it is required to inscribe a regular 

polygon of any number of sides. 
Draw the two diameters C 7 and A B 
perpendicular to each other. Divide 
the diameter C 7 into as many equal 
parts as the polygon has sides. We 
have chosen to inscribe a heptagon, 
so that the diameter is divided into 
seven equal parts. Prolong the di- 
ameter A B and with C or 7 as a cen- 
ter and C7 as a radius, describe an 
arc to intersect the vertical center 
line A B at S'. Through 8 f and 2, the 
& second division from C on the diame- 

PlG * 21 ter C 7, draw the line S' D cutting the 

circumference at D. Draw the chord C D, and it is one side 
of the required polygon. With the dividers set equal to 
CD, step off the circumference. The end of the seventh 
division should coincide exactly with the beginning of the 
first. The length of each side of any regular polygon is always 
determined by a line drawn from S' through the second hori- 
• zontal division on C 7 to intersect the circumference, as at D, 
in Fig. 21. 

The draftsman frequently solves this problem by “spacing/' 
This method requires practice, as th£ spacing may require 
several adjustments of the dividers, but it should be practiced, 
as the mechanical draftsman must be expert in the use of 
drawing instruments. 
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Problem 19. — Tlie side of a regular polygon toeing 
given, to construct tlie polygon. 


f ^ 




Construction. — In Fig. 22, let A C be the given side 1 J inches 
long. The polygon is to have eight sides. Produce AC to B. 
From C as a center and with a 
radius equal to CA, describe the 
semicircle A 1 2 S 4 5 6 7B , and 
divide it into as many equal parts 
as there are sides in the required 
polygon (in this case eight) . From 
the point C, and through the second 
division from B , as 6*, draw the 
straight line C6. Bisect the lines 
A C and C 6 by perpendiculars in- 
tersecting in 0 . From 0 as a cen- 
ter and with 0 C as a radius, describe the circle CAHGFED6. 
From C , and through the points 1, 2, 8, 4> & hi the semicircle, 
draw lines C H,CG, CF, etc. , meeting the circumference. Join- 
ing the points 6 and D, D and E } E and F, etc. by straight 
0 lines will complete the re- 

quired polygon. 


sylO 

>W | \ii/‘ 
jT ^ 1 

— "O 

Fig. 22 




Problem 20. — To find 
an arc of a circle liavtng 
a known radius, which 
stoall toe equal in length, 
to a given straight line. 

Note. — T here is no exact 
method, but the following ap- 
proximate method is dost 
enough for all practical purposes, 
when the required arc does not 
exceed one-sixth of the circum- 
ference. 


Construction. — In Fig. 23, let AC be the given line 
3§ inches long. At A, erect the perpendicular AO, and make 
it equal in length to the given radius, say 4 inches long. 
With O A as a radius and 0 as a center, describe the arc ABE. 
Divide A C into four equal parts, A D being the first of these 



68 


GEOMETRICAL DRAWING' 


§13 


parts, counting from A. With Das a center and a radius D C, 
describe the arc CB intersecting ABE in B. The length of 
the arc A B very nearly equals the length of the straight 

line A C. 


Prob lem 21. — An arc of a circle being given, to find a 
strai ght line of the same length. 

This is algo an approximate method, but dose enough for 

practical purposes, when the arc 
does not exceed one-sixth of the 
circumference. 

Construction. — In Fig. 24, let 
AB be the given arc drawn with 
the radius 0 A. For this prob- 
lem, choose the arc so that the 
radius will not exceed If inches. 
At A, draw A C perpendicular to 
the radius (and, of course, tan- 
gent to the arc). Draw the chord A B, and prolong it to D, so 
that AD equals f the chord AB. With D as a center and a 
radius DB, describe the arc BC cutting A C in C. AC will be 
vary nearly equal to the arc A B. 



Fig. 24 


PLATE y 

15. On Plate V there are five problems instead of six, as 
on the preceding plates. It should be divided into six equal 
parts, or divisions, as in the previous cases. The two right- 
hand end divisions are used to draw in the last figure of Plate V, 
which is too large to put in one division. 

Problem 22. — To draw an egg-shaped oval. 

Construction. — In Fig. 25, on the diameter A B, which is 
2f inches long, describe a circle ACBG. Through the cen- 
ter 0, draw OC perpendicular to AB, cutting the circumfer- 
ence ACBG in C. Draw the straight lines BCF and ACE. 
With B and A as centers and the diameter AB as a radius. 
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Fig. 25 


describe arcs terminating in D and H, the points of inter- 
section with B F and A E. With C as a center, and CD as a 
radius, describe the arc D H. The 
curve AD HB G is the required oval. 

Problem 23. — To draw an 
ellipse, the diameters being 
given. 

Construction. — The ellipse to be 
constructed is to have a long diame- 
ter, or major axis, of 3| inches and 
a small diameter, or minor axis, of 
2\ inches. Draw two concentric cir- 
cles, using radii of lengths equal to 
cne-half those of the given diame- 
ters of the ellipse. Then, as in 
Fig. 26, through the common center 0, draw vertical and hori- 
zontal center lines, A C being equal to the long diameter and 
BD equal to the short diameter of the ellipse. 

From the center 0 to the circumference of the large circle, 
draw any desired number of radial lines, as r, s, t, u, v, which 

also pass through the cir- 
cumference of the smaller 
concentric circle in points 
/, 5 ', v'. 

From the points^where 
the radial lines intersect 
the circumference of the 
larger circle, as r, s, t, u, v, 
draw vertical lines par- 
allel to B D, and from the 
points where the radial 
lines intersect the circum- 
ference of the smaller 
circle, as r', s', t', %', v', 
draw horizontal lines parallel to AC; the points where these 
lines intersect, as 5, 4, 2,1, are points through which the 

curve of the ellipse is to be drawn. 



i i i 

"-wl l !■-" 


Fig. 26 
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Trace a curve with the pencil through the points thus found 
by placing a celluloid irregular curve on the drawing in such 
a manner that one of its bounding lines will pass through three 
or more points, judging with the eye whether the curve so traced 
bulges out too much or is too flat. Then adjust the curve 
again, so that its bounding line will pass through the next 
three or more points, and so on, until the curve is completed. 

Considerable practice is 
required to be able to 
draw a good curved line, 
in this manner, and the 
general appearance of the 
curve thus drawn de- 
pends a great deal on 
judgment and accuracy. 

When inking, do not 
fail to place a piece of 
paper folded double the 
thickness under the ir- 
regular curve to raise it 
slightly from the paper to 
guard against making blots caused by the ink flowing onto the 
under side of the curve. 




V 

Fig. 27 


Problem 24. — To draw an ellipse by circular arcs. 

An ellipse made with circular arcs is not true in form but the 
method is very convenient for many purposes. 

Construction*. — See Fig. 27. Use the same dimensions as in 
Problem 23. On the major axis A B } set off A a equal to C D, 
the minor axis, and divide aB into three equal parts. With 0 as 
a center, and a radius equal to the length of two of these parts, 
describe arcs cutting AB md and d\ ' On d d r as a side, con- 
struct two equilateral triangles d b d f and d V d r . With b as 
a center and a radius equal to b D, describe the arc g Df 
intersecting 6 df and b d r g in / and g. With the same radius 
and b r as a center, describe the arc c C e intersecting V d f c 
and b* d e in c and e. With A and B as centers and a radius 
Ac or Be , describe arcs cutting A B very near to d f and d. 
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and with g and l as centers, and a radius equal to g C, draw 
the arcs jCh and m D i. 

Problem 25. — To draw a parabola, the axis and longest 
double ordinate being given. 

Explanation. — The curve shown in Fig. 28 is a parabola. 
This curve and the ellipse are the bounding lines of certain 
sections of a cone. The line 0 A, which bisects the area 
included between the curve and the line B C, is called the 
axis. Any line, BA or AC, drawn perpendicular to 0 A, 
and whose length is included between 0 A and the curve, is 



called an ordinate. Any line, as B C, drawn from one side 
of the curve to the other, is called a double ordinate. The 
point 0 is called the vertex. 

Construction. — Make the axis 0 A equal to 3§ inches, and 
the longest double ordinate B C equal to 3 inches. B A, of 
course, equals A C. Draw D E through the other extremity 
of the axis and perpendicular to it; also draw B D and C E 
parallel to 0 A and intersecting D E in D and E. Divide D B 
and A B into the same number of equal parts, as shown (in 
this case six); through the vertex 0, draw 01, 08, etc. to 
the points of division on D B, and through the corresponding 
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points 1 , 0, etc., on A 5, draw lines parallel to the axis. The 
points of intersection of these lines, a, b, c, etc., are points on 
the curve, through which it may be traced. In a similar 



manner, draw the lower 
half OfghilC of the 
curve. 

Problem 26. — To 
draw a helix, the lead 
and the diameter be- 
ing given. 

In Fig. 29 is shown a 
rectangle F DEB, which 
represents a cylinder 
standing in a vertical 
position, as indicated by 
the axis AO passing 
through its center. Be- 
low this view of the 
cylinder is a circle that 
represents the bottom 
view. On the cylindrical 
surface F DEB is shown 
a curved line known as 
a helix. As this helix 
advances around the cyl- 
inder it describes a curved 


Fig. 29 


path Bl'2'8' } etc., as 


shown. The distance that the curved line advances lengthwise 


of the cylinder during one complete revolution is the lead. The 
term pitch is sometimes used instead. The use of the term pitch 
in this connection is likely to cause confusion, as will be seen 


from the discussion of screw threads when the subject of 
Mechanical Drawing is reached. The lead of the helical curve 
is the distance from a point on the curve to a correspon din g 
point on the same curved line measured parallel to the axis of 
the cylinder when the curve has made one complete revolution 
on the cylinder. 
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The helical curve and the lead can be illustrated more clearly 
by cutting a piece of paper A to triangular shape, as shown in 
Fig. 30. This triangular piece of paper, or pattern, has a 
right angle at a; its length a & is equal to one and one-half 
times the circumference of the cylinder, its side a c is equal to 
the height of the helical curve, and its hypotenuse is equal to 
one and one-half turns of the curve. If this piece of paper is 
wound on the cylinder B, its horizontal length gdf will be found 
to cover one-half the cylinder; its horizontal length n / will 
cover the entire surface, its full length will cover the cylinder 
one and one-half times, and its hypotenuse will produce on 
the cylinder the helical curve c'deb'. The distance c T e is 
the lead. 

Construction. — Only Fig. 29 is to be drawn on the plate and, 
as mentioned before, this figure is to occupy two spaces. The 



diameter of the cylinder is 3| inches, the lead is 2 inches, and 
a turn and a half of the helix is to be shown. The rectangle 
F B E D is a side view of the cylinder, and the circle 1' 2' S' J + , 
etc. is a bottom view. It will be noticed that one-half of a 
turn of the helix is shown dotted; this is because that part of 
it is on the side of the cylinder that cannot be seen. Lines 
that are hidden are drawn dotted. Draw the ax^s 0 A in the 
center of the space. Draw F D inches long and 4 inches 
from the top border line; on it construct a rectangle whose 
height F B equals 3 inches. Take the center 0 of the circle 
2f inches below the point H on the axis AO } and describe a 
circle having a diameter of 3§ inches, equal to the diameter of 
the cylinder. Lay off the lead from B to 12 equal to 2 inches, 
and divide it into a convenient number of equal parts (in this 
case 12), and divide the circle into the same number of equal 
parts, beginning at one extremity of the diameter 12 r -0-6 r > drawn 
parallel to BE. At the point V on the circle divisions. 
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erect l'-l' perpendicular to B E; through the point 1 of the 
lead divisions, draw 1-1' parallel to B E to intersect the per- 
pendicular in 1', which is a point on the helix. Through the 
point 2', erect a perpendicular 2'-2\ intersecting 2-2' in 2’, 
which is another point on the helix. So proceed until the 
point 6' is reached; from this point to the point 12, the curve 
will be dotted. It will be noticed that the points of division 
7' 8', 9', 10', and 11' on the circle are directly opposite the points 
5\ 4', S', 2'1 and 1 hence, it was not necessary to draw the lower 
half of the circle, since the point S' could have been the starting 
point, and the operation could have been conducted backwards 
to find the points on the dotted upper half of the helix. The 
other curved full line of the helix can be drawn in exactly the 
same manner as the first half. 


REPRESENTATION OF OBJECTS 

16. An object as it appears to the eye may be represented 
in a drawing by an outline such as would be derived by tracing 
the form of the object from a photograph, and such an outline 
would be a good example of a perspective drawing. The 
„ perspective drawing shown in Pig. 31 

gives as clear an idea of an object as 
a view of the object itself would give. 
If, however, the edges a b and cd are 
measured on the drawing they will 
not be found to be the same, as they 
would be if measured on the object 
itself. Similarly, the edges ef, eb, 
and b c, which are equal on the object 
itself, will not be found to be the 
same when measured on the drawing. 
A perspective drawing, therefore, is unsuitable for obtaining 
measurements of different parts of an object. The true lengths 
of lines in perspective can be found only with great difficulty 
even by persons who are perfectly familiar with the method. 
What is known as a proj ection drawing is the kind of drawing 
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ft 


universally made when an object is to be represented in its 
true dimensions, and this land of a drawing can be made more 
easily than a perspective drawing. 

In general, the size and shape 
of an object may be shown in 
three views, namely, a plan view, 
a front elevation , and a side eleva- 
tion, as shown in Fig. 32. These 
views would be meaningless if one 
did not understand what the lines 
meant, and to understand what 
they mean it is necessary to 
understand how they are ob- 
tained. 

In Fig. 33, the object shown in 
Fig. 31 is assumed to be placed 
within a glass case, and the various views take their names from 
the different positions of the observer in his view of the object 
through the transparent sides, or planes. The top plane 1-2-6-7 


% 
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Front Elevation 

Fig. 32 
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Fig. 33 


is parallel to the top surfaces a dkj and f g hi of the object; 
the front plane 1-2-3-4 is perpendicular to the top plane and 
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parallel to tlie surface ab efij of the object. The side plane 
£-8-5-6 is at right angles to the top plane 1-2-6-7 and also to 
the front plane 1-2-8-4 ; and the planes £-3-5-6 and 1-2-8-Jj. 
are parallel, respectively, to the side and the front surfaces of 
the object. 

17. To understand how views are obtained on any of these 
planes, assume that we are to obtain first the top view, or plan. 

v $ 


m 

4 






/ 


■2M-- < 


l' 

9 

Fig. 34 


Imagine that the eye in Fig. 33 is brought successively verti- 
cally over the points a, d, h f g, f, and i on the object in the imag- 
inary glass case and that straight lines pass from these points 
through the transparent horizontal plane to the eye. These 
lines are sometimes referred to as lines of sight but more com- 
monly as projection lines , which are always at right angles to 
the plane. If, now, the top plane is regarded as a sheet of 
paper and the points where the assumed projection lines intersect 
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this plane, as A, D, H, G, F, I, are indicated on the paper 
and the points axe connected by straight lines, we will have the 
rectangle shown in the top view, or plan, of Fig. 32. The 
round hole in the surface ad j k is represented on the plan by a 
circle. Before the circle is described its center is located by the 
intersection of two lines drawn at right angles. 

The front elevation FI J ABE, Fig. 33, in the front plane 

1- 2-8-4 and the side elevation H D C B A I in the side plane 

2- S-5-6 are obtained in a similar manner to the top plane by 
assuming the line of sight to be in a horizontal direction. In 
the front and side views, the round hole, instead of being rep- 
resented by a circle as in the top view, is represented by two 
dotted lines with a center line between them. 

In practice, the three views of an object, instead of being 
shown on three different planes, are represented on one plane 
as on a sheet of paper. The relation of the views on a single 
plane will be better understood by assuming that the top plane 
of Fig. 33 is hinged along the edge 1-2 and that the side plane is 
hinged along the edge 2-8 , so that these planes can be swung 
into the plane of the front view, as shown in Fig. 34. The illus- 
tration then represents exactly what is shown in Fig. 32. 

18. The lines on which the planes are hinged represent the 
axis between the views, and they intersect in a center from which 
arcs may be described to transfer points from one view to 
another, as shown in Fig. 35. The dimensions may, however, be 
transferred by the use of dividers, and as this is the customary 
practice, the lines of the planes and of the axis of revolution 
are omitted from the drawing. In many cases it is immaterial 
which view of a drawing is made first; in some cases it is the 
most convenient to draw the plan first and in other cases to 
draw the elevation first. 

In the preceding discussion, only three views have- been 
considered. The relative location of these views, however, 
must be fixed firmly in mind in order to read a mechanical 
drawing easily and to obtain a correct idea of the form of the 
objects drawn. In all drawings made by this method, the 
plan is always shown at the top, the front Elevation below it, 

I L T 281—14 
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and the right side elevation at the right of the front elevation, 
or plan. The views on the three other planes may be obtained 
in a similar manner by projecting points from the object. The 
bottom plan would be projected on the plane below the front 
elevation; the left side view would be projected to the left of 



Fig. 35 


the front elevation: and the rear view would be projected either 
to the right or the left of the side elevations. 

19. The foregoing explanation of the manner in which the 
different views of an object are obtained on a single plane 
should have prepared the student for the work on the drawing 
plates that are to follow, and the work on these plates may now 
be commenced. In order to distinguish clearly the figure 
numbers on the plates from those of the figures given in the 
text, the figure numbers referring to the plates are printed in 
heavy-faced type. 
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DRAWING PLATE, TITLE: PROJECTIONS— I 

20. Arrangement of Figures. — On the preceding plates, 

the space was divided into a number of equal parts so that the 
figures of the different problems could be / e 

centrally located. The sizes and shapes I 

of the figures for the plates that are to “fifflllllllHi;. ill I 
follow differ so widely that it is not ad- 
visable to attempt to divide the space 

into equal parts. Instead, the location 
of each figure will be given, so that the 
drawing will have a neat appearance. In 
no case should a figure come nearer 
than f of an inch to the border line. < u, 

For this, as well as succeeding plates, Fig.36 

border lines are first to be drawn as explained for Plate I. 

21. Views of a Rectangular Prism. — In Fig. 36 is 
shown a rectangular prism standing on one of its ends and of 
which three views are to be drawn, as shown in Pig. 1 of the 

y drawing plate. The 

- * *>je ^njuJlIj reason why the three 

- i views occupy the rela- 

III,. ‘\,f III,. I '"] I will be clear from 

If Fig. 37, which shows 
Wr'HlRB 1 11 the prism X standing in 

Ji Ii,., If III '« aglasscaseandthedif- 

' 111).,,, will, I ' ferent views projected 

t, i, I - on the planes. The 

Ik I illli, H L K front elevation AB DC 

JjlK^ cjl lllik %, J|_. Jjf® on the plane 1-2S-4 
/ . S ^ ' a projection of the face 

a b d c of the prism, the 
FiQs 37 side elevation BE HD 

on the plane 2-6— 5-3 is a projection of the face b ehd, and the 
top view ABEF on i^he plane 1 -8-6-7 is a projection of the face 
a b ef. The views of Fig. 37 are lettered to correspond with 
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those on the drawing plate, and if the planes are revolved in the 
manner previously explained the views will occupy the posi- 
tion shown on the plate. 

The prism is 2 inches long, If inches wide, and £ inch thick 
To construct the figure, draw a pencil line across the entire 
sheet 4f inches from the upper border line as a base line for 
the first four figures, and on this base line, £ inch from the 
left-hand border line, locate the point C of the front elevation. 
From the point C lay off C D on the base line the width of the 
prism, 1| inches. From these points draw two vertical lines of 
indefinite length and on these lines lay off the distance C A and 
DB equal to the height of the prism, 2 inches. The front 
elevation is completed by drawing the horizontal line A B. 

To construct the plan, draw horizontal lines A B and F E 
f inch apart to connect the extended vertical lines of the front 
elevation. To construct the side eleva- 
tion, extend the line A B and from the 
points D and H on the base line draw two 
vertical lines f inch apart to intersect the 
extended horizontal line in the points B 
and E. This completes the side elevation. 

22. Views of Wedge, Triangular 
Ixl Plan. — In Fig. 38 is shown a per- 
spective view of a triangular prism, or 
wedge, of which a drawing is to be made. 
This triangular prism may be considered 
as one-half of the prism shown in Fig. 36, since, if the prism were 
cut vertically along a line from o to e, two t rian gular prisms like 
that shown in Fig. 38 would be produced. 

To make the drawing, construct the front elevation first, 
locating point C 5 inches from the left-hand border line, then 
the side elevation, and the plan last. The front and side eleva- 
tions are constructed in exactly the same way as for Fig. 1. 
The plan, however, is triangular in shape, and a line from A 
to E completes this view. 

23. Views of Wedge, Triangular in Front View. 
If the rectangular prism of Fig. 36 were cut through from front 



Pig. 38 
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to back along a diagonal line drawn from a to d, a wedge like 
that shown in Fig. 39 would be produced. The front elevation 
of this wedge will be a triangle. To ob- 
tain the front elevation shown in Fig. 3, 
first locate point C 7f inches from the 
right border line and erect two vertical 
lines from C and D at a distance of 
1| inches from each other. Make AC 
2 inches in height, and from the point A 
in the elevation draw a line to D. Then- 
ACD is the desired elevation. It will 
be observed that the triangle ADC is 
just half of the rectangle ab dc forming 
the front face of the rectangular prism of Fig. 1. The plan 
and side elevation of the wedge in Fig. 3 are like those of the 
rectangular prism and are drawn in the same way. 

24* Views of Wedge, Triangular in Side View. — In 
Fig. 40 is shown a perspective view of a form of wedge obtained 
by cutting the rectangular prism shown in Fig. 36 along a 
diagonal line from b to h , The plan and front elevation in 
Fig. 4 correspond with those of the prism and are drawn in 
the same manner. The side elevation, however, is triangular 
in form and may be drawn by extending the lines A B and 
CD horizontally; between the lines thus prolonged draw a 
vertical line B D. From D set off horizontally a distance of 
f inch, locating H , and draw B H. The side elevation B D H 
j> is thus a triangle, and is one-half of the 
rectangle DB HE forming the side ele- 
vation of the rectangular prism shown 
in Fig. 1* 

25. Necessity for Three Views of 
Some Objects. — A comparison of 
h Figs. 2, 3, and 4 with Fig. X will serve 
to show why three views of some objects 
are necessary in order to fully define 
their shapes. In Figs. 1 and 2, the side elevations and 
front elevations are alike and if no other views were given 
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it would be impossible to determine whether the objects rep- 
resented by the two drawings were the same or not. How- 
ever, as soon as the plan of each is added, it is seen immediately 
that one is a rectangular prism and the other a triangular 
prism. In Figs. 1 and 3, the plans and side elevations are of 
the gamp size and shape, but the front elevations differ, thereby 
showing the differ ence between the two objects illustrated in 
the drawings. Again, the front elevations and plans of Figs. 1 
and 4 are alike and no difference in the objects represented 
could be determined by these views alone. By adding the side 
elevation of each, the difference is at once dearly shown. 

26. Views of a Cylinder. — In Fig. 5 is shown a plan and 
an elevation of a cylinder, 2 inches long and 1J inches in diam- 
eter. The plan, or top view, of this object is a circle, and the 
front elevation is a rectangle. No side elevation is given, for 
the r eas on that it is not needed, as it is the same as the front 
elevation. 

Draw the plan view of Fig. 5 first. Begin by drawing the 
center line p q 6| inches below the upper border line, and this 
line may be extended to serve as a guide line for the plan views 
of Figs. 6 and 7. Erect the vertical center line mn If inches 
from the left-hand border line, and with the point of intersection 
of this line with the line p q as a center, describe a circle with a 
radius of f inch, thus completing the plan. To construct the 
elevation, draw a horizontal base line 3| inches below p q, and 
extend this line across the plate to serve as a base line for 
Figs. 6 and 7. Project two vertical lines from the horizontal 
diameter of the circle to intersect the horizontal base line in 
the elevation. On the center line m n locate a point 2 inches 
above the base line and through this point draw a horizontal 
line extending to the projected sides, thus completing the 
elevation. 

27 . Views of a Hexagonal Prism. — In Fig. 41 is shown 
a perspective view of a regular hexagonal prism, three views 
of which are to be drawn as shown in Fig. 6. The prism is 
2 inches long and 1J inches thick, measured between any two 
parallel sides. 
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The plan, which is a regular hexagon, is drawn first, with two 
of the parallel sides horizontal. To begin, draw a center line m n 
5f inches from the left-hand border line and at right angles to 
it draw the center line p q. From the point of intersection O 
as a center and a radius equal to one-half of the distance between 
two parallel sides (§Xli" = f"), describe a 
circle. Now, use the T square to draw two 
horizontal lines of indefinite length through the 
points of intersection of this, circle with the cen- 
ter line m n. By means of the T square and 
60° triangle, draw A B and C D through 0, 
which makes the angles AO q and CO p each 
equal 60°. This is done by keeping the longer 
of the two short sides of the triangle vertical, 
and passing the pencil along the hypotenuse. 

From the points of intersection of AS and C D with the two 
horizontal lines, draw E K and H G parallel to C D. From F 
and I y the points of intersection of CD with the same two hori- 
zontal lines, draw FG and K I parallel to A B. This completes 
the hexagon, or plan, of the prism. 

To draw the front elevation of the prism, measure off from the 
point L on the center line m n a distance of 2 inches, locating 
the point J, and through this point draw a horizontal line for 
the top edge of the prism. Project the points Ky I, if, and G of 
the plan to K' C', as shown by the projection lines; and 
through the points of intersection of these projection lines with 
K' G r draw the vertical lines K' M, FN H'P , and G r Q t thus 
completing the front elevation. 

For convenience in this case, the side elevation of the prism 
is drawn at the left of the front elevation. It could just as 
well have been drawn at the right, as in previous cases. To 
draw the side elevation, extend the line K r G f to the left and 
draw the center line tv. Lay off on each side of the center line 
a distance equal to one-half the distance between the parallel 
sides, or f inch, and draw vertical lines E' X, I" N\ Draw the 
vertical line M f K"> which will coincide with the axis, and the 
side elevation is complete. The sides of the hexagon in the plan 
should be accurately drawn before projecting them. 
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28. Views of a Hexagonal Pyramid. — In Pig. 42 is 
shown a perspective view of a hexagonal pyramid for which 
views are to be drawn as shown in Fig. 7 . The base is a regular 
hexagon of the same size as the base of the prism in Fig. 6 . 
The plan, therefore, is constructed in the same way as for the 
prism. This gives A.B.C.D.E.F, Fig. 7 . From O, which is 
located 6 jf inches from the right-hand border line and at the 
intersection of the two center lines, draw lines 0 A, O B,0 C, 
OD, 0E } and OF, which are the horizontal projections of the 
slanting edges of the pyramid. Then, to draw the front eleva- 
tion, lay off 0 1 on the center line m n equal to the altitude, and 
through I draw the line A' D'. Project the points D, E, etc. 
of the plan on A' D', as shown by the projection lines, and join 
them with the point 0 by the lines A'O , F' 0 , E r 0, and D'O; 

thes'e lines are the vertical projections of the 
edges of the pyramid. The side elevation can be 
easily drawn, and does not require a special de- 
scription. The length of the base B F is equal 
to the distance between the parallel sides, or 
If inches. 

29. Views of a Rivet. — In Fig. 8 is shown 
a plan and an elevation of a rivet f inch in di- 
ameter and having a button head l£ inches in 
diameter. A side elevation is not necessary, as it is exactly the 
same as the front elevation. Draw the plan view first, locating 
the center line pq at a distance of 63 ^ inches from the lower 
border line. At the distance of 4f inches from the right-hand 
border line draw the vertical center line m n. With the bow- 
pencil set to a radius of f inch, describe a circle from the 
point 0 for the plan view and also a dotted circle from the 
same center with the bow-pencil set to a radius of inch, 
or one-half the diameter of the rivet. Now draw a horizontal 
line of indefinite length at a distance of If inches below p q 
for the base line A B of the head of the rivet. Project lines 
from the points on the circumference of the large circle where 
it intersects the center line pq to intersect the line locating the 
base line AS of the head. On the center line wi n lay off 
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the point 0 f-J inch above the base line A B for the height of the 
head, and from a center located on the line m n describe with 
the compasses an arc passing through the points A, 0, and B. 
Now, to complete the figure, project the diameter of the rivet 
from the dotted circle in the plan and draw the lines E G aM 
F H. The irregular line G H indicates that only a part of the 
rivet is shown. This is done so that too much space will not 
be taken up on the drawing. This part is shown sectioned to 
represent wrought iron. 

30. Views of a Square-Headed Bolt. — In Fig. 43 is 
shown a perspective view of an ordinary square-headed bolt 
of which a plan and elevation is to be drawn as shown in Fig. 9. 
The bolt is J inch in diameter, has a head If inches square, 
and is if inch thick. To construct the figure, 
draw a vertical center line mn at a distance 
of inches from the right-hand border line i 

and another center lino A B at a distance of 
6f inches from the lower border line. Con- | 
struct the plan view of the head by making a 
square lf"Xlf". A quick method of con- 
structing the square is to describe a circle 
with a radius of inch, or one-half the di- 
mensions of the square, and draw vertical Fl<3- 43 
and horizontal lines tangent at the points where the center 
lines A B and mn cut the circle. At a distance of 2 inches 
below the center line A B draw a horizontal line of indefinite 
length to locate the line C D representing the lower edge of 
the head in the elevation. Project the vertical side lines 
of the plan to the elevation, thus defining the width of the head 
in the points C D. Measure off from the line C D vertically 
a distance of ft inch, for the height of the bolt head. The 
head is to be chamfered at the comers, and this is defined by 
an arc drawn tangent to the top edge of the bolt head and 
with a radius of If inches from a point on the vertical center 
line mn. A dotted circle is now drawn in the plan view with 
a radius of ^ inch, or one-half of the diameter of the bolt. 
From the plan view the diameter of the bolt is projected to 
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the elevation and lines E G and F H are drawn. The circle 
in the plan view is shown dotted to indicate that the bolt 
cannot be seen in that view. 

31 . Views of a Distance Piece. — Fig. 10 shows a 
distance piece used to separate two machine parts a certain 
distance, and for which a drawing is required. To construct 
the figure, draw a horizontal center line n m If inches from the 
lower border line, extend it across the entire sheet to serve for 
Figs. 11 and 12, and through this line at a distance of 6f inches 
from the left border line draw a center line p q at right angles 
to it. Draw the side elevation first by describing a circle with 
a 1-inch radius for the two end flanges. Then describe a 
dotted circle with the bow-pencil set to a radius of f inch to 
represent the outside diameter of the cylinder and inside it a 
circle to represent a f-inch hole through it. Now, draw two 
vertical lines 4 inches apart to define the total length of the 
distance piece, and next draw parallel lines | inch from each 
end, to indicate the thickness of the flanges. Project from the 
side elevation to the front elevation horizontal lines to define 
the diameter of the flanges and the cylinder between the flanges, 
and also dotted lines to define the hole through the piece. Use 
a radius of inch for the fillets at A, B, C, and D and round 
the comers at E, F, G } and H with the same radius. 

32 . Views of a Circular Cast-Iron Washer. — In Fig. 11 
is shown a circular cast-iron washer square in cross-section. 
In this case, instead of making an elevation and plan, only an 
elevation is drawn and a sectional view is taken through this 
elevation along the line pq\ that is, the washer is imagined to 
be cut along the line p q, with the part to the left removed, which 
gives a sectional view as shown. 

Begin by drawing a vertical center line pq at a distance of 
6| inches from the right-hand border line and, with the com- 
passes set to a radius of 1 inch, describe a circle representing 
the outside diameter of the ring, and from the same center, 
and with a radius of \ inch, describe another circle representing 
the inside diameter. Now, to the left of this view, lay off two 
vertical lines § inch apart to represent the thickness of the 
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washer, and from the elevation project horizontal lines to the 
sectional view. The comers of this section should be rounded 
with a radius of inch. 

33. Section Lines. — In order to distinguish a sectional 
drawing without any possibility of mistake, so-called section 
lines are employed. These are usually made by laying a 
45° triangle against the edge of the T square and drawing a 
series of parallel lines as equally spaced as can be judged by 
the eye. For cast iron, these lines are full, thin lines, all of 
the same thickness, and must not be drawn too near together. 
The method of sectioning for other materials will be given 
later. It is not customary to draw the section lines in pencil, 
but to wait until the outlines of the drawing have been inked 
in and then make the section lines directly with the drawing 
pen. Section lines should be spaced not less than inch apart, 
unless, as in Figs. 11 and 12, the drawing is of such small 
dimensions as to cause a sectioning of this spacing to look 
coarse. In these two figures, space the section lines a full 

inch apart. The only parts of the figure to be sectioned are 
those surfaces that are produced by cutting the ring along the 
line p q, both views of the figure being projections on the ver- 
tical planes. 

34. Views of a Cast-Iron Cylindrical Ring.— Fig. 12 
is a cast-iron cylindrical ring. It is shown in elevation and in 
sectional elevation. The dimensions given suffice for the draw- 
ing of the figure without further explanations. The extremities 
of the diameter of the small circle in the elevation are pro- 
jected to the sectional side elevation in the points A and B. 

35. Inking In of Figures. — The pencil lines showing the 
construction of the figures of the drawing plate Projections — I 
are now complete and the entire plate is to be inked in, including 
the dimension lines and figures. When inking in a drawing, 
it is generally best to draw the circles and curved lines first 
and the straight lines last. This enables the draftsman to 
blend the straight lines into the curved lines so that their points 
of meeting cannot be detected. Also, tangent lines can. be 
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drawn with better success, and the time for inking in is short- 
ened. It will be noticed that on the drawing plate some of the 
straight lines are heavy and some light, and that parts of full- 
line circles are heavy and other parts light. The heavy lines 
are shade lines, which are described later in this Section. The 
dotted lines used to indicate the parts of the figures that are 
hidden must be of the same thickness as the full lines; the 
construction lines and center lines should be very thin. 


'■'M* 

■~r 


36. Dimension figures are to be made | inch high and the 
fractions are to be made ^ inch high. On some of the plates 
that are to follow there may not be room for figures of this size. 
In such cases, the figures may be made smaller, but care must 
be taken to make them clear. Until the student has had suf- 
ficient practice in letter- 
ing, he should draw guide 
lines in pencil for the 
dimension figures, as 
shown in Fig. 44. All 
the figures should have 
the same slant of 60°, 

U and, when printing frac- 
Fig> 44 tional dimensions, the 

whole fraction should 
have the same slant as the figures; that is, the denominator 
should not be vertically under the numerator but a little to the 
left, so that a slanting guide line would pass through the middle 
of both the numerator and denominator, as shown in the illus- 
tration. The dividing line between the numerator and denomi- 
nator of a fraction is always to be a horizontal line. A slanting 
division line is never permissible on drawings. 



37. Dimension and extension lines must be light, broken 
lines of the same thickness as the center and construction lines. 
Care should be exercised to make the arrowheads as neatly 
as possible and of a uniform size. They are made with a 
Gihott’s No. 303 pen, or any other fine lettering pen, and their 
points must touch the extension lines, as illustrated in Fig, 45, 
Do not make arrowheads too flaring. 
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drawn with better success, and the time for inking in is short- 
ened. It will be noticed that on the drawing plate some of the 
straight lines are heavy and some light, and that parts of full- 
line circles are heavy and other parts light. The heavy lines 
are shade lines, which are described later in this Section. The 
dotted lines used to indicate the parts of the figures that are 
hidden must be of the same thickness as the full lines; the 
construction lines and center lines should be very thin. 

36. Dimension figures are to be made | inch high and the 
fractions are to be made inch high. On some of the plates 
that are to follow there may not be room for figures of this size. 
In such cases, the figures may be made smaller, but care must 
be taken to make them clear. Until the student has had suf- 
ficient practice in letter- 
ing, he should draw guide 
lines in pencil for the 
— r dimension figures, as 
shown in Fig. 44. All 
the figures should have 
o| the same slant of 60°, 
and, when printing frac- 
tional dimensions, the 
whole fraction should 
have the same slant as the figures; that is, the denominator 
should not be vertically under the numerator but a little to the 
left, so that a slanting guide line would pass through the middle 
of both the numerator and denominator, as shown in the illus- 
tration. The dividing line between the numerator and denomi- 
nator of a fraction is always to be a horizontal line. A slanting 
division line is never permissible on drawings. 

b Dimension and extension lines must be light, broken 
lines of the same thickness as the center and construction lines. 
Care should be exercised to make the arrowheads as neatly 
as possible and of a uniform size. They are made with a 
Gillott’s No. 303 pen, or any other fine lettering pen, and their 
points must touch the extension lines, as illustrated in Fig. 45, 
Do not make arrowheads too flaring. 
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When putting in the dimensions, care should be taken to 
give all that would be needed to make the piece which the 
drawing represents, but usually the same dimensions would not 
be given on different views. On complicated drawings it is 
sometimes advisable to duplicate dimensions, as this facilitates 
the reading of the drawing. In Fig. l of the plate, the length 
is given in the front elevation as 2 inches, and it is obviously 
unnecessary to give the same dimension in the side elevation. 
Again, the dimension lines should be put where they would 
be most likely to be looked for. In Fig. 10 the diameter of 
the central part of the distance piece is marked If inches in 
the front elevation; it could have been marked on the side 
elevation, as the diameter of the dotted circle, but a person 
wishing to find the size of this 
part would naturally look for it 
in the front elevation. This is 
also true of the diameter of the 
flange. The diameter of the hole 
could be on the side elevation or 
front elevation, but it is put on 
the side elevation because it is 
denoted there by a full line, while in the front elevation the hole 
is shown by dotted lines. The lines of a drawing should never 
be crossed by dimension lines when possible to avoid it. In 
Figs. 2 and 4 the f-inch and in Fig. 3 the 2-inch dimension 
lines have been placed outside of the figures, thus avoiding 
crossing the bounding lines of the figures. 

All the figures used for dimensions shown on this and suc- 
ceeding plates should be inked in on the drawing, but the let- 
ters used to describe the different objects should be omitted. 
The title should be made in block letters as shown on the sam- 
ple plate. The date, name, class letters and number are to 
be put on as in the preceding plates. 


Wrong 
* Right - 



90 


GEOMETRICAL DRAWING 


§13 


DRAWING PLATE, TITLE : PROJECTIONS— II 

38. When the surfaces of objects are parallel to the planes 
on which the views are drawn, the projected views represent 
the object in its true dimensions. When, however, a machine 
whose parts are placed at different angles is to be drawn, the 
projected outlines of the surfaces will not be- represented in their 
true dimensions but will be foreshortened. The figures on the 
plate Projections — II represent objects similar to those in the 
prece din g plate, but in some instances the surfaces are inclined 
to the planes of projection, consequently they are not repre- 
sented in their true dimensions; that is, they appear fore- 
shortened. 

39. Rectangular Prism Parallel to tlie Horizontal 
Plane but Inc lin ed to All Vertical Planes. — On the pre- 
ceding plate, Projections — I, the front elevations A B C D of 

6 Figs. 1 , 2 , and 4 repre- 
xrfflfll sented outlines true to 
their dimensions, as the 
front face abed , Fig. 37, 
of the prism in each case 
was parallel to the front 
vertical plane. 

In Fig. 1 of the plate 
Projections — II is shown 
the drawing of a prism 
whose front and side 
faces are not parallel to 
the front and side planes, 
and consequently are not 
represented in their true 
dimensions. The drawing will be better understood by referring 
to Fig. 46, which shows a prism X whose face abfe makes an 
angle of 30° with the front vertical plane, and consequently its 
projection on this plane is a foreshortened view. The face 
bed of the prism, however, is parallel to the plane 1-2-6-7, 
therefore its projection ABCD, or plan view, will be in its 



W I' * I* i/ ^ \y 

Fa 3 
Fig. 46 
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true dimensions. The edge line AB will make an angle of 
30° with the front vertical plane. Points on the different 
surfaces of the prism, Fig. 46, are projected to the transparent 
planes to produce the front and side elevations and the plan 
view, and when the planes are revolved to one plane the 
views will occupy the same relative positions shown in Fig. 1, 
in which the letters on the different views correspond with 
those on Fig. 46. 

The prism is 2f inches long, 2 inches wide, and 1 inch thick. 
As the plan view shows true dimensions, this view is drawn first. 
To draw this view, locate the point B on a horizontal line 
2f inches from the upper border line and 2\ inches from the left- 
hand borderline, then construct a rectangle ABCD, 2"Xl", 
so that the parallel edges A B and D C make an angle of 30° 
with the horizontal line as shown. This can be done readily by 
using a 30° and 60° triangle with the T square. From A and B 
draw A D and BC 1 inch long at right angles to A B and join D 
and C by a line parallel to A B. Then, ABCD is a rec- 
tangle 2"Xl" and represents the plan, or top view, of the prism. 

To construct the front elevation, first draw a horizontal line 
5f inches from the upper border line, as a base line, and 2f inches 
above this line draw another horizontal line for the height of 
the prism. From the comer A of the plan view project a vertical 
line intersecting the two horizontal guide lines in the points A r 
and E, and project similar lines from the comers B and C ; the 
lines A' E, B'F , and C G thus produced represent the edges of 
the prism visible in the front elevation. The projection to the 
point D of the plan view represents an edge that cannot be seen 
in the front elevation of the prism, therefore it is indicated by 
a dotted line. 

To construct the side elevation, extend the horizontal lines 
A r C* and E G of the front elevation to the right indefinitely. 
The widths of the foreshortened surfaces shown in the side eleva- 
tion are obtained by taking points from the plan view, which 
is viewed in the direction shown by the arrow. Projectors are 
drawn with the T square from each comer of the plan to inter- 
sect a vertical construction line I L, which represents the top 
edge of the vertical side plane 2-S-5-6, shown in Fig. 46. The 
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distances I C and KL are then transferred to the line A'D" with 
the dividers, thus locating points B", C", A",D", representing 
the top edge of the prism in the side elevation. Vertical lines 
drawn from three of these points to the base line E H f define the 
visible edges B"F\ C"G', and D" H'. The dotted line A"E' 
represents a hidden edge. This will be more easily seen by view- 
ing the plan in the direction indicated by the arrow. 


40. Rectangular Prism Parallel to tlie Front Ver- 
tical Plane but Inclined to tbe Horizontal and Side 
Vertical Planes. — The drawing of Fig. 2 is of the same prism 
as that shown in Fig. 1, but the prism is assumed to have its 

broad faces parallel to 
the front vertical 
plane and the prism is 
tipped in such a man- 
ner that its base makes 
an angle of 20° with 
the horizontal plane. 
The perspective view 
of the prism shown in 
Fig. 47 gives a clearer 
idea of its position. 
In this illustration the 
face a bfe is parallel to 
the front edge ij of the horizontal plane ij k Z, and the edge / g 
of the prism rests on the surface of the horizontal plane. 

The front elevation is to be drawn first. This is a rectangle 
2f inches long and 2 inches wide standing with its lower side B A 
inclined at an angle of 20° to the horizontal plane. To draw 
this view, locate the point A at a distance of 8| inches from the 
left border line. From the point A draw a line at an angle 
of 20°, using a protractor as shown in Fig. 48. On this line 
locate the point B at a distance of 2 inches, or the width of the 
prism. At right angles to the line BA draw lines of indefinite 
length, and on these lines measure off 2f inches, or the height 
of the prism, locating the points C and D } through which draw 
a line parallel to BA. 




§13 


GEOMETRICAL DRAWING 


93 


To construct the plan, draw vertical projection lines from the 
points B, C f A, and D upwards as shown. Across them draw 
a horizontal line 2J inches from the upper border line, cutting 



Fig. 48 


them in B C\ A', and and 1 inch above this draw a sec- 
ond horizontal line cutting them in E> F, G> and H. The edge 
whose projection is G A' is the lowest edge of the prism and 
cannot be seen from above; hence, G A' is dotted in the plan. 

To construct the side elevation, transfer the measurement, as 
D f H , from the plan to locate the points A" and G\ which are 
1 inch apart. From A" G f erect two perpendicular lines of 
indefinite length. Then 
draw horizontal pro- 
jection lines from the 
points C, D, By and A 
of the front elevation to 
intersect these vertical 
lines. The edge B"E f is 
hidden in the side view 
and is therefore indicated 
by a dotted line. 

41. Rectangular 
Prism Parallel to the 
Front Vertical Plane but Inclined to the Horizontal and 
Side Vertical Planes.— The drawing of Fig. 3 is of the same 
prism as that from which the drawings of Figs. 1 and 2 were 

I L T 281-15 
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made, but in this case the narrow side of the prism is parallel 
to the front vertical plane and its base makes an angle of 17§° 
with the horizontal. Its position will be more clearly seen from 
Fig. 49. In this illustration the side aehd is parallel to the 
front vertical plane, the broad side abfe is inclined to the side 
vertical plane, and the base gfeh is inclined 17 to the 
horizontal. 

Draw the front elevation first. This is a rectangle 2f inches 
long and 1 inch wide. Locate the comer A on the horizontal 
guide line 4§ inches from the right border line, construct the 
rectangle at the required angle, and project the plan view and 
side elevation from the front elevation. No further explana- 
tion is necessary, as the views are constructed in a similar 
manner to those of Figs. 1 and 2. 

42. Hexagonal Prism Inclined to tlie Horizontal 
Plane but Parallel Witb tbe Front Vertical Plane. — In 
Fig. 4 is shown the projections of a hexagonal prism, which 
is assumed as being parallel to the front vertical plane and 
as having the base tilted at an angle of 30° with the horizontal 
plane. 

A plan view of the regular hexagon A B C D E F is to be 
drawn first. Begin the plan by describing a circle with a radius 
of | inch from a center 0 located at a point 4f inches from the 
lower border line and 3§ inches from the left border line. 
Through 0 draw center lines a b and AD at angles, respectively, 
of 60° and 30° to the horizontal. Now, with the dividers set to 
f inch, the radius of the circle, lay off the points A , B, C, D, E } F, 
on the circle for the hexagon, beginning at the point A, and by 
connecting these points complete the plan view. 

Begin the elevation by drawing a horizontal line f inch 
above the lower border line and extend it across the sheet. 
Next, project a fine from the comer D of the plan parallel to 
the center line a b and intersecting the horizontal guide line 
in the point J. From the point J measure off a distance of 
2f inches on this slanting line, locating the point D r , which 
is the height of the prism. Now, from the points J and JD', 
draw two lines of indefinite length at an angle of 30° with the 
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horizontal, and from the plan project the comers ' A, F, E f 
and D to the line G J of the elevation, thus producing the 
edges A! G, F f L, and E f K. 

To obtain the side elevation, first draw a series of horizontal 
projection lines from the points A', F' t E\ D ', G , L, K , and J , 
and extend them to the right indefinitely. Draw a vertical 
center line a ' V at a distance of 5^ 6 - inches from the left border 
line. Lay off on each side of the center line a' 6' a distance 
of one-half the width of the prism, measured between parallel 
sides, thus determining the side edge lines F" K' and B r V . A 
plan of the prism may be placed on the center line a! V from 
which to project the vertical edge lines. Draw the connecting 
lines A" £', A" F" D" E\ etc., from the intersecting points of 
the vertical and horizontal projection lines, thus completing the 
view of the top and bottom surfaces of the prism. Corre- 
sponding letters are used in the three views, to assist in the 
reading. The edges L' G’ and G r H r are not visible in the side 
elevation and are therefore shown by dotted lines. 

43. Hexagonal Pyramid Whose Axis Is Inclined but 
Parallel to the Front Vertical Plane. — In Fig. 5 is shown 
the projections of a regular hexagonal pyramid whose base is 
tilted at an angle of 30° with the horizontal plane and whose 
axis c d is parallel to the vertical plane. 

The plan, which is a regular hexagon, is constructed about 
a center 0 located 4f inches above the lower border line and 
8 inches from the right border line in the same manner that the 
plan of Fig. 4 was constructed. The size of the hexagon and 
its position is the same as in Fig. 4. Through the point 0 
draw the center line c d at an angle of 60° and another center 
line A D at right angles to it. Connect the points A , B, C> 
D, E, and F, which are the comers of the base, with the cen- 
ter 0 by lines A 0, B 0, etc., thus defining the edges of the 
intersecting side planes, which are foreshortened when the 
pyramid is viewed in the direction of the arrow. 

To draw the front elevation, locate the point D r on the guide 
line at its intersection with a line projected from point D of 
the plan and drawn parallel with the center line cd. From this 
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point D f draw the base line of the pyramid at an angle of 30° P 
as shown, and project comers A, F, and E from the plan to 
this base line of the pyramid by lines parallel to the center 
line cd. Measure off on the center line cd a distance of 
2| inches from the base line A f D' y thus locating the point 0' 
for the apex of the pyramid. Now, to complete the front 
elevation, draw lines from the points A', F\ E' t D' to the 
point O'. 

To construct the side elevation, first locate the vertical cen- 
ter line c' d f 6| inches from the right border line, then from the 
front elevation draw horizontal lines of indefinite length from 
the points O', A', F', E\ and D f passing through the center 
line c'd'. The hexagonal base can be laid off with the dividers 
from the plan, or the sides may be projected from an auxiliary 
plan placed in the required position on the center line c r d'. 
The lines F " E" and B" C " representing the parallel sides 
may now be projected from the plan and the intersecting 
points E", 13", 0" and E", A", B n connected by lines, which 
complete the foreshortened base of the hexagonal pyramid. 
The elevation is finished by drawing lines from the comers of 
this base to the apex 0". The dotted lines of the base represent 
the edges that are not seen. 

44. Cylinder Inclined to tlie Horizontal Plane but 
Parallel Witb the Front Vertical Plane. — In Fig. 8 is 
shown the front and side elevations of a cylinder which is 
inclined to the horizontal plane at an angle of 30° and is par- 
allel to the vertical plane. The cylinder is li inches in diameter 
and 2f inches long. Begin the construction by locating a 
point i at a distance of 3J inches above the lower border line 
and 3§ inches from the right border line. With the bow- 
pencil set to a radius of f inch, describe a circle from the center i 
for the plan view. Through the point i draw a center line a b 
at an angle of 60° and through the same point draw another 
center line cd at right angles to it, or 30° with the horizontal. 
From the plan view project two lines from the ends of the diam- 
eter on c d, parallel to the center line a b r making the line e f 
2f inches long, equal to the height of the cylinder, and draw a 
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line for its base from the point e at an angle of 30°, completing 
the elevation. The center of the plan of the cylinder has been 
located to coincide with the top edge of the cylinder in the front 
elevation for convenience in projecting points to the side 
elevation. 

To draw the side elevation, divide half the circumference 
of the circle, from g to /, into eight equal parts at 2, S, 4, etc. 
From these division points on the circle draw projectors parallel 
to the center line a b to intersect the line c d, or the top edge 
of the cylinder, in points 2', S', 4', etc. Now draw the ver- 
tical center line h k, for the side elevation, lj inches from the 
right border line. On this center line describe another circle, 
from some point ;, to serve as an auxiliary plan from which 
to project the diameter of the cylinder. Divide the auxiliary 
plan into sixteen equal parts in points 1", 2", 3", 4", etc. 
Now, from the division points 1', 2', S', etc. of the front ele- 
vation draw horizontal projectors to the right to meet ver- 
tical projectors 1", 2", 8", etc. drawn from the auxiliary plan, 
and where the vertical and horizontal projectors of similar 
number intersect, locate points through which a curved line 
is drawn to form an ellipse. In order to avoid confusion, only 
a few points on the ellipse are numbered. For example, 4"' is 
located in the side elevation where a horizontal projector is 
drawn from the point 4' of the front elevation, intersecting a 
vertical projector drawn from point 4” of the plan view. 

Extreme accuracy is necessary in dividing the circles into 
similar equal parts. The projectors must be drawn exactly 
from these points of division, otherwise an imperfect ellipse 
will be formed. The pencil point should be round and shar p 
for drawing through the points and around an irregular curve. 
The foreshortened elliptical base is projected similarly to the top. 
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DRAWING PLATE, TITLE: CONIC SECTIONS 

45. Explanation of Conic Sections. — Curves of dif- 
ferent shapes are formed by the intersection of a plane with a 
circular cone or a cylinder. The intersecting plane, sometimes 
called a cutting plane, is imagined to be a flat surface of 
indefinite extent and without thickness. The surfaces result- 
ing from the intersection of a cutting plane with a cone or a 
cylinder will have diff erent outlines, according to the inclina- 
tion, or slope, of the cutting plane. 
The curves produced by a plane 
cutting a cone or a cylinder are 
known as conic sections, which, 
as shown later, may be circles, 
ellipses, parabolas, or hyperbolas. 

A right cone is one having a 
circular base and its vertex lying on 
a vertical line, called the axis, per- 
pendicular to the center of the base. 
A cone with a circular base and 
having its vertex not perpendicular to the center of the base 
is called an oblique circular cone. 

If a right cone is cut by a plane parallel to its base, that is, 
by a plane perpendicular to the axis, the section is a circle. If 
the cutting plane is not perpendicular to the axis and cuts off 
the entire top of the cone, then the section made is an ellipse. 

Fig. 50 shows how an ellipse is formed in this manner. 

46. Conic Section Forming an Ellipse. — In Fig. 1 are 
shown the projections of a conic section forming an ellipse. 
In this case the cutting plane a 6 is inclined at an angle of 52° 
with the base of a right cone 3| inches high and 3 inches in 
diameter at the base. To construct Fig. 1, draw the center 
line mn2\ inches from the left border line; and at right 
angles to it draw the center line pq at a distance of 2\ inches 
from the upper border line. Draw a horizontal line of indefinite 
length for the base of the cone in the elevation. From the 
point 0, with a radius of 1| inches, describe a circle for the 
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plan view and from the points A and B on the circumference 
of this circle draw projectors parallel to the center line m n to 
intersect the base line of the cone in the elevation in points A ' 
and B'. Lay off the vertical height of the cone in the elevation 
from dimensions given and draw the slanting sides of the 
cone A r O' and B f O'. The cutting plane is represented in the 
front elevation by a line a b drawn at an angle of 52° to the base, 
by using a protractor as shown in Fig. 51. Divide the cir- 
cumference of the circle that represents the plan view into any 
number of equal parts, in this case 24, and from the points of 
division A, E, H, etc., draw radial construction lines A 0, 
E 0, H O, etc. to the center 0. Draw also from these points, 



vertical projection lines, as A A', E E', H H', etc., cutting 
the base of the front elevation in the points E', H', etc. From 
these latter points draw lines to the apex O' of the cone, as E' O', 
H ' O', etc., cutting the line a b in the points D', F', etc. From 
the points D', F', etc. in the elevation draw to the plan the 
vertical projecting lines C' C, D' D D", F' F F", V L , etc., 
intersecting the radial construction lines 0 A, OE, OH, OB, 
etc. in the points C , D, F, L , F", etc. Through these points 
of intersection draw the ellipse by the aid of an irregular curve. 
It should be observed that points D, D" in the plan corre- 
spond with the point D' in the elevation, and points F, F" 
with the point F'. 
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It will be noticed that in the drawings on this plate the 
objects are represented as having been cut through by the 
plane and a portion removed; only the outlines of the part 
remai nin g are shown with full lines, all other outlines being 
dotted. 

47. Section Forming a Parabola, — Fig. 52 shows a cone 
through which a plane has been passed cutting it at an angle 
parallel to its slanting side a b, or, in other words, parallel to 
one of its elements and intersecting the base. The curve formed 
by this intersection is a parabola. 

In Fig. 2 the plan and front elevation of the cone are located 
on the center line m n 2\ inches from the right border line, 
and the curve of intersection in the plan is found by the same 
method as that used in the preceding 
problem. To find the side elevation of 
the intersection, proceed as follows: 

Draw the side elevation A" B" 0", 
which is similar in form to the front ele- 
vation, with the center line tv as its axis 
5f inches from the right border line. 
Draw horizontal projection lines from 
D\ F', etc. of the front elevation to in- 
tersect the center line tv of the side ele- 
vation in K f I', etc. With the dividers, 
transfer the distance ID, I D ", etc., from the plan to the side 
elevation as V D ,n and I'D™, also transfer KF and KF " from 
the plan to the side elevation as K f F ,n and K f F iv , thus locating 
points D tn and D iv and F'" and F iv . In the same way other 
distances may be transferred and other points located, and a 
curve may be traced through them. The result will be the side 
elevation of the cone when cut by a plane parallel to one of its 
dements. A side elevation of Fig. 1 may be drawn similarly, 

48. Conic Section Forming a Hyperbola, — Fig. 53 
shows a perspective view of a cone with the cutting plane par- 
allel to its axis. When the cutting plane intersects the base 
of a cone and is not paralld to any element, the curve of inteav 
section is called a hyperbola. 
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In Fig. 3 the cone has the same dimensions as in the two 
preceding problems, and the plan and the front elevation are 
constructed as before. The projection of 
the curve in the plan in this particular case, 
where the cutting plane is parallel to the 
axis of the cone, is a straight line a & in the 
plan and in the front elevation. The side 
elevation is found, as in the last problem, by 
drawing horizontal projection lines from 
F\D r of the elevation to intersect the center 
line tv of the side elevation. With the 

dividers, transfer from the plan the distances » 

ID and ID " to the side elevation as I'D'" 
and I'D iv t also transfer IF and IF" to K'F"' 
and K'F iv of the side elevation, thus locating Fic 63 

points D"\ D iv , F"\ F iv . In the same way, 
other distances may be transferred and other points located 
through which a curve may be drawn to obtain the required 
hyperbola. 


49. Oblique Section of a Cylinder. — A plane cutting 
a cylinder at an angle to the axis will produce an ellipse, as 
shown in Fig. 54. In Fig. 4 is shown the method of deter- 
mining the ellipse in the side elevation in this case. The cylin- 
der is 2 inches in diameter and 
3f inches long and cut by a plane a b 
mating an angle of 57° with the 
base. Begin by drawing a center 
line mn at inches from the 
right border line ; and at right angles 
to it draw the center line pq 
5f inches from lower border line. 
From the point O with a radius of 
1 inch, or one-half the diameter of 
the cylinder, describe a circle for 
the plan view. Construct the front 
and the side elevation as already explained, the horizontal pro- 
jection or plan being a circle having the same diameter as the 
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base. Construct the front elevation from the dimensions given 
and draw the line a b at an angle of 57° to represent the cutting 
plane. 

Draw the side elevation of the cylinder, which is similar in 
form to the front elevation. To construct the side elevation 
of the curve, divide the circumference of 
the circle representing the plan of the cyl- 
inder into any number of equal parts, in 
this case 24, and through the points -of 
division, as A, B, C, etc., draw vertical 
projection lines as shown. These will 
cut ab in the points A' 7 B',C',D r > etc., 
and horizontal lines are projected from 
these points to intersect the center line tv 
in the side elevation. This center line is 
located If inches from the right border 
line. Then with the dividers transfer from the plan the dis- 
tances LB , LB KC,KC"; ID, I D tr , etc. to the side eleva- 
tion and from the points L', K r , V on the center line t v locate 
the points B fn , B iv , C nt , C iv , D nr , and D iv 
of the required ellipse. Other points may 
be transferred and located in like manner, 
and a smooth curve drawn through the 
points thus located will be the required side 
elevation. 

50. Sections Which Form Circles. 

When a right cone is cut by a plane par- 
allel to the base of the cone, the resulting 
section is a circle, as shown in Fig. 55. 

Its diameter depends on the distance of 
the cutting plane from the vertex a of the 
cone. If a cone is cut by a plane through its vertical axis, 
the resulting section will be an isosceles triangle, as shown in 
Fig. 56, its outline being the same shape as the front elevation. 
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CONVERTING DECIMALS INTO COMMON FRACTIONS 

51. On the next plate some dimensions are given in decimal 
fractions instead of common fractions. Such decimal dimen- 
sions are best laid off with a decimal scale, which is a scale 
with inches divided into tenths, hundredths, etc. Such a scale 
is not essential for this work, however, and the nearest value 
of the decimal fraction may be taken in thirty-seconds of an 
inch. 

To change a decimal fraction to a common fraction having a 
desired denominator, multiply the decimal by the desired 
denominator of the common fraction, and express the result 
as a whole number, which whole number will be the numerator 
of the fraction. 

Thus, to express .765 inch in fourths, we have .765X4 = 3.06; 

placing this product over 4 as a denominator, the result is 

3.06 3 • t, 

or, say, f inch. 

4 

To express .765 in thirty-seconds, .765X32 = 24.48; with 

24.48 

32 as denominator the result is * or, say, ff inch. 

32 

If, after multiplying, the decimal part of the product equals 
.5 or over, drop it and add 1 to the whole number. Thus, in 
changing a decimal fraction of .66 inch to a common fraction 

having 16 as a denominator, the result is .66X16= ^ , or, 
say, inch. 

The circumference of a circle is equal to the diameter mul- 
tiplied by 3.1416. Thus, the circumference of a circle with 
a diameter of If inches is 3.1416 X If =4.32 inches, or, say, 
inches. 

The circumference of a circle whose diameter is 1| inches is 
3.1416X 1§ =4.71 =4ff inches. 

The circumference of a circle whose diameter is 1\ inches is 
3, 1416 X If inches = 3.93, or, say, 3H inches. 

52. Decimal Equivalents. — Decimal equivalents for the 
fractions most commonly used by mechanics are given in thp 
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following table. Since the results obtained in calculations are 
usually decimal quantities, it is desirable that a convenient 
means should be afforded for their conversion into ordinary 
fractions. By the aid of this table any decimal may be readily 
resolved into its corresponding fraction or into a fraction that 
approaches its real value nearly enough for all practical purposes 
f | = .125 [ tfe = -015S25 

| = .25 & = .046875 


8£hs 


§=.375 
§ = .5 
f = .625 


3 

4 


= .75 


§=.875 


16 tlis 


yjj = .0625 
^ = .1875 
YS = .3125 
TS = - 4375 
YS = .5625 
if = .6875 
if = .8125 
H = .9375 

= .03125 


64ths 


Yi = .078125 
& = .109375 
& = .140625 
If = .171875 
ff = .203125 
ff = .234375 
§§ = . 265625 
ff = .296875 
ff = .328125 
ff = .359375 
ff = . 390625 
ff = .421875 
ff = .453125 
ff = .484375 
ff = . 515625 


32ds 


^ = .09375 
-h = -15625 
& = . 21875 
= .28125 
f§ = . 34375 
ff = .40625 
ff = .46875 
if =.53125 
if = .59375 
ff = .65625 
ff =.71875 
ff = .78125 
§§=.84375 
ff =.90625 
.ff = .96875 


ff = .546875 
ff = . 578125 
ff = .609375 
ff = .640625 
ff = .671875 
If = .' 703125 
ff =.734375 
ff = .765625 
ff = .796875 
ff = .828125 
ff = .859375 
ff = .890625 
if = .921875 
if -.953125 
if = .984375 



§13 


GEOMETRICAL DRAWING 


105 


DRAWING PLATE, TitJLEs INTERSECTIONS AND 
DEVELOPMENTS 

53. The drawing plate Intersections and Developments now 
to be taken up deals with the intersections of the surfaces of 
solids and the method of obtaining the miter line, as it is com- 
monly called. By the methods explained in connection with 
this plate the patterns of the intersected surfaces may be 
developed. One of the important requirements in the con- 
struction of these figures is to locate with accuracy the points 
lying in the line of intersection. 

54. Intersection of Two Unequal Cylinders at Right 
Angles. — Fig. 57 shows a perspective view of two cylinders 
of different diameters intersecting at right angles to each other. 
Fig. 1 shows a plan and a front and 
a side elevation of the object. 

To draw the views shown in Fig. 1, 
first locate the axis, or center line m n, 
of the larger cylinder 1| inches from 
the left border line. Next draw the 
horizontal center line p q of the small 
cylinder ljf inches from the upper 
border line. 

On these center lines, with the di- 
mensions given in the figure, draw a 
front elevation consisting of the outline 1APN LMEF. The 
curve ABCDG QE y of course, cannot be drawn yet, as the 
points through which the curve is to be drawn are still to be 
determined. 

Below the front elevation, draw the plan located on a center 
line rs 4| inches from the upper border line. To the right 
of the front elevation draw the side elevation as shown, locat- 
ing it on a vertical center line tu 4£ inches from the left 
border line. At the intersection of p q and t v, describe a circle 
representing the smaller cylinder, and complete the side ele- 
vation. Divide the circle in the side elevation into 12 equal 
parts and from points of division 1,2,3, 4> etc. project horizontal 



Fig. 57 
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lines to the front elevation. The points of division 1,2,8, 4, 
etc. of the circle in the side elevation are to be transferred to 
the plan view, in the following manner: 

Through the point of intersection of the center lines t v and r s 
draw a line x y at an angle of 45°. Then draw horizontal and 
vertical construction lines 0 I and 0 K so that they will inter- 
sect on the line xy at a convenient point, as 0. 

The points of division on the circle in the side elevation may 
now be projected to the line 0 I and then each point is to be 
revolved to the vertical line 0K,0 being used as a center. 
From the points on the line 0 K, extend projectors to intersect 
the large cylinder in points A', B', C' , and D' in the plan view. 
From these points in the plan view, draw vertical projectors 
that will intersect the projectors 1,2,8, 4, etc. drawn from the 
side elevation, in points A, B,C, D, etc., through which a curve 
may be drawn to represent the required intersection of the two 
cylindrical surfaces; this completes the front elevation. There 
is, of course, a similar curve from £ to A on that part of the 
object hidden from view. 

55. If the part 1 A D E F were assumed to be of thin 
sheet metal, and if it were cut along the line 1 A and laid out 
on a flat surface, it would have the form shown in Fig. 2, and 
this figure would be termed the development of the cylindrical 
part 1 A D E F. 

To determine the form and size of this development, draw 
a horizontal line 6J inches from the upper border line, and on 
this line lay off a distance 1-1', Fig. 2, equal in length to 
4.32 inches, which is the circumference of the circle shown in 
the side elevation of Fig. 1 and this circle is the projection of 
the cylindrical part in question. 

Divide the distance 1-1', Fig. 2, into as many equal parts 
as were used in dividing the circle, in this case twelve, and at 
these points of division erect perpendiculars to the horizontal 
line 1-1' . Then with the dividers measure off the distances 

1 4, 7 E, and 1' A' each equal to 1 A in the front elevation; 

2 B, 6 Q, 8 Q and 12 B' equal to 2 B in the elevation; 8 C, 
5 G, 9G r , 11 C' equal to 8 C; and 4B> and 10 D' equal to 4D 
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of the elevation. A smooth curve drawn through the points 
A, B, C, etc. thus found will complete the development. 

The form of this development is such that if it were cut out 
along its bounding line and bent into cylindrical form and joined 
along the edges 1 A and 1' A', its irregular edge would fit snugly 
to the large cylinder as indicated in the front elevation in 
Fig. 1. 


56* Intersection of Two Equal Cylinders at Right 
Angles. — In Fig. 58 is shown an elbow that consists of two 
cylinders intersecting each other at right angles. By referring 
to Fig. 3 it is seen that the lines of intersection between cylin- 
ders equal in diameter and intersecting each other in the same 
plane, so that their axes also intersect, are always represented 
by straight lines in a view that shows 
the axes in their true length. Thus, 
in Fig. 3, the projection of the line of 
intersection is the straight line A G. 

To obtain the development of the 
cylindrical part A G H K, proceed as 
follows: 

Begin by drawing the front ele- 
vation from the dimensions given, 
locating the horizontal axis 1^ inches 
from the upper border line and the 
vertical axis 7^ inches from the left border line. On these 
axes, draw two cylinders If inches in diameter, and through 
the intersection of their axes, as at D, draw a line at an angle 
of 45°. From the point G measure off distances GH and G M 
equal to £ inch, which determines the length of each cylinder. 
This completes the elevation. 

On the vertical center line below the elevation draw a dotted 
circle to represent the plan. Divide the circle into a number 
of equal parts, in this case twelve, and from the points of divi- 
sion draw vertical projection lines to meet AG at B, C, etc. 
Extend the line H K indefinitely to the right to form the base 
line of the development. Fig. 4. and on the extended part set 
off a distance I - V equal to 4.32 inches, the circumference ot 
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the dotted circle. Divide this distance into twelve equal parts, 
also, and erect perpendiculars to the line l-V from the points of 
division. From A,B,C, etc., Fig. 3, draw horizontal projection 
lines intersecting the perpendiculars in Fig. 4 in A ', B\ B", C\ C ", 
etc., and through the points A', B ', C', etc. thus found draw a 
smooth curve. The resulting figure is the required development. 
Since the part AG ML is exactly like AG H K, its development 
is the same as in Fig. 4. Hence, if two flat thin plates were 
cut to the same shape and size as this development and each 
were rolled into true cylindrical form with the edges 1 G f and 
V G" coinciding, they could be put together as shown in the 
front elevation and the slanting edges would fit accurately at 
all points. 

57. Intersection of Two Unequal Cylinders at an 
Angle of 65°. — Fig. 59 is an illustration of two cylinders of 

unequal diameters joining each other 
at an angle of 65° instead of 90° as 
in Fig. 1. It is desired to determine 
the curve of intersection of the two 
cylinders in the front elevation. The 
method of doing this is shown in 
Fig. 5. 

Begin by locating a vertical center 
line mn 1| inches from the left border 
line, and draw a front elevation of 
the cylinder LMPN 1-&- inches di- 
ameter and 2§ inches long, locating the base line 3| inches from 
the lower border line. Below the elevation draw a horizontal 
center line r s, 2f inches from the lower border line, to inter- 
sect the center line m n, at which intersection describe a circle 
1A inches in diameter. Draw two horizontal lines of indefinite 
length | inch each side of the center line r s , intersecting the 
circle in D' and D n in the plan. Project a vertical line from 
D' D" to intersect the elevation in S' S } and on this line locate 
point D l-ft inches from the line L M. By use of a protractor, 
a center line p q for the inclined cylinder may now be drawn 
from point D at an angle of 65° with the axis m n. On the 
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line p q , measure off inch from the point z and draw line F 1 . 
Two lines drawn from E and A parallel to p q complete the 
elevation, except the curve of intersection, which is projected 
from the plan view and the dotted circle in the same manner 
as described for Pig. 1. The only difference lies in locating 
the point 0 from which the projectors are revolved from the 
dotted circle to the plan view. 

To locate the construction lines 0 I and 0 K , proceed as 
follows: At right angles to pq draw a center line iu to inter- 
sect the horizontal center line r s, thus locating a point V. 
With the point V as a center, describe two short arcs cutting the 
center lines r s and t u, and tangent to these arcs draw construc- 
tion lines O I and 0 K parallel to p q and m n , respectively, 
to intersect in point 0. The points of division from the dotted 
circle may now be projected to the line 0 I , and with 0 as a 
center the projection lines can be revolved to intersect the 
line 0 K and then be extended to the plan view. The ellipse 
in the plan view is the projection of the inclined end of the 
small cylinder in the front elevation, and its outline is deter- 
mined by the method used in connection with Fig. 6 of the 
plate Projections — II. 

58. The development of the pattern for the smaller cylin- 
der of Fig. 5 is shown in Fig. 6. To draw it, measure off on a 
horizontal line the distance 7-7' equal to 3.93 inches, equal 
to the circumference of the dotted circle in Fig. 5. Divide 7-7' 
into twelve equal parts as was the circle, and erect perpen- 
diculars. It is assumed that the cylinder is cut along the 
line E F in the elevation in Fig. 5 and therefore in the develop- 
ment of this part it will be the smallest vertical distance to 
be measured off. 

Begin at the middle point 1 A by making the vertical dis- 
tance 1 A in the development equal to 1 A of the elevation. 
Measure off the vertical distances 2 B , 12 S', S C, 11 C etc., 
equal, respectively, to the distances 2 B, S C, etc. of Fig. 5. 
Continue this until the two ends are reached in 7 E and 7' E\ 
Trace a smooth curve through the points thus found, and the 
resulting figure is the required development. The development 

I L T 281-16 
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of the larger cylinder will have a hole of a certain shape due to 
the small cylinder intersecting it at an angle. 

59. Fig. 7 represents the development of the large cylinder 
shown in Fig. 5 and is obtained as follows: Extepd the lines 
L M and N P of the elevation indefinitely to the right to indi- 
cate the height of the large cylinder in the development. At 
a distance of 5| inches from the left border line draw a vertical 
line intersecting the two extended lines in points X' and Y'. 
From V measure to the right a distance equal to 2.45 inches, 
locating Y", and at this point erect a perpendicular to intersect 
the horizontal line in X". The horizontal distance Y' Y" of 
Fig. 7 must be taken from the plan, Fig. 5, and is the distance 
Y'A'Y", which is seen to be one-half the circumference of 
the circle. Therefore, the rectangle X' X" Y" Y' is equal to 
one-half the surface of the cylinder of which the circle is the 
plan. 

Next, at the middle point P' of the line Y' Y", erect a per- 
pendicular P' M. From the circle in the plan, with the divid- 
ers, measure off the chord distance A' B' and transfer this 
distance along the line Y' Y", beginning at P', and locate the 
point N'. The distances B'C' and C'D' of the plan are trans- 
ferred successively in the same manner, locating points R' and S' 
on the line Y' Y". Erect perpendiculars at these points to- inter- 
sect the line X'X" in points N, R, and S. Next, by the use of 
the T square, from the points A, B, C, D, etc., of the eleva- 
tion in Fig. 5, project construction lines to intersect the per- 
pendiculars P' M, N' N, etc., thus locating points Ai, Bu Ci, 
etc. If it is desired, these points may be transferred from the 
elevation with, dividers; for example, the distance PA in the 
elevation will equal P' Ai in the development, and N' B, R' C, 
and S' D, etc. in the elevation will equal N' Bi, R' Ci, S' Di, 
etc. in Fig. 7. The points Ai, Bi, Ci, etc. having thus been 
located, simil ar points to the right of the center line P' M are 
located by the intersection of the same projected horizontal 
lines and verticals located from the elevation in a manner 
similar to that employed for locating N' N, R' R, etc. A 
smooth curve may be drawn through the points thus found 
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and the resulting outline will be the development of the line 
of intersection of the large cylinder. 

If the pattern were cut of the same size and shape as shown 
in Fig. 7 and rolled to a semicylindrical form, the edges of the 
opening would coincide with the edges of a cylinder whose 
development is shown in Fig. 6. 

60. Development of Middle Section of Three-Piece 
Elbow- — Fig. 60 shows a perspective view of an elbow com- 
posed of three cylinders of the same diameter and connected 
so that the two end sections are at right angles to each other. 

The diameter of each of the cylinders is 1§ inches. To con- 
struct the elevation shown in Fig. 8, draw a horizontal center 
line win 4 A inches from the upper 
border line, and at right angles to it 
draw a center line p q 5 inches from 
the right border line. 

Where these two center lines inter- 
sect in T draw a center line uv at 
an angle of 45°. At a distance of 
1 J inches to the left of the center line 
p q draw a vertical line Rx of indefi- 
nite length intersecting the line uv in 
the point 0. 

From the point O, draw a horizontal 
line OK of indefinite length, and with 
0 as a center and the pencil compasses set to a radius of 
1£ inches, describe an arc from I to J. 

To determine the joint, or miter, lines A G and M H, bisect 
the arcs 1 4 and 4 J by setting the compasses to any con- 
venient radius and describing short arcs from centers 4 and I, 
also from 4 and J , and through the intersections of the arcs 
draw lines OA and 0M. Now, on the center line win, draw 
a circle with a radius of f inch to represent an end view. From 
the ends of its diameter project two horizontal lfries R A and 
5 G in the elevation. The point D is located where the center 
line win intersects the line 0 A, and from this point a center 
line for the middle section may be drawn at an angle of 45° 
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intersecting the line 0 M in D\ and two lines A M and G H 
representing the outside of the cylinder are drawn parallel to 
it. The vertical cylinder section may now be drawn by locating 
the horizontal line P N 2| inches below the center line m n. 
The two vertical lines H P and M N are now drawn, completing 
the elevation. 

61. In Fig. 9 is shown the development of the middle 
section AG H M of Fig. 8. First divide the dotted circle, 
Fig. 8, into twelve equal parts and project the points of divi- 
sion to the elevation to intersect the joint line A G, thus fixing 
the points A , B, C , D, E, etc., and from these points draw lines 
across the section AG H M parallel to the center line D D r , 
or, in other words, at right angles to the center line u v. Where 
the points of division cross the center line uv locate points 
1 , 2, 8, 4, etc. 

Then, in Fig. 9, draw a horizontal line 4f inches from the 
lower border line and on this line measure off a distance 1-1' 
equal in length to the circumference of the dotted circle in Fig. 8, 
which is 4.71 inches. Divide this length into twelve equal parts 
corresponding to the twelve equal parts into which the dotted 
circle in Fig. 8 is divided and draw vertical lines through 
the points of division. Assume that the joint of the middle 
section is at Gil in Fig. 8. Then in Fig. 9 make 1 G r and 1 ' G" 
equal to 1 G> Fig. 8; and S F' and 12 F" equal to 2F; 8E' and 
11 E n equal to 3E\ 4D f and 10 D" equal to 4D; 5C f and 9C rf 
equal to SC; 6 B' and 8B" equal to 6 B; and 7 A' equal to 7 A. 

A curve through the points G\ F\ E\ D\ etc. gives the out- 
line of the upper half of the development. The other half of 
the curve below the line l—l r is of exactly the same shape, and 
is obtained by transferring the points with the dividers. 

62. Curve of Intersection of Flattened Rod. — In 
Fig. 61 is illustrated a cylindrical rod that is enlarged at the 
one end, and the sides have been flattened, thus maVi-ng two 
parallel faces intersecting a curved surface, and producing a 
curved line. It is desired to find the exact form of the curve. 
Fig. 10 shows how this may be done. 
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The object is a cylindrical rod If inches in diameter and the 
extreme end has been enlarged to a diameter of 2| inches. 
The two parallel faces, as shown in the plan, are If inches apart. 
It is desired to find the exact form of the curve AS B repre- 
senting the intersection of one of the flat surfaces with the curved 
surface, as shown in the elevation. 

First draw a vertical center line m n 2^ inches from the right 
border line, and at right angles to it draw a horizontal center 
line E F, Iff inches from the upper border line, intersecting 
at 0, from which point describe a circle with a f-inch radius 
to represent a top view of the rod, which is section-lined to 
indicate that it is broken. Another circle is described from the 
center 0 with a radius of Iff inches for the large diameter. 
The two flat faces are represented by two 
horizontal lines C D and A' B' drawn at 
a distance of ft inch above and below 
the center line E F , thus completing the 
plan. 

Begin the elevation by drawing a base 
line 7f inches from the upper border line. 

From the points E and F of the plan, 
draw vertical lines to intersect the base 
line of the elevation in points E' F f . 

Also project A' B r from the plan to inter- 
sect the base line in points G and H. Measure off a vertical dis- 
tance of 1 inch from the base line E' F' and draw an indefinite 
horizontal line. Vertical lines drawn from the base line from 
points E', G } H t and F f will intersect this horizontal line in 
points E", A, By and F". From the circle in the plan, pro- 
ject two lines for the diameter of the 1 f-inch rod in the eleva- 
tion, and connect it to the enlarged end at the base by arcs J E n 
and I F". The arc I F" is drawn tangent to the rod with a 
radius of If inches; the center from which the arc is described 
is located as follows: Extend the line representing the diam- 
eter of the rod to intersect the horizontal line E” F tf in the 
point K. With compasses set to a radius of If inches describe 
a short arc from the point K f cutting the vertical line in L 
With the compasses kept to the same radius, describe short arcs 
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with I and F" as centers and intersecting in K', from which point 
the arc IF" can be described tangent to the rod and touching 
the point F". The arc JE" may be drawn in a similar manner. 

This completes the elevation, except the curve AS B, which 
is yet to be determined. 

63. Now, with 0 as a center and radii of suitable lengths, 
describe arcs cutting the line A' B r in several points, as 1', 2', S', 
etc., and continue these arcs until they intersect the horizontal 
line E F, thus giving the points 4, 5,6, etc. Project the points 
4, 5, 6, etc. downwards to intersect the arc JE" in the eleva- 
tion, thus fixing the points J+ , 5 6, etc. From the latter points 
draw horizontal lines, as shown, and from the points 1', 2', S', 
etc., on the line A' B' in the plan, draw vertical lines down- 
wards to intersect the horizontal lines in points 1, 2, S, etc. 
Other points between S and A may be found in the same way. 
Then a smooth curve drawn through A, 1,2, and S will be one- 
half of the required curve. The other half is exactly like the 
one just drawn, and may be obtained in a similar manner. 

64. Development of Surface of Section, of Cone. 
Fig. 11 shows a cone 3 inches high, 2 inches in diameter at the 
base, and cut by a plane. Fig. 12 shows the development. 

The elevation and the projection of the base of the cone are 
drawn as shown in Fig. 11. First locate a horizontal center 
line If inches from the lower border line, and on it, at a distance 
of 8 inches from the left-hand border line, draw a vertical line 
for the base of the cone, which is 2 inches in diameter. From 
this base line, measure to the left on the center line a distance of 
3 inches, the height of the cone, thus locating the point 0, 
from which draw the inclined sides of the cone to intersect the 
base. The cone is cut off at an angle of 50° with the base line. 
The projection of the base is now drawn in order to determine 
the position of the elements on the conical surface. 

The plan is represented by the dotted circle and is divided 
into a convenient number of equal parts, in this case twelve. 
These points of division, 1, 2, S, etc., are projected to the base 
line of the elevation in points 1', 2', S', 4', etc., and projection 
lines are drawn from points V , 2 ', S', etc. to the point 0 in the 
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elevation to represent the elements on the surface of the cone. 
These elements intersect the cutting plane in points A,B, C, 
etc. Now begin the development in Pig. 12 by locating point O' 
3f inches from the right border line and 3-f| inches from the 
lower border line. With the pencil compasses set to a radius 
equal to the slant height of the cone, as 0 1' or 0 7 ', in Fig. 11, 
describe an arc 1-1'. Malce the length of this arc equal to the 
length of the circumference of the circular base of the cone. This 

o 

i. 


•r 

may be conveniently found as follows: The length of the arc 
will be 2X3.1416 = 6.28 inches, nearly. To lay off an arc of this 
length, the following method may be used: 

65. On a separate piece of paper, in the manner shown in 
Fig. 62, draw a horizontal line A B f 6.28 inches long, equal to 
the circumference of the base of the cone shown in Fig. 11, and 
erect a perpendicular A 0 . Divide the line A B into four equal 
■ parts, each of the divisions to measure 6.28-5-4=1.57 inches. 
Also divide one of these parts, as AC, into, say, four equal parts. 

With the pencil compasses set to a radius of 01', repre- 
senting the slant height of the cone in the elevation in Fig. 11, 
describe a short arc from the point A , cutting the vertical 
' line A 0 in D. With the compasses set to the same radius 
and with D as a center, describe an arc tangent to the hori- 
zontal line A B, Then, with E as a center and EC as a radius. 


'F 



Fig. 62 
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describe an arc cutting the arc A F in G; then the arc AG 
is equal in length to the line A C, and A C is one-fourth the 
length of the required arc. (Note that, for convenience in this 
case, Fig. 62 has been reduced to a different scale than that of 
Fig. 12, which is the reason that measurements in the two do 
not correspond.) 

66. Next, with the dividers set to the chord of the arc A G 
found in the manner just described, begin at point 1 and space 
off on the arc in Fig. 12 this chord distance four times, marking 
the points of division between the spaces, as 4> 10, and deter- 

mining the point 1 then the arc 1-1' will measure 6.28 inches. 
Each of the four divisions should now be subdivided into three 
equal parts so that the entire arc is divided into twelve equal 
parts, as 1,2,8, 4, etc. Join the points of division 1,2,3, etc. 
with the center O' by the lines O' 1, O' 2, O' 3, etc., as shown. 
On the radial lines O'l , O' 2, O' 3, etc., of Fig. 12, the points that 
will determine the exact shape of the curve will now be located. 

In Fig. 11, A, B, C , D, etc. are points of intersection between 
the radial elements 01', 02', OS', etc. of the cone and the 
cutting plane, as shown. Only the two outside elements 01' 
and 0 7' can be measured directly from this view. The other 
elements are inclined from the observer, and so do not appear 
in their true lengths. The line 0 D, for example, if measured 
on the surface of the actual cone, would evidently be of the 
same length as the line 0 D'\ but in the elevation it is much 
shorter. Therefore, all points, as B, C, t), etc., must be pro- 
jected parallel to the base line of the elevation of the cone to 
intersect the inclined outside element 01' in points Bi,Ci, D h etc. 

Now continue drawing Fig. 12 by setting off distances 
O'A, O'B, O'C, etc., equal to the distances OA , OBi, OCi , etc., 
taken from Fig. 11, and through these points draw a curve, 
which will be the desired development of the intersection. 

A plate cut of the same size and shape as shown by A-G-A'- 
l'-7-l can be bent into the conical surface shown in the ele- 
vation A-G-7'-!'. 

Particular attention must be given to the method explained 
above for transferring certain points from the elevation to the 
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development in Fig. 12. As previously stated, it would be 
wrong to take measurements from lines OF , O E, 0 D, etc., 
as these lines are not represented in their true length until 
projected to the inclined line 01', from which the distances 
are transferred to the development in Fig. 12. 

The pattern in Fig. 12 may be laid off, also, by making the 
radial divisions on the arc 1-1' equal to the circumference of 
the cone in Fig. 11 by dividing the distance, which is laid off 
on a straight line, into as many equal parts as desired. The 
greater the number of parts into which the line is divided, the 
nearer these distances approximate a straight line when they 
are transferred to the arc in Fig. 12. 


SHADE ETNES 

67 • The purpose of shade lines on drawings is to show at a 
glance, without reference to any other view, whether parts 
represented project above the plane of the surface of the object 
or whether they are depressions or holes. The value of shade 


A ? 



Pig. 63 

lines may be seen by comparing the two illustrations shown in 
Fig. 63 (a) and (6). In (a) the object is rendered with an out- 
line of uniform thickness, and it is not evident whether the 
shapes of the parts a, b, and c are raised parts or holes. In (6) 
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is shown a drawing of the same object properly shade-lined, 
which indicates that a is a projecting boss and that b and c 

represent holes. To determine the 
height of the bosses, the thickness 
of the plate AB DC, and the depth 
of the holes, another view would be 
necessary. 

68. Principles Governing 
the Location of Shade Lines. — In 
order that the system of shading may be uniform on all draw- 
ings and thus have the same meaning to all, the light is assumed 
to come in one invariable direction. The light rays are consid- 
ered as being parallel to the plane of the paper, to make an 
angle of 45° with all horizontal and vertical lines of the draw- 
ing, and to come from the upper left-hand comer of the drawing, 
as shown in Fig. 64. 

A view may be placed in any position on the drawing, but 
the source of light is always stationary; hence, the lines to be 
shaded depend on the position of the view. Each view is shade- 
lined independent of any other. The same principle applies 
whether the view is a plan or an elevation. 

If the rays of light are represented by parallel lines drawn 
at an angle of 45° with the A n 

vertical and horizontal lines, 
any edge of an object that is 
touched by such lines is called 
a light surface; an edge that 
cannot be touched by lines 
having this angle is called a 
dark surface and is repre- 
sented by a shade line, which 
is made heavier than the other 
lines. 

Fig. 65 shows a square plate € ' vj 

AB DC, from the surface of Pig ’ 65 

which eight rectangular blocks project. The blocks radiate from 
a center. This example is given to show which edges of the 
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rectangles should be shade-lined when the rectangles are in differ- 
ent positions. The light is at an angle of 45° and parallel to the 
plane of the paper, and therefore all surfaces of the object that 
are parallel to the plane of the paper will be light, such as the 
surfaces E and a } b , c, etc. The light rays, indicated by 
the arrows, strike certain edges of the projecting rectangles 
which represent surfaces that are perpendicular to the planes 
a, b, Cf d, e, /, etc. ; the edges touched by these light rays therefore 
remain light edge lines, and the remaining edges of the rec- 
tangles are hidden from the light and are shade-lined. 

To illustrate more clearly the idea, at h the light rays touch 
the edges j and k\ and edges m and n are 
shade-lined, because these edges are not 
illuminated. When an object is in the posi- 
tion as at a, the two sides o and p are par- 
allel to the light rays and remain as light 
lines, and the only edge shade-lined is q . 

Sometimes for the sake of appearance the 
edge o is shade-lined; for example, an arm 
of a pulley may come parallel to the light 
rays and in this case the draftsman would 
use his judgment. 

69. When objects have surfaces that are 
inclined to the plane of the paper, the edge 
lines formed by the intersection of these sur- 
faces are shade-lined according to certain rules. For example, 
in Fig. 66 is shown an elevation and a plan of a hexagonal 
pyramid. 

In the elevation (a) the light rays touch the surfaces a and b f 
consequently the edge line c formed by the intersection of these 
two planes will be a light line, by the application of the rule 
that, Any edge that is formed by the intersection of two light sur- 
faces will be a fine line . At d the edge is shown shade-lined 
according to an application of another rule that, All of the edges 
formed by the intersection of a light and a dark surface are shade - 
lined. The edge line e is also a shade line, as it is an intersection 
of two dark surfaces. 




0 » 


Fig. 66 
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In Fig. 66 (6) is shown a plan view of the hexagonal pyramid, 
and this view is shaded without regard to the elevation, it being 
considered as an independent object and shade-lined accord- 
ingly. The surfaces a, /, g are illuminated by the light rays, 
and the intersection of the light sur- 
faces a, f, and g are light edge lines. 
The edges between g and i and a and b 
are the intersections of light and dark 
surfaces and require shade lines. The 
surfaces i, h, and b are dark surfaces 
and the intersections between them are 
shade-lined. 

70. In shading holes or depres- 
sions, a slightly different assumption 
is made in the direction of the light. If the light, in the example 
shown in Fig. 67, passed over the surface of AB DC parallel to 
the plane of the paper, as previously assumed, all of the inside 
surfaces would be dark and the entire outline EFGH I J would 
be shaded. In order to prevent this and to make the work 
appear similar to that which 
has preceded, the rays of light 
are assumed to make an angle of 
45° with the plane of the paper, 
hi Fig. 68 is shown an illustra- 
tion of how the light rays are 
assumed to strike the edges of all 
holes and depressions. Hence, 
in Fig. 67 the light will strike the 
surfaces whose edges are FG,GH, 
and HI as shown by the arrows, 
leaving the surfaces whose edges 
are E F, E J, and JI dark as be- 
fore. Therefore, these latter edges will be shaded, and the 
edges F G, GH, and H I will be light. 

71. In Fig. 69 is shown the method by which shade lines 
are added to two concentric circles to convey the idea of a raised 
surface and also of a circular hole. 
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After inking the outer or large circle with the pen compasses, 
draw a pencil line a b through its center at an angle of 45°, 
which is the angle at which the light 
rays are assumed to illuminate the 
edges. At right angles to this line 
and through the center x of the circle 
draw another pencil line. With the 
compasses set to the same radius, 
shift the instrument to the point y 
and draw a semicircle that will blend 
into the outline at the points c and d. 

The light rays illuminate the edge 
cid, which is one-half of the circle, 
and the remainder is in shade. The inner circle is now inked in, 
and the compasses, kept to the same radius, are shifted to center 
at the point y, and from this point another semicircle is drawn 
which will form a shade line at ef g; the edge ehg will be a fine 
line, as that part of the circle is illuminated by the light rays. 

There are now two crescent-shaped spaces which are to be 
filled in with a lettering pen to bring out the effect of the shade 
line. The shade line of the larger circle is shown filled in. 

The thickness of the shade lines is left to the draftsman’s 




Pig. 70 


judgment. The compasses can 
be shifted along the line a b to any 
desired distance, but the thick- 
ness of these shade lines should 
correspond with those on other 
parts of the drawing. When 
shifting the compasses to a new 
center, care must be taken to do 
this accurately on the line, other- 
wise the semicircles will not be 
tangent at the desired points. 

72. In Fig. 70 is shown the 
method of shade-lining an object 


having rounded comers connected by straight lines at right 


angles to each other. 
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The arcs ab, cd, ef, and gh are inked first, care being taken 
that the arcs do not extend beyond the points of tangency, 
and the straight lines are then drawn to meet them. The 
centers from which these arcs are described are indicated at 
i, /, k, and l. The main purpose of the illustration is to show 
how the center point is shifted to describe the required shade 
lines to conform to the principles of light and shade as already 
given. The arc a b and the straight lines a e and b c arc light 
edges, but arcs c d and ef are partly shade-lined. 

To add the shade lines on the arcs c d and ef , the compasses 
are set to the radius of the arc, and the centers are shifted 
from j and k along the 45° lines % y and % f y r to the points m 
and n , respectively, and arcs are drawn tangent to arcs c d 
and ef, from the points c' and e f to d r and 
The arc gh is shade-lined without changing the center, by 
adjusting the pen to the desired thickness of shade line. The 
shade lines on the straight edges are then added. 

Experienced draftsmen save time by shade-lining at the same 
time the work is being outlined. 

Shade lines are extensively used on mechanical drawings 
in technical publications, as the details can be made clearer 
and fewer views of the subject are necessary. Shade lines are 
required on patent-office drawings. 
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SUPERELEVATION OF OUTER RAIL 

1. As explained in Kinematics and Khietics , a train mov- 
ing: in a circular track exerts a centrifugal force on the rails 
that is directly proportional to the square of the velocity and 
inversely proportional to the radius of the curve. As the 
radius of the curve is inversely proportional to the degree 
of curve, the centrifugal force is directly proportional to the 
degree of curve. In order to avoid all danger of derailment, as 
well as the wear of both rail and wheel caused by their mutual 
pressure,- the outer rail of the curve is superelevated; that 
is, made higher than the inner in such manner that the cen- 
tripetal force necessary for the circular motion of the train 
will be furnished by a component of the normal pressure of 
the rails, and that there will be, therefore, no lateral pressure 
between rails and wheels. The difference e between the 
elevation of the outer rail and that of the inner is called the 
superelevation of the outer rail; and, in order that the con- 
ditions specified may be fulfilled, the following-equation must 
be approximately satisfied (see Kinematics and Kinetics ) : 

G v* 

gR 

in which e = superelevation, in feet; 

G f = horizontal distance, in feet, between centers of 
heads of rails; 

R = radius of curve, in feet; 
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v = velocity of train, in feet per second; 
g = acceleration due to gravity = 32.16 feet per 
second. 

The gauge on curves is a little greater than on level track; 
for a gauge of 4 feet 8-2 inches, G f is approximately 4.9 feet. 
If the degree of curve is denoted by D , we have, very 

e 7 Of) 

nearly, R = ’ . If the velocity, in miles per hour, is 

denoted by V \ then 

__ 5,280_ y _ 22 y 
60 X 60 15 

Substituting these values in formula 1, and reducing, 
e = .000058 D V* (2) 

2. Table I, at the end of this Section, gives the values of e 
corresponding to all values of V and D that are likely to be 
required in practice. This table is computed from a more 
accurate formula than the one just given. The latter for- 
mula is sufficiently exact if no tables are at hand. 

Table I contains the theoretically best superelevations 
computed to accommodate the fastest train that will pass 
over the line. In practice, these figures are often modified, 
especially if the track is used for both freight and passenger 
traffic. A superelevation of more than 8 inches is rarely 
allowed in this case, for this would endanger the slower- 
moving freight trains. For sharp curves, slow-down orders 
must be issued. Some railroads make use of special tables 
of superelevations based on the kind of traffic to be 
accommodated. 

Example.— To find the superelevation for a 6° circular curve, if the 
velocity of the fastest train that is to pass over the curve is 50 miles 
per hour. 

Solution. — In Table I, in the same horizontal line with 6°, and in 
the column headed 50, we find .844. The superelevation is, therefore, 
.844 ft. Ans. 
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EXAMPLES FOR PRACTICE 


Find, by Table I, the superelevations for the following circular 
curves and maximum train speeds: 

1. D = 4°; V = 60. Ans. .811ft. 

2. D = 10°; V = 40. Ans. .898 ft. 

3. D = 18°; V = 30. Ans. .906 ft. 

4. D = 45°; r = 15. Ans. .559 ft. 


DEFINITIONS 

3. Transition Curves. — From Arts. 1 and 2, it is 
seen that the entire outer rail of a circular curve from the 
P. C. to the P. T. should be elevated above the inner rail. 
Theoretically, it should attain this superelevation exactly at 
the P. C., for as long as the train is on the tangent the two 
rails should be at the same level, while the instant it enters 
the curve it should find the outer rail elevated. 

It is, of course, impossible to make a sudden change in 
the elevation of the outer rail exactly at the P. C. It is, 
therefore, customary to begin to raise the outer rail at a 
point on the tangent back of the P. C., and gradually 
to increase the elevation until, at some point on the curve, 
the outer rail reaches the proper superelevation. 

The objections to this method are that the superelevation 
on the tangent is not theoretically needed, while the proper 
superelevation is not given to the outer rail throughout the 
curve. When the train enters a curved track constructed in 
this way, a disagreeable lurch is felt. Then, too, in passing 
from a tangent to a curve, the trucks must take a new posi- 
tion with reference to the car body, and the couplers must 
move through an angle. With long cars and sharp curves, 
these motions are made very suddenly. 

4. In order to overcome the shock and disagreeable lurch 
of trains due to the sudden change of direction and to the 
sudden change in elevation of the outer rail, a curve, called a 
transition curve, is introduced, the purpose of which is to 
connect the tangent with a circular curve in such a manner that 
the change from one to the other will take place gradually. 


I L T 281—17 
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5. Center of Curvature. — Let P, Fig. 1, be a point on 
any curved line A PB. From P draw two chords PM and 
PN, and at the middle points of these chords erect the per- 
pendiculars L 0' and HO', The point O' in which these two 
lines meet is equally distant from the points M \ P , and N; 
therefore, with O' as a center and a radius O' P, a circular 
arc C PR may be drawn that will pass through M , P , and N. 

If, now, the points M and N are moved continually nearer 
to P } it is found that, as the chords shorten, the intersection O' 
approaches a definite limiting position 0; this point, which O' 
approaches the more closely the shorter the chords are drawn, 



is called the center of curvature of the curve AB at the 
point P , Its exact position is determined by the use of 
advanced mathematics; its approximate position may be 
found by drawing from P two very short chords, and finding 
the point of intersection of the perpendiculars at their middle 
points. 


6. Osculating Circle and Radius of Curvature. — A 
circle drawn from 0, Fig. 1, as a center, with OP as a radius, 
is called the osculating circle to the curve AB at the 
point P. This circle is tangent to the curve at P , and its 
radius O P is called the radius odC curvature of the curve A B 
at the point P . The value of the xadfus of curvature at any 
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point of a curve can be determined by formulas given in 
works on the differential calculus. 

Fig. 2 shows the osculating circles drawn at three points P u 
P 3 ) and P 3 of the curve CP x P a B. It should be noted that, 
as the curve becomes sharper, the radius of the osculating 
circle diminishes. 

The curvature, or sharpness, of a curve is greater the 
smaller the radius of curvature. Thus, in Fig. 2, the curve CB 



Fig. 2 

has a greater curvature at P , than at P ai and a greater curva- 
ture at P a than at P x . 

7. The tangent to any curve at any given point is the 
tangent to the osculating circle at that point. . Thus, in Fig. 2, 
the tangent to the curve CB at P a is the line DE , tangent to 
the osculating circle 0 fl . 

8. Degree of Curve, — The degree of curve of a 
simple circular curve is the angle between two radii drawn 
from the center to points on the curve 100 feet apart, the 
distance being measured on one or more chords. Thus, 
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if LM % Fig. 3, or LM' + M' M, Fig. 4, or LM' + M f M" 
+ M !l M m + M tn My Fig. 5, is 100 feet, the degree of curve 
is the angle D . 

In the best railroad practice, circular curves up to a 
7° curve are measured with 100-foot chords, as shown in 
Fig. 3; from 7° to 14°, they are measured with 50-foot chords, 
x M as shown in Fig. 4; and from 14° 

\ ioo' i , upwards, they are measured 
\ / with 25-foot chords, as shown 

V 0° to 7° / 


\ i 


V 

O 

Fig. 3 



in Fig. 5. Thus, an 8° curve is one in which two 50-foot 
chords together subtend an angle of 8° at the center; a 20° 

curve is a curve in which 
four 25-foot chords subtend 
an angle of 20° at the center. 
When the curve is measured 
in this way, the formula 
r> 5,730 
D 

will give the value of the 
radius with sufficient accu- 
racy. It is evident that the 
greater the degree of curve, 
the greater is the curvature or sharpness of the curve. 

9. The degree of curve of any curve at any given point 
is the degree of curve of a circular curve whose radius is 
equal to the radius of curvature, at the given point, of the 





o 

Fig. 5 
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curve under consideration. Thus, the degree of curve of CB, 
Fig. 2, at Pi is the degree of curve of a circular curve whose 
radius is Z 5 , 0 lt the radius of curvature of the curve at /*,. 

10. The curvature of a transition curve gradually 
increases from the P. C., where it is zero, to the point at 
which the transition and the circular curve meet, where it is 
equal to the curvature of the latter curve. 

Thus, if C P 3 , Fig. 2, is a transition curve connecting 
the tangent R T at C with a circular curve P 3 H at P 3 , the 
degree of curve of C P 3 gradually increases between C, 
where it is zero, and P 3 > where it is equal to the degree of 
curve of the circular curve P 3 H. The circular curve at P 3 is 
a part of the osculating circle to the transition curve at the 
same point. 

11. The Transition Spiral. — The transition spiral is 
a transition curve in which the degree of curve at any point 



increases directly as the distance of this point, measured along 
the curve, from the tangent. The degree of curve is always 
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zero at the tangent, and, at the point at which the spiral meets 
the circular curve, equals the degree of the circular curve. 

The point at which the transition spiral joins the tangent 
is called the point o f spiral, and is denoted by P. S x (see 
Fig. 6). 

The point at which the transition spiral joins the circular 
curve is called the second point of spiral, and is denoted 
by P. S 3 . 

In Fig. 6, CA is a transition spiral connecting the tan- 
gent R T with the circular curve A B: C is the point of 
spiral P. S t , and A is the second point of spiral P. S a . If 
another spiral is inserted between the end B of the circular 
curve and the tangent R ! V , then, for this curve, B is the 
second point of spiral, and C is the point of spiral. 

The degree of curve of CA is zero at C, and at A it is 
equal to the degree of curve of A B . Between these points, 
it varies as the distance from C. For example, if AB is an 
8° curve, the degree of curve -of the spiral at a points, 
half way between C and A, is i X 8° = 4°; at w, one-fourth 
of the distance from C to A , it is i X 8° = 2°; at a point r, 
three-fourths of the distance from C to A , it is f X 8° = 6°. 

As with simple circular curves, a distance of 100 feet on the 
spiral is called a station. 
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GENERAL PROPERTIES OF THE 
TRANSITION SPIRAL 

12. Degree of Curve at Any Point on the Spiral. 
The unit degree of curve of spiral is the degree of curve 
of the spiral at a point 100 feet from the point of spiral. 
In Fig. 6, if Cn is 100 feet, the unit degree of curve of 
spiral is the degree of curve of the spiral at n . In the 
example given in Art. 11, the unit degree is 2°. 

Let a = unit degree of curve of spiral; 

l = distance, in stations, from point of spiral to any 
other point of the curve; 
d = degree of curve of spiral at this point. 

From the definition of a transition spiral, it follows that 

d=al (1) 

At the second point of spiral P. S a , the degree of curve of 
spiral equals the degree of curve D of the simple circular 
curve. If L is the whole length of the spiral, expressed in 
stations, formula 1 becomes 

, D = aL (2) 

from which a = (3) 

The last formula gives the unit degree of curve of spiral 
when the degree of the circular curve and the length of spiral 
are known. 

Example: 1. — If CA , Fig. 6, is a transition spiral 400 feet long con- 
necting the tangent with an 8° curve, and if n,m, and r are distant 1, 
2, and 3 stations, respectively, from P. Si, find the degree of curve of 
spiral at n, m . r, and A . the unit degree of curve of spiral being 2°. 

Solution.— A pplying formula X, we have: 

At *, / = 1 sta.; d = 1 X 2° « 2° 

At w, 1 = 2 sta.; d = 2 X 2° = 4° 

At r, / - 3 sta.; d * 3 X 2° = 6° 

At A t L = 4 sta.; D - 4 X 2° » 8°, 


Ans. 
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Example 2.— A spiral 360 feet long connects a tangent with a 
4° 30' curve. What is the unit degree of curve of spiral? 

Solution.— Here, D = 4° 30 7 = 4.5°; L = 3.6 sta.; hence, by 
formula 3, 

a = 4.5° -*• 3.6 = 1.25° = 1° 15'. Ans. 


EXAMPLES FOR PRACTICE 

1. A spiral 240 feet long connects a tangent with a 3° circular 
curve. Find: ( a ) the unit degree of curve of spiral; (£) the degree of 
curve of spiral at points 50, 150, 200, and 240 feet from the P. S». 

Ans /(*> 1015 ' 

Ans -i($) 37.5', 1° 52.5', 2° 3 O', and 3° 


2. In the following two examples, find a for each spiral, and also 
the values of d at the points indicated: (a) Spiral 600 feet long con- 
necting with a 2° curve; points 100, 200 , 300, 400, 500, and 600 feet from 
P. Sx. (5) Spiral 150 feet long connecting with a 6° curve; points 20, 
30, 60, and 150 feet from P. Si. 

x) a = 20'; d = 20', 4(y, 1°, 1° 20', 1° 40', and 2° 

9 Al a-nA 


Ans 


■{if: 


b) a = 4°; d = 4^, 1° 12', 2° 24', and 6° 


13. Superelevation of Outer Kail at Any Point of 
tlie Spiral. — The superelevation at any point of the spiral 
should equal the superelevation required by the osculating 
circle at that point. The degree of curve of the osculating 
circle, which is the same thing as the degree of curve of 
spiral at the point, may be computed by formula 1, Art. 12, 
and the corresponding superelevation computed by the for- 
mula in Art. 1, or taken from Table I at the end of this 
Section. Another method, which is usually simpler, is as 
follows: If e is the superelevation at the P. S a , and D is the 
degree of the circular curve, we have (Art. 1), 

* = .000058 D V 8 
Writing for D (Art. 12), 

<?= .000058 aLV* (1) 

Similarly, if e L is the superelevation at any point whose 
distance from P. Sx is / stations, 

€i = .000058 alV % 


( 2 ) 
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Therefore, dividing (2) by (1), -- — — 

e L 

and = e X -y 

Is 

By this formula, e t can be computed for any point on tl^e 
spiral, when e has been computed or taken from the table. 

Example. — A spiral 400 feet long connects with a 6° curve. To 
find the superelevation at points 50 feet apart on the spiral, if a train 
speed of 50 miles per hour is to be allowed for. 

Solution by Table. — The unit degree of curve of spiral is first found. 
Here, D = 6°, and L = 4 sta.; therefore, by formula 3, Art. 12, 
a = 6° -i- 4 = 1° 30 7 

Next, the degree of curve of spiral at each point is found by for- 
mula 1, Art. 12: 

At first point, / = d = 1° 30' X i = 0° 45' 

At second point, l = 1; d = 1° 30' X 1 = 1° SW 

At third point, / = f ; d = 1° 30' X f = 2° 15' 

At fourth point, / = 2; d = 1° 30' X 2 = 3° 0' 

At fifth point, / = f ; d = 1° 30' X f = 3° 4P 

At sixth point, / = 3; d = 1° 30' X 3 = 4° 3tr 

At seventh point, / = •£; d = 1° 30' X \ — 5° 15' 

At P. S a , / = 4; d = 1° 30' X 4 = 6° 0' 

From Table I, the following superelevations are obtained, using 
interpolation when necessary: 

At first point, X .143 = .107 ft. 

At second point, = .214 ft. 

At third point, .285 + \ X(.427 —.285) = .321 ft. 

At fourth point, = .427 ft. * 

At fifth point, .427 + \ X (.568 - .427) = .533 ft. [ 

At sixth point, .568 +|* X (.707 — .568) = .638 ft. 

At seventh point, .707 + i X (.844 - .707) = .741 ft. 

At P. S a * .844 ft. 

Solution by Formula.— From Table I, the value of e at P. S 8 ie 
found to be .844 ft. The superelevation at the other points is found 

by the formula a = e X j-. At P. S x , e t = 0. 

At first point, e t — .844 X i = .106 ft. 

At second point, ei = .844 X i = .211 ft. 

At third point, ei — .844 X i = .317 ft. 

At fourth point, e { = .844 X i » .422 ft. > Ans. 

At fifth point, ei = .844 X | - .528 ft. 

At sixth point, ei = .844 X f = .633 ft. 

At seventh point, ei =* «44 X $ = .739 ft. 
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The results differ slightly from those of the first solutiou, because 
the formula given in Art. 1 is only approximate. The differences, 
however, are unappreciable in practical work. 


EXAMPLES FOR PRACTICE 

Find by Table I the superelevation at each station of the following 
three spirals: 

1. Length = 400 feet; degree of circular curve = 2°; greatest train 
velocity = 60 miles per hour. 

A f At P. S x , 0; at Sta. 1, .103; at Sta. 2, .206; 
Ans ‘i at Sta. 3, .308; at P. S 3 , .41 ft. 


2. Length = 500 feet; D — 10°; greatest train velocity = 40 miles 

per hour. Ans. .000, .183, .365, .545, .723, and .898 ft. 

3. Length = 240 feet; D = 6°; greatest train velocity = 60 miles 

per hour. Ans. .000, .511, 1.006, and 1.196 ft. 


14. Advantages of the Transition Spiral. — The 
student is now prepared to understand the advantages 
gained by the use of the transition spiral. On leaving the 
tangent R C, Fig. 6, the train passes over a curve whose curva- 
ture continually becomes sharper and sharper until finally it 
becomes equal to that of the circular curve A B. At each 
point of the track CA , the superelevation is exactly what 
it should be to correspond to the curvature, and besides this 
the direction of motion is changed gradually and uniformly 
from the direction on the tangent to that on the curve A B . 
This insures smooth riding and greatly lessens lurching and 
jarring, which are so injurious to the roadbed and rolling 
stock. While it is true that the superelevation must be 
computed for the maximum train speed, yet transition spirals 
are advantageous for low speeds also. 

15. Although a great number of American roads employ 
transition curves, there are still many lines on which they 
have not come into use. It may, therefore, not be out of 
place to state one or two instances in which their value has 
been clearly shown. 

There is a curve on the Lehigh Valley Railroad over 
which the Black Diamond Express now runs sometimes as 
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fast as 75 miles per hour. The curve is a 4° curve, 1,000 feet 
long, at which for many years all trains were obliged to slow 
down. It was seriously contemplated to change the line to 
lighter curvature at a cost of about $1,500. Instead of this, 
a spiral 240 feet long was inserted, when for the first time in 
25 years a slow-down was not required for this curve. 

An exactly similar result was attained on the Cleveland, 
Cincinnati, Chicago & St. Louis Railroad by spiraling the 
numerous curves near Sydney, Ohio. These were on a 
down grade and the trains were obliged to reduce speed 
greatly before the spirals were inserted; afterwards, the 
speed was not reduced. 

The cost of spiraling curves on new track is scarcely 
appreciable, the only expense being the slight additional 
time required from the engineer. When properly chosen 
spirals are inserted in old track, the rails need to be thrown 
but little, if any, more than would be necessary in realine- 
ment without spirals. It has even been the experience in 
some divisions that the cost of maintenance of track was 
actually less during the years in which the curves were being 
spiraled than in the years preceding. 

16. Angle of Deviation and Angle of Deflection. 
Let CA, Fig. 7, be a spiral connecting the tangent RT 
with the circular curve A B. Let P be any point on the 
spiral and HN a tangent to the spiral at the point P. 

The angle that a tangent drawn to the spiral at any point P 
forms with the original tangent R T is called the deviation 
angle for the point P. It is represented by the Greek small 
letter 8 (called delta). 

In the figure, the angle H NT is the deviation angle for 
the point P. 

If / is the distance CP expressed in stations, and a is the 
unit degree of curve of spiral, then 

8 * ial’ (1) 

This and other formulas relating to the spiral are here 
given without deriving them, as their derivation requires the 
use of advanced mathematics. 
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When the point P coincides with the P. S a , the deviation 
angle becomes LK T, which is represented by the Greek 
capital letter A (called delta). If L is the whole length C A 
of the spiral, formula 1 becomes, for the P. S„, 

A = iaL 3 (2) 

Since LKT = AEC, it follows that A is the whole cen- 
tral angle of the spiral, which measures the whole change 



in direction of the track between the original tangent and 
the P. S a . 

17. The angle between the original tangent and a chord 
drawn from the P. S a to any point of the spiral is called 
the deflection angle to this point. It is represented by 
the Greek letter d (called theta). In Fig. 7, TCP is the 
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deflection angle for the point P. It is the angle that must 
be deflected at the P. Si from the original tangent, in order 
to locate the point P of the spiral. 

It can be shown that 6 is slightly less than id. The 
formula connecting 6 and 3 is 

0 = id- JV 

in which the value of N may be taken from the accompany- 
ing small table. Interme- 
diate values may be found 
by interpolation. Degrees 

Example. — A spiral 600 feet 
long connects a tangent with 3 
a 12° curve. To find the devia- 4 
tion and deflection angles for a ^ 
point 580 feet from the P. Si. ^ 

Solution. — By formula 3, 

Art. 12 , the unit degree of ^ 
curve of spiral is 12° -i- 6 = 2°. 

Since the point is 5.8 sta. from the P. Si, l — 5.8. Therefore, by 
formula 1, Art. 16, 

d = i X 2° X 5.8 a = 33.64° = 33° 38.4'. Ans. 

To find the deflection angle, we have, 

i d = 11° 12.8' 

Interpolating from the table just given, 

N = 1.9' + UX (2.4' - 1.9') = 2.0' 

Therefore, 0 = \ 3 - N = 11° 10.8' Ans. 


JV 

** 

N 

Minutes 

Degrees 

Minutes 

.0 

8 

-7 

.1 

9 

1.0 

.2 

10 

1.4 

•3 

1 1 

i-9 

•5 

12 

2.4 


18. Tables of Transition Spirals. — For laying out a 
spiral in the field, certain angles and distances are required. 
These may be computed from equations as they are needed, 
or their values may be computed for points on the spiral 10, 
20, 30, etc. feet from the P. S 9 , and these values tabulated. 
At the end of this Section, such tables are given, computed 
for fourteen different spirals. The unit degree of curve in 
Table II is small, and the spiral turns off very slowly from 
the tangent; in each table, the unit degree is larger than in 
the preceding; the spiral of Table XV turns off very rapidly 
from the tangent.* 

*Eleven of these tables are taken by permission from an excellent 
treatise by Arthur N. Talbot, C. E., entitled “The Railway Transition 
Spiral.’ * The others have been calculated for this work. 
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The use of these tables saves a great deal of labor. Some- 
times, however, a spiral must be inserted for which no table 
is at hand, and then the various angles and distances must 
be computed by such formulas as have been given in the 
foregoing pages. If an engineer often has to use spirals 
for which he has no tables, he should compute the tables 
himself; by so doing he will save considerable time and 
expense, and otherwise expedite the work. 

In the tables here given, the values of o and d are tabulated 
for fourteen different spirals. Above the first column of each 
table, there is given the value a of the unit degree of curve 
of spiral for which the table is computed. The first column, 
headed /, contains the lengths, in feet, of the various arcs CP, 
Fig. 7, between the P. S, and the corresponding points on the 
spiral. The second column, headed d , gives the degrees of 
curve of spiral at these points; the third column gives the 
corresponding deviation angle d , and the fourth column the 
deflection angle 6. 

Example 1. — A spiral 200 feet long connects a tangent with a 
5° circular curve. To find the degree of curve, the deviation angle, 
and the deflection angle to points 40 feet apart on the spiral. 

n 50 

Solution. — By formula 3, Art. 12 5 a = — = ™= 2° 30'. This 
corresponds to. Table XII. 

For the first point, 40 feet from P. S x , we find, in the same hori- 
zontal line with 40, d = 1°, d = 12', and 0 = 4'. For the second point, 
we look in the table opposite 80 in the first column, and similarly with 
the others. The results are as follows: 

Distance (Feet) of Degree of Curve Deviation Deflection 


Point From P. S x 

of Spiral 

Angle 

Angle 

40 

i°v 

0 ° 12 ' 

0° 4' 

80 

2° O' 

O 

O 

GO 

0 ° 16' 

120 

3° O' 

1° 48' 

0 ° 36' 

160 

4° O' 

3° 12' 

1° 4' 

200 

5° O' 

5° O' 

1° 40' 


Example 2.— The station number of the P. S x is 68 + 25. The unit 
degree of curve of spiral is 1 ° 40' , and the length of spiral is 400 feet. 
To find the deflection angles to even stations of the spiral. 

Solution.— S ince a = 1° 40', Table X should be used. Sta. 69 is 
75 ft. from the P. S x ; therefore, the deflection angle to Sta. 69 » 8* 
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+ itt X (10.5' - 8') = 9.2'. 


Station 


/, IN 

Feet 


The rest of the computation is as follows, 


69 75 0 = 8' + -ft X (10.5' - 8') = 9.2' 1 

70 175 0 = 48' +-nj X (54' - 48') = 51.0' 

71 275 = 2° 1.5' + -ft X (2° 10.5' - 2° 1.5') = 2° 6.0' fAns. 

72 375 0 = 3° 48' +^X (4° .5' - 3° 48') = 3° 54.2' 

P. S 3 400 0 = 4° 26.5' J 


EXAMPLES FOR PRACTICE 

1 . In the following two examples, find the degree of curve of spiral, 
the deviation angle, and the deflection angle to points on the spiral 30, 
60, 90, etc. feet from the P. S x , and also the values of these angles at 
the P. S a : ( a ) Spiral 200 feet long; degree of circular curve = 4°. 
( b ) Spiral 160 feet long; degree of circular curve = 2°. 

(a) Degrees of curve: 36', 1° 12', 1° 48', 2° 24', 3°, 3° 36', and 4°; 
deviation angles: 5.5', 21.5', 48.5', 1° 26.5', 2° 15', 3° 14.5', 
* and 4°; deflection angles: 2', 7', 16', 29', 45', 1°5', and 1° 20' 

Ans * (d) Degrees of curve: 22.5', 45', 1° 7.5', 1° 30', 1° 52.5', and 2°; 

deviation angles: 3.5', 13.5', 30.5', 54', 1° 24.5', and 1° 36'; 
deflection angles: 1', 4.5', 10', IS', 28', and 32' 

2. If the station number of the P. S x is 116 + 38, the length oi 
spiral 200 feet, and the unit degree of curve of spiral 3° 20', find the 
degree of curve of spiral at each station and at the P. S a . 

Ans. 2° 4', 5° 24', and 6° 40 

3. In example 2, find the deflection angles to each station and to 

the P. S a . Ans. 0° 12.8', 1° 27.2', and 2° 13' 


19. Angle Between Chord and Tangent. — In Fig. 7, 
the exterior angle KN P of the triangle N PC is equal to 
the sum of the two opposite interior angles; that is, 

TNP = NCP+ CPN 
or, 8 = d + CPN 

Therefore, CPN = d — d 

When running in a spiral, if the transit is moved forwards 
to some point P, and a backsight taken on P. S u then CPN 
is the angle that must be deflected from this direction to 
bring the telescope tanget to the spiral at P . 

Example. — A spiral 300 feet long connects with a 15° curve. When 
die stake at P. S 2 had been set, the transit was moved forwards to 
this point, and a backsight taken on P. Si. Required, the angle that 
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must be deflected from this direction to bring the telescope tangent 
to the spiral and circular curve at P. S 2 . 

Solution.— Here, a = 15° + 3 = 5° (Art. 12); therefore, TableXIV 
must be used. The transit point is 300 ft. from the P. S x ; in the table, 
opposite 300 , we find d = 22 ° 30 7 , and 0 = 7 ° 29 '. By the formula in 
this article, the required angle is 22 ° 30 ' — 7 ° 29 ' = 15° 1'. Ans. 

20. Coordinates of the Spiral. — Let P, Fig. 8, be any 
point of a spiral, and PR the perpendicular distance from 



this point to the original tangent. This perpendicular is rep- 
resented by y , and its value in feet is given by the formula 
y — PR — .291 a I s — a* M ( 1 ) 
in which a = unit degree of curve of spiral; 

l = distance CP from P. S, to P \ expressed in 
stations. 

The value of M corresponding to any value of l may be 
taken from the accompanying table: 


l 

M 

l 

M 

/ 

M 

3 -o 

.003 

5*5 

.241 

8.0 

3*314 

3*5 

.010 

6.0 

•4 42 

8.5 

5.065 

4.0 

.026 

6.5 

*775 

9.0 

7*557 

4*5 

.059 

7.0 

1. 301 

9*5 

11.033 

5 *o 

.124 

7*5 

2.109 

10. 0 

15.800 


The distance CR , measured along the original tangent 
from the P. S x to the foot of the perpendicular PR , is repre- 
sented by This distance is somewhat shorter than the 
distance CP measured along the curve: the difference in 
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length between CR and CP is called the x correction, and 
is given by the formula 

x = CP - CR = .000762 aV (2) 

This formula gives the quantity to be subtracted from CP, 
expressed in feet, to obtain the length CR in feet. 

The values of y and the x correction, expressed in feet, 
corresponding to different points of the various spirals, are 
given in the sixth and seventh columns of Tables II to XV. 

Example.— To find the values of PR and CR to a point of the 
spiral 310 feet from the P. S, in the example of Art. 17. 

Solution by Using Formulas 1 and 2 . — We have, in this example, 
a 2 A — 3.1, and from the small table in this article, using inter- 
polation, 

M = .003 + i (.010 - .003) = .004 

Substituting these values in formula 1, 

_ . . y = -291 X 2 X 3.1 s - 2 s X .004 = 17.31 ft. Ans. 

^substituting known values in formula 2, 

x cor. = .000762 X 2 2 X 3.1 5 = .9 ft. 

The distance l — 310 ft. ; therefore, the distance CR = 310 — 9 
= 309.1 ft. Ans. 

Solution by Using the Tables.— From Table XI, in a horizontal 
line with l = 310 of the first column, we find y = 17.31 and xcot. 
= .9. Therefore, PR = 17.31 ft., and CR = 310 - .9 - 309.1 ft., as 
before. 


EXAMPLES FOR PRACTICE 

Find, from the tables, the distances PR and CR for the point 
indicated in each of the following four spirals: 

1. / = 400 feet; a = 1° 40'. Ans. 30.92 ft. and 397.8 ft. 

2. / = 300 feet; a = 1°. Ans. 7.85 ft. and 299.8 ft. 

3. I = 400 feet; a = 2°. Ans. 37.04 ft. and 396.9 ft. 

4 ■ i = 302 feet; a = 5°. Ans. 39.61 ft. and 297.2 ft. 


21. The Spiral Offset and the * Correction. — Let the 
circular curve BA, Fig. 8, be produced backwards until at a 
point E it becomes parallel to the original tangent — that is, 
until the tangent HW\o the circular curve becomes parallel 
to R' T. 

The point E at which a spiraled circular curve, if produced 
backwards, becomes parallel to the original tangent is called 
the point of curve, and is denoted by P. C. 

L L T 281—18 
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The offset E V from the point of curve to the original 
tangent is called the spiral offset. The spiral offset is a 
very important distance in laying out the transition spiral. 
It is represented by F y and its value, in feet, is given by the 
formula 

F = .072709 oU (1) 

in which a = unit degree of curve of spiral; 

L = whole length of spiral expressed in stations. 

If M' y Fig. 8, is the middle point of the spiral — that is, a 
point half way between the P. S a and the P. S 3 — it will always 
be found that the spiral offset cuts the spiral at a point M that 
is a very short distance to the left of M f . The distance C V 
will therefore always be slightly less than the distance C M r • 
The difference between the half length of spiral CM’ and the 
distance C V from the P. Si to the foot of the spiral offset is 
called the t correction; it is denoted by t y and its value, in 
feet, is given by the formula 

t = CM f -CV= .000127 a* L* (2) 

This correction must be subtracted from the half length of 
spiral, expressed in feet, to obtain the distance CV y in feet. 

The values of A"and t are given in the fifth and eighth, 
columns of the tables. The value of l in the first column, 
corresponding to which we find F and the i correction, is to 
be taken as the whole length of the spiral. 

Example. — To find the distances E V and C V for a spiral 400 feet 
long that connects with a 2° curve. 

D 2 ° 

Solution by Using Formulas 1 and 2.— Here, « = -- = — = -1- 

L 4 

The whole length of spiral is 4 sta. Therefore, substituting in 
formula 1, 

F = .072709 X i X 4 s = .072709 X i X 64 = 2.33 ft. Ans. 

By formula 2, 

t correction = .000127 X J 8 X 4 5 = .033 ft. 

Therefore, 

CV = \ X 400 ft. - .033 ft. = 199.97 ft. Ans. 

Solution by Using the Tables— Since a = Table II should 
be used. Since the whole length of spiral is 400 ft., we look alon^ 
the same horizontal line with 400 of the first column, and find F = 2.33; 
t cor. = .03. Therefore, as before, E V = 2.33 ft. , and CV= 199.97 ft* 

Ans 
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"EXAMPLES FOR PRACTICE 

Find the spiral offset and the distance C F lot each of the following 
four spirals: 

1. a = 1°; length = 400 feet. Ans. 4.05 and 199.87 ft. 

2. a = 1° 40'; length = 440 feet. Ans. 10.20 and 219.4 ft. 

3. a = 0° 30 / ; length = 650 feet. Ans. 9.97 and 224.03 ft. 

4. Spiral 500 feet long, connecting with a 4° curve. 

Ans. 7.26 and 249.75 ft. 

22. The Middle Point of the Spiral Offset.— If 
Fig. 8, is the middle point of the spiral, and Jlf' K is its offset 
from the original tangent, it will be found that, even in the 
longest spirals, M* K is almost exactly equal to one-half the 
spiral offset V R. The distance CK from the P. S x to 
the foot of M* K is almost exactly equal to the distance C V 
from the P. S x to the foot of the spiral offset. Consequently, 

The spiral offset and the spiral very nearly bisect each other; 
the point M at which the spiral cuts the offset is almost exactly 
half way between the P. C. and the original tangent. 

A knowledge of this fact is of much use in the selection of 
spirals to fulfil given topographical conditions, as will be 
explained further on. 

Example.— If the unit degree of curve of spiral is 1° 15', and the 
length of spiral is 500 feet, find the spiral offset VI s, the offset KM ' 
to the middle point of spiral, and the distances C V and C A" from P. Si 
to the foot of these offsets. 

Solution. — From Table IX, opposite the length 500 in the first col- 
umn, we find F = 11.33 ft. Ans. 

Since CM r/ = 250 ft., we find from the table, opposite 250 in the first 
column, y « M f K = 5.67 ft. Ans. 

Thus, AP K is almost exactly equal to £ FR, Similarly, 

CV*> 250 — .6 » 249.4 ft- 1 . 

CK » 250 - .1 » 249.9 ft. J Ans * 
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TANGENT DISTANCES 

23. Problem I. — Given a spiraled circular curve , to find 
the distance from the point of intersection of the tangents to each 
P. Si, when the lengths of the two spirals are equal 

Let R T and R! T, Fig. 9, be the .two tangents intersecting 
in T Let A B be the circular curve, and CA and C B the 


Fig. 9 

two equal spirals. It is desired to find the distance TC 
= TC f . 

Let 0 be the center of the arc A B . Draw O V and O V f y 
perpendicular, respectively, to RT and R f T> and produce 
AB until it meets these lines ini? and E f . These points are 
called, respectively, the point of curve P. C. (Art. 21), 
and the point of tangent P. T. of the produced circular 
arc A B . 

Draw OT \ In the right triangles VOT and WOT, O V 
= OV r = R + is and 0 T is common to both triangles; 
therefore, the triangles are equal, and the angle VOT 
= V f 0 T = i 7. Hence, 

VT= V'T= OV tan*/* (R + F) tan \ I 
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The desired distance is C T , which equals V T + C V; 
or, substituting for VI" the value just found, and for C V the 
value (i length of spiral — / correction) (Art. 21), 

CT= CT — h length - / cor. + (R + F) tan * / 

Example.— A 0° curve is connected at both ends with the tangents 
by equal spirals, each 300 feet long. To find the distance from the 
point of intersection of the tangents to P. Sj of each spiral, if the angle 
between the tangents is 80° 20'. 

Solution.— Here a = 6 -s- 3 = 2°, and, therefore, Table XI should 
be used. In this table, opposite 300 in the first column, we find 
F = 3.91 ft., and t cor. = .1 ft. 

The radius R of the circular curve is 5,730 -s- 6 = 955 ft.; the half 
length of spiral is ^ X 300 = 150 ft. Substituting these values in the 
foregoing formula, 

a T = 150 - .1 4 (955 + 3.91) tan 40° 10' = 959.3 ft. Ans. 

24, Problem II. — Given a spiraled circular curve , to find 
the dista?ice from the point of hitersection of the tangents to each 
P. S., when the lengths of the two spirals are not equal . 

JP 



If, Fig. 10, with a radius 0 V and a center O , a circular arc 
VSH is drawn, we shall have, exactly as in the last article, 
VJ = JH = O V tan ■£ / = (R + J?) tan i/ 
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If, from J , a perpendicular JN to the tangent R' T is 
drawn, then JN = H V' = E V — EV. But E V' is the 
spiral offset to the second spiral, and E V is the spiral offset 
to the first spiral. Writing E' V 1 = F’ and EV=F, we have, 
therefore, JN = F ! — F. 

(a) To Find the Distance CT. — The figure gives 

CT= CV+ VJ+JT (1) 

Now, C V = i X length CA — t cor. ( see Art. 21); also, 

VJ = (R + F) tan 2 1 1; and, from the small triangle J TN, 
jT __ JN _ JN _ F'-F 
smJTN sin/ sin/ 

Therefore, substituting these values in (1), 

C T = 2 length of spiral — t cor. 

+ (R + F) tan \I+ F r~ f (1) 
sin/ 

This formula gives the distance from the P. S t of the 
shorter spiral to the point of intersection of the tangents. 

( b ) To Find the Dista?ice C f T. — The figure gives 

C'T= C'V' + V'N- TN (2) 

Now, C r V' = i X length of second spiral — t cor. for this 
spiral; 

V'N = JH = (R + F) tan i I; 
and, in the triangle J TN, 

TN = JN cot JTN = (F' - F) cot I 

Therefore, substituting these values in (2), 

C' T = 2 length of spiral — t' cor. 

+ (R + F) tan if — (F' — F) cot / (2) 

This formula gives the distance from the P. S x of the 
longer spiral to the point of intersection of the tangents. 

Example. — T wo tangents intersect at Sta. 820, and are to be con- 
nected with a 5° circular curve. The length of the first spiral is to be 
250 feet, and that of the second is to be 400 feet; the angle between 
the tangents is 31° 48'. To find the station number of P. S x , and the 
distance from the point of intersection of the tangents to P. Sx ; . 

Solution.— T he unit degree of curve of the first spiral is 5° -s- 2.5 — 2°. 

From Table XI, first spiral offset — F — 2.27 ft. 

The unit degree of curve of the second spiral = 5° + 4 = 1.25°, 

From Table IX, second spiral offset = F* = 5.8 ft. 
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(i a ) To find the tangent distance C T for the shorter spiral. — Here, 


R = 5,730 -h 5 = 1,146 ft.; F = 2.3 ft.; and / = 31° 48'. 

Therefore, (R + F) tan £ I = (1,146 + 2.3) tan 15° 54' . = 327.1 ft. 
Also, {F f - F) -r- sin / = (5.S - 2.27) -- sin 31° 48' . . . = 6.7 ft. 

And t cor. (Table XI) = .0; -J- length — t cor. = 125— .0 = 125.0 

Therefore, the desired distance CT = 458.8 ft. 

Ans. 

The station number of P. S x will be 820 — (4 + 58.8) = 815 + 41.2. 

Ans. 


(6) To find the ta?igent dista?ice C } T for the lo?iger spiral . — 


As before, ( R + F ) tan •£•/ = 327.1 ft. 

t cor. (Table IX) = .2; i length - t cor. = 200 - .2 . . = 199.8 

Sum = 526.9 ft. 

(F f - F) cot I = (5.8 - 2.27) cot 31° 48' = 5.7 

Therefore, C f T = 521.2 ft. 

Ans. 


To find the two points of spiral in the field, it would therefore be 
only necessary to run the two tangents to their point of intersection, 
and then to measure back on the first tangent the distance 458.8 ft., 
and on the second tangent 521.2 ft. 


EXAMPLES FOR PRACTICE 

1. If a circular curve is connected with the two tangents by spirals 

of equal lengths, find the distance from the point of intersection of the 
tangents to the P. S x , the data being as follows: length of spiral 
= 800 feet; degree of circular curve = 4°; angle between tangents 
« 65°. Ans. 1,323.4 ft. 

2. Two tangents that intersect at an angle of 50° are to be con- 
nected with a 5° circular curve by spirals. The first spiral is to be 
400 feet long and the second 500 feet. Find the distances from the 
point of intersection of the tangents to the P. S x of each spiral. 

Ans. For 400-ft. spiral, 741.20 ft.; for 500-ft. spiral, 783.96 ft. 
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TO LAY OUT A SPIRAL IN THE FIELD 


I. WHEN THE P. Sx OF EACH SPIRAL IS VISIBLE 
FROM THE P. S 2 

25. First Method. — Let R T and R* Fig. 11, be the 
two tangents that are to be connected with the circular 
curve AB by the two spirals CA and C f B. It will be 
assumed that the two spirals are of equal length. 



Compute the unit degree of curve of spiral (Art. 12); the 
spiral offset VE = V f E f (Art. 21); and the distance CV 
= C f V f (Art. 21); or obtain these quantities with th^help 
of the tables, and compute the distance C T = C r T (Art. 23) . 
Run the two tangents to their point of intersection T \ meas- 
ure back from T the distances T C and T C\ and at C and O 
set stakes marked P. S x . 
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Set up the transit at P. S a , sight on 7", and then set stakes 
on the spiral exactly as on a simple circular curve, except 
that the deflection angle for each stake is computed by the 
formula in Art. 17, or taken from the tables. When the 
stake at A (marked P. S s ) has been set, move the transit 
to A , backsight on P. S a , and deflect from this direction the 
angle necessary to bring the telescope tangent to the simple 
circular curve at A. This angle is computed as explained in 
Art. 16* Run in the circular curve as usual. 

When the stake at B (marked P. S/) has been set, move 
the transit to C' } backsight on T, and stake out the second 
spiral in exactly the same manner as the first, using the 
deflection angles computed for the first spiral. When the 
last stake of C f B has been set, backsight on T \ and continue 
the survey along the tangent T R f . 

Example —Two tangents that intersect at an angle of 80°2(yare to 
be connected with a 6° circular curve by two equal spirals, each 300 feet 
long. The tangents intersect at Sta. 36. To lay out the two spirals 
and the circular curve. 

Solution. — (a) The Computations. —In the example of Art. 23, 
the following values were found for this curve: 

Unit degree of curve of spiral = 2°; spiral offset = 3.91 ft.; CV 
* O V' = length — t cor. = 149.9 ft.; and C T = C f T = 959.3 ft. 

Since T is at Sta. 36, the station number of the P. S a is 
36 - (9 + 59.3) = 26 + 40.7 

It will be assumed that stakes are set 50 ft. apart on the spirals, 
and at the even stations on the circular curve. 

Transit at P . S x .— From Table XI, the following deflection angles 
are found: 

to first stake, 0° 5' 

to second stake, 0° 20' ( A ) Angles to be 
to third stake, 0° 45' deflected from the 

to fourth stake, 1° 20' tangent. Vernier 

to fifth stake, 2° 5' set at 0° O', 

to P.S, at 29 + 40.7, 3° 0' 

From Table XI, deviation angle to P. S <> = A = A O V, Fig. 11, 
*= 9° O'. Therefore, central angle of circular curve is 
80° 20' - 2 X 9° « 62° 20' 

The length of A B is therefore 62° 20' -4- 6 = 10.389 sta., and the 
station number of B is 

29 + 40.7 + (10 + 38.9) * 39 + 79.6 
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By Art. 19, the angle between the chord CA and the tangent to 
the circular curve at A is A — 9 = 9° — 3° = 6°. 

Transit at P. S 2 . — The deflection angles to the stakes on the circular 
curve are as follows: 


to Sta. 30, .593 X 3° 
to Sta. 31, 
to Sta. 32, 
to Sta. 33, 
to Sta. 34, 


= 1° 47'; to Sta. 35, 16° 47' ( B ) Angles to 

4° 47'; to Sta. 36, 19° 47' b e deflected 

7° 47'; to Sta. 37, 22° 47' from tangent 

10° 47'; to Sta. 38, 25° 47' to circular 

13° 47'; to Sta. 39, 28° 47' curve. Ver- 

to B , 31° 10' nierset at6°0'. 

Transit at P. 57. — The angles to be deflected are the same as 
at P. Si. The station number of P. S/ is (39 + 79.6) + 3 = 42 -f 79.6. 


(6) The Field Work. — Run the two tangents to their intersection. 
Measure back from T the distances TC — TO — 959.3 ft., and set 
stakes marked P. S x at C and O . Set the transit at C with the vernier 
at 0° O'; sight on T and deflect the angles (A) to locate the first spiral. 
When the stake at A (marked P. S 2 ) has been set, move to this point, 
set the vernier at 6° O', backsight on C t turn the telescope until the 
vernier reads 0° O', and from this direction deflect the angles {B) to 
locate the circular curve. When the stake at B (marked P. S 3 ) has 
been set, move the transit to C', set the vernier at 0° O', backsight on T , 
and deflect the angles ( A ) to locate the second spiral. 

26. Second Method. — Another method consists in set- 
ting the transit over the point E , Fig. 11 (see Art. 21), run- 
ning in the entire circular curve from the P. C. to the P. T., 
setting stakes at each P. S! and P. S 2 , and locating the spirals 
afterwards. The details of this method are as follows: 

Run the tangents to their intersection, measure back the 
distances TC and TC' to locate each P. S 1? and set stakes 
marked P. S x at these points. Measure forwards the dis- 
tances C V and O V', offset the distances V E and V r E r , and 
set stakes marked P. C. and P. T. at E and E\ respectively. 

Set the transit over E , bring the telescope parallel to R T y 
and run in the complete circular curve EE' y setting stakes 
(marked P. S a ) at A and B, and on the curve between A 
and B. The angle EOA = B O E' = the total deviation 
angle A, and therefore the angle of the circular curve A B 

is /— 2 A. Therefore, the distance EA is stations; AB is 
- y ? ^ stations; and B E f is ^ stations. 
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The P. S x and P. S a of each spiral having been thus located, 
each curve is run in with the transit at its P. S Xi as described 
in Art. 25. 

27. Spirals of Unequal lengths. — Where a circular 
curve is to be spiraled at both ends, the two spirals should 
in all cases be chosen of equal lengths where this is possible. 
The unit degree of curve of spiral, the tangent distances C T 
and C f Ty and all of the deviation and deflection angles will 
then be the same for both spirals, and but a single com- 
putation will be necessary for both curves. Sometimes, 
however, this selection is impossible. Generally, the longest 
spirals will give the easiest riding; but, where curves are 
numerous, in order to prevent overlapping, a spiral much 
shorter than is theoretically desirable must sometimes be 
chosen for one end of the circular curve. 

The method of laying out two unequal spirals is the same 
in principle as that described for equal spirals, except that 
the computations must be made separately for each spiral. 


II. WHEN THE P. S x IS NOT VISIBLE 
PROM THE P. S 3 

28. Corresponding Points. — If P is any point of a 
spiral, then any two points whose distances from P are equal 
and which lie, one on the spiral and the other on the 
osculating circle at P t are called corresponding points. 

Let P, Fig. 12, be any point of a spiral, and let P M r N be 
the osculating circle to the spiral at this point. Let P ! be a 
second point on the spiral, and P u a point on the circle at 
the same distance from P, so that arc P P n = arc PP ! . 
Then, P f and P n are corresponding points. Similarly, PJ 
and PJ r are corresponding points if arc P PJ = arc P PJ r . 

It is shown by advanced mathematics that the angle P f PP ff 
is equal to the deflection angle TCP ,n to a point P nt on 
the spiral whose distance C P m from C is equal to the dis- 
tance P P l or PP n . Therefore, the angle P f PP ff can be 
readily computed or taken from the tables. 
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To find the angle between the tangent K PM and the 
chord PP\ we have, 

MPP f = MPP" + P"PP' 

But MPP ,f is the deflection angle from the tangent to the 
circular curve M' P A T ; and, since P /f PP f = TCP Uf , we 
have the following rule for finding the angle that must be 

deflected from the tan- 
M gent to the spiral at P 

to locate any second 
point P ( of the spiral: 

Rule. — Fhid the de- 
gree of curve of spiral at 
the point P (Art. 12); 
this is the same as the 
degree of curve of the cir- 
cular arc PN of the 
osculating circle. Find 
the angle that would be 
deflected to locate the cor- 
respo?iding point on the 
osculating circle , and 
also the sph’al deflection 
angle T C P nf to a point 
on the spiral whose dis- 
tance from the P. S t is 
equal to PP f or P P n . 
If the point P r is be- 
tween P and the P. *S a , add the last angle to the first; otherwise , 
subtract the last angle from the first; the result is the a?igle 
desired . 

The last part of the rule is evident from Fig. 12, since KPPf 
= KPPF - Pf PPF = KPPF - TCP'", if PPJ = CP'". 

Example. — A spiral 600 feet long connects a tangent with a 
6° curve. The P. S 3 is not visible from the P. so that the transit 
is moved forwards on the spiral to a point 300 feet from the P. S 1( and 
the telescope is brought tangent to the spiral at this point. It i? 
required to compute the deflection angles necessary to locate this 
spiral, the stakes being set 100 feet apart. 
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Solution. — The unit degree of curve of spiral is 6° -s- 6 = 1°. 
Therefore, Table VII, must be used. 

The transit at I\ S x . — The deflections from the original tangent to 
locate stakes 1, 2, and 3 sta. from the P. Si are, from Table VII: 
to first stake, 0° 10' 1 

to second stake, 0° 40' > Deflections from original tangent 
to third stake, 1° 30'] 

The transit 3 sta. from the P. S — The degree of curve of spiral at 
this point, from Table VII, is 3° O'. The stake 400 ft. from P. is 100 ft. 
from the transit point. The deflection angle to a point 100 ft. from 
the transit point on a simple circular curve is -J- X 1 X 3° = 1° 30'. The 
deflection angle from the P. Sx to a point 100 ft. distant on the spiral, 
by Table VII, is 0° 10'. Since the point is between the transit point 
and the P. S*, these two angles must be added, the result being l 0 ^. 
The complete results are as follows: 


Station 

Distance 

From 

Transit 

Point 

Spiral 

3° Circular Deflection 
Curve Angle 

Total 

Deflection 

Angle 

4 

100 

ixix3° = i o ;i0' 

b 

1—4 

O 

o 

V-* 

0 

►A 

© 

5 

200 

b 

o 

CO 

II 

o 

cc 

X 

X 

o 

o 

o 

3° 40' >Ans. 

P. S, 

300 

ij X 3 X 3° = 4° 30' 

1° 30' 

6° 0^ 


29. The principles of the preceding article enable one to 
compute the deflection angles necessary to locate either spiral 
with the transit at its P. S a . When the telescope has been 
brought tangent to the spiral and the circular curve at this 
point, the angle K P /Y, Fig. 12, to be deflected to any 
stake is K PP x ff — /V PPP = (deflection angle to a point on 
the circular curve) — (spiral deflection angle). 

In practice, however, it is better to run in the circular 
curve first, and then to locate each spiral from its P. Si. 

30. Tlio Field Work. — Where the P. S, is not visible 
from the P. S x , the complete circular curve should be run in 
from the P. C. to the P. T., as described in Art. 26, and the 
spirals located afterwards. The only change in the field 
work is that introduced by the necessity of moving the transit 
forwards on the spiral. 

The transit having been set up at some point P> Fig. 12, 
a backsight is taken on C, and the angle K PC = <5 — 0 is 
deflected to bring the telescope tangent to the spiral 
(Art. 19). Corresponding to the distance from P to each 
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stake between P and A , the circular deflection angles MPP n 
are computed and the spiral deflection angles P f P P lf 
= TCP !,f added to them. The respective sums will be the 
angles MPP f that must be deflected from the tangent KM 
to locate the remaining stakes of the spiral. 

Example.— It is required to run in a spiral 800 feet long connecting 
with a 4° curve, the transit having been moved forwards to a stake 
200 feet from the P. S x . The stakes are to be set 100 feet apart. 

Solution. — Here a = 4° 4- 8 = and Table II should be used. 

Transit at P. S x .— From Table II, 

deflection angle to first stake = 0° 5' 
deflection angle to second stake = 0° 20 7 

Transit 200 ft. from P. Si . — From Table II, d = 1° 0 r and 0 = 20'; 
therefore, the angle K PC = 1° — 20' = 40'. Also, d = degree of 
osculating circle = 1°. 

The vernier is set at 0° 40', a backsight is taken on C, and the tele- 
scope is turned until the vernier reads 0° O'. From this direction, the 
following angles are deflected: 


Stake 


Distance From 
Transit Point 


Deflections 
to a 1° Cir- 
cular Curve 


Spiral 

Deflections 


Total 

Deflections 


3 

100 

1 

0 

0 

0° 5' 

0° 35' 

4 

200 

1° O' 

£ 

0 

0 

1° 20' 

5 

300 

i 0 3<y 

0° 45' 

2° 15' 

6 

400 

2° O' 

1° W 

3° 20' 

7 

500 

2° 30' 

2° 5' 

4° 35' 

P. S a 

600 

3° O' 

3° O' 

6° O' 


EXAMPLES FOR PRACTICE 

In the following examples, the transit was moved forwards on the 
spiral. Find the angle KPC, Fig. 12, that must be deflected from 
the chord to the P. Si to bring the telescope tangent to the spiral, and 
also the angles that must be deflected from this direction to locate stakes 
50 feet apart on the spiral between the transit point P and the P. S a . 

1. D = 10°; L = 300 feet, transit point 250 feet from P. S x . 

Ans fKPC=6° 57' 

[Deflection angles to P. S a = 4° 13' 

2. D = 10°; L = 600 feet, transit point 400 feet from P, Sl 
A ns [KPC = 8° 53.5' 

AI1S ‘ l Deflection angles, 1° 44', 3° 36.5', 5° 37.5', and 7° 46.5' 
D = 15°; L = 300 feet, transit point 150 feet from P. S x . 

Ans { KPC = 3 ° 45 ' 

1 Deflection angles, 2° 4.5', 4° 35', and 7° 29.5'. 


3 . 
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INSERTING SPIRALS IN OLD TRACK 

31. When it is desired to insert transition spirals in track 
that is already laid, the problem is essentially as follows: 

There will be found on the roadbed two tangents R V x 
and VJ R' y Fig. 13, that are connected by a simple cir- 
cular curve V x M x VE This curve is to be replaced by a new 
curve, either by offsetting the whole curve without increasing 
its degree of curve, as shown in Fig. 13, or else by sharpening 



the old curve, as shown in Figs. 14 and 15, so that the tan- 
gents E T 9 and E 9 T , Fig. 13, to the new curve may be offset 
from the old tangents, and thus give room for the introduction 
of transition spirals C M A and C f M f B . 

If the degree of the new circular curve E A BE' is made 
the same as the degree of the old curve V X M X PV, the effect 
will be the same as moving the whole curve V x M x VI down- 
wards until it is brought tangent to the lines E T f and E f T f 
at the points £ and E\ The entire length of the old track 
will thus be changed from its old position, and nearly all of 
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it will be moved by the whole amount of the spiral offset VE 
or V f E. This method of replacing the old curve is, there- 
fore, not usually advisable unless the offsets are small or the 
curve very short. In nearly every case, it will be better to 
sharpen the old curve in such a manner that, while the track 
is moved as little as possible on the roadbed, the new tan- 
gents E T l and E l T' will still fall a sufficient distance inside 
of the old ones. 

The distances VE and VE f from the old to the new tan- 
gents are the same as the spiral offsets of the two spirals. 
They depend for their value on the degree of the new circular 
curve and on the lengths chosen for the spirals (Art. 21). 
The best length to be taken for a spiral will be determined 
by the speed of the trains that pass over the track and by the 
degree of the new circular curve; but this theoretically best 
length must often be modified by topographical conditions. 
In any particular case, the engineer has, therefore, to select 
the spirals and the new degree of the circular curve in such 
a manner that these quantities will approach as nearly as 
possible the values that are theoretically the best, and yet so 
that the old track will not be displaced more than is advisable 
on the roadbed. This subject will be treated more fully 
further on. 

32. The successive steps in inserting spirals in old track 
are as follows: 

1. Ascertain the degree of curve of the old circular 
curve V 1 M 1 VJ % Fig. 13. 

2. Select the spirals to be inserted and the new degree of 
circular curve; compute the spiral offsets VE and V r E f 
(Art. 21), the distances VC and V f O (Art. 22), and the 
distances TC and T C f (Arts. 23 and 24). 

3. Locate the P. S! and run in each spiral as already 
explained. If the point T is inaccessible, the P. S* may be 
located by measuring back from the old P. C. the dis- 
tance V 1 C , which equals T C — T V lt in which TC is com- 
puted as in Arts. 23 and 24, and T V x is the tangent 
distance to the old (unspiraled) curve. 
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33. External to a Circular Curve. — The external 
distance, or, for shortness, the external, of a circular 
curve, is the distance, measured along a radial line, between 
the point of intersection of the tangents and the curve. 
Thus, in Fig. 9, the external to the circular curve ED E 
is PD . The figure gives, denoting the radius by R , and the 
external by q , 

q = PD = OP — OD = 0 E sec i I — R = R sec i /— R; 
or, finally, 

r% / 1 r i ^ 2 R sin 3 \ I / 1 \ 

q = R (sec 1 / — 1) = , r (1) 

cos i I 

The difference between the secant of an angle and 1 is 
called the external secant of the angle. Some field books 
give tables of both natural and logarithmic external secants. 
The abbreviation exsec, read exsecant , is used for external 
secant. Formula 1 may, therefore, be written 

q = R exsec i I (2) 

If no table of exsecants is available, sec i I— 1, or its 
2 sin 3 x I 

equivalent * (the latter being preferable for loga- 

cos t / 

rithmic work), may be used instead of exsec /. Tables are 
also given in some books, from which external distances 
(values of g) can be taken directly. 

34. External to a Spiraled Circular Curve, tlie 
Spirals Being Equal. — The external to a spiraled circular 
curve is the distance T Z>, Fig. 9, between the curve and the 
intersection of the tangents to the spirals. Denoting the 
external by g lt the figure gives 

q x — PD + P T = q + PW sec WPT 
= q + P W sec i I = q + E V sec i I\ 
or, since E V = F (Art. 21), 

q x = q + .Fsec i I (1) 

If a table of externals for circular curves is available, 
q may be taken from it. If not, the value of q x may be 
written, by replacing the value of q from formula 1, Art. 33, 
q x « R (sec i /— 1)+ i^sec i /; 
or Qx = (X + F) secil-A (2) 


I L T<281— 19 
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Example. — A 6° curve is connected at both ends with the tangents 
by spirals 300 feet long. To find the external to the spiraled curve, if 
the angle between the tangents is 80° 20 / . 

Solution. — From the table of radii and deflections in Circular 
Curves , the radius of a 6° curve is found to be 955.37 ft. 

The unit degree of curve of spiral is 6° ~ 3 = 2°; therefore, from 
Table XI, F — 3.91 ft. Substituting these values in formula 2, 
q 1 = (955.37 + 3.91) sec 40° lO' - 955.37 = 299.9 ft. Ans. 

35* Problem. — To find the length of the transition spiral 
when the degree of the circular curve and the spiral offset are given. 
From formula 1, Art. 21, we have F = .072709 a A 3 , and 

from formula 3, Art. 12, a = Substituting this value 

JL* 

of a in the first formula, 

F= .072709 L 2 D (1) 

Solving for A, 

L = r, = 3.7086 (2) 

072709 D \D 

Example. — What length of spiral will give a spiral offset of 11 feet, 
if the degree of the circular curve is 7° 30'? 

Solution.— S ubstituting F = 11 and D = 7.5 in formula 2, 

L = 3.7086 X -\J~ = 4.49 sta. = 449 ft. Ans. 

A spiral 450 ft. long would be chosen. The throw of the old track 
at the P. C. (Fig. 8) is the distance VAT, which would then be about 
ft. (Art. 22). 


EXAMPLES FOR PRACTICE 

1. A 5° curve is connected at both ends with the tangents by spirals 
400 feet long. What is the external to the spiraled curve, if the angle 
between the tangents is 75° 36'? Ans. 311.9 ft. 


2. Find the length of spiral that will produce the spiral offset 
indicated when the spiral joins each of the following curves with the 
tangent, (a) D = 2° 24'; F = 1 foot; (b) D = 4° 6'; F = 5 feet; 
M D = 3° 3(K; F = 2 feet; {d) D = 8° 30'; F = 16 feet, f (a) 239 ft. 


Ans. 


(b) 410 ft. 

(c) 280 ft. 


(d) 509 ft. 
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SELECTION OF SPIRALS 

36. The Best Length of Spiral. — Equation (1), 
Art. 13, ise = .000058 a L V *. This equation gives the total 
superelevation attained by the outer wheels in passing over 
the whole spiral. The best length of spiral should be such 
that, for all spirals and their corresponding train speeds, the 
time occupied by the outer wheels in attaining a given super- 
elevation shall be constant; that is, the superelevation 
attained by the outer wheels during, for example, 1 second 
should be the same for all curves and spirals. 

Let T be the time, in hours, occupied by the train in pass- 
ing over the whole spiral; then 

L 

T “ 52.80 V 

since there are 52.80 stations in 1 mile. The time T is the 
number of hours required by the outer wheels to attain a 
superelevation e. The superelevation attained in one unit 
of time will therefore be 

~ r = .000058 aLV 2 + ^ = .000058 X 52.80 X a V 2 

Since this superelevation attained in a unit of time is to 
be a constant for all spirals, a V 3 must be a constant. We 
may therefore write 

aV = K 

in which K is some constant quantity whose value is to be 
determined. 

It is found from experience that, when V = 60 miles per 
hour, the best spiral is probably that in which a = i°. There- 
fore, substituting i for a and 60 for V \ we obtain K = i X (60)*. 
By finally replacing this value of K \ and solving ,for a> we find 



This formula gives the value of a for the easiest riding 
when the maximum train velocity V is known. If this 

value of a is substituted in the formula L = — (Art. 12), 

a 

the resulting value of L will be the best length of spiral. 
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Example.— To find the theoretically best length of spiral to connect 
with a 6° curve, the maximum train velocity being 40 miles per hour. 

Solution. — S ubstituting V = 40 in the formula for a , we get 
a = i X (to) 3 = 2 = fr° 

Therefore,/, = 6 -r -f-| = 3.5556 sta. = 355.6 ft. Ans. 


37 . Table of Minimum Spiral Lengths. — The accom- 
panying table, from Talbot’s 4 ‘Transition Spiral,” gives the 
values of a corresponding to the least length of spiral that the 

engineer should en- 
deavor to insert. The 
spiral may be longer 
than the length ob- 
tained from this 
table, but it should 
not be shorter, unless 
topographical condi- 
tions make it neces- 
sary to use a shorter 
spiral than the min- 
imum given in the 
table. 

The least length corresponding to any value of a is found 

from the formula Z, = — . 

a 


Maximum Train 
Speed 

Miles per Hour 

Unit Degree of 
Curve of Spiral 

75 

30' or less 

6o 

30' or less 

50 

i° or less 

40 

2 0 or less 

30 

3 0 20' or less 

25 

5° or less 

20 

io° or less 


Example. — To find the least length for the spiral in the example of 
the preceding article. 

Solution. — T he velocity is 40 mi. per hr.; therefore, from the table* 
a = 2°, and L = 6° -r 2 = 3 sta. = 300 ft. Ans. 


EXAMPLES FOR PRACTICE 

Find the best length of spiral and also the least length that should 
be selected in each of the following examples: 

1. V = 75; D = 2°. Ans. 781 and 400 ft. 

2. V = 40; D = 7°. Ans. 415 and 350 ft. 

3. V = 30; D = 10°. Ans. 250 and 300 ft. 

Note.— F rom the answers to example 3, the student will notice that the theoreti- 
cally best lengths for very sharp curves and low speeds may be less than the least 
lengths advised by Talbot. The practice of engineers in selecting spirals for sucb 
speeds differ widely. 



THE TRANSITION SPIRAL 


39 


S 53 


38* Problem. T'o select a spiral and a new circular curve 
so that the vertex of the old curve shall 7 iot be ?noved o?i the 
roadbed . 


Let V X D V /, Fig. 14, be the old curve, and let CABO 
be the new spiraled curve. The vertex D is not to be moved. 
Let q = TD = external to old unspiraled curve; 

q' = PD = external to new (unspiraled) circular 
curve; 

q x = external to new spiraled curve. 

Then, q x = TD = q, since the vertex is not moved Leti? 



and R ! be the radii of the old and new circular curves, 
respectively. 

From formula 1, Art. 34, 

q* = q f + Fsecif; 

or, since q x *= q , 

q = qf -)- ,/^sec i /; 


whence 


q / = g — Fssci f (1) 


The external q to the old curve can be computed (Art. 33), 
taken from a table, or measured on the ground. If a value/ 7 
is then assumed, formula 1 will give the external q ' to the 
new circular curve. Having g / ) the radius R f of the new 
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circular curve is taken from a table of externals or is com- 
puted by means of formula 1, Art. 33, which gives 

R'= ?'- = q 'xr (2) 

sec i / - 1 exsec i 1 

The degree of curve can now be found, and from it and A 
the value of L is computed by formula 2, Art. 35. The 
spiral may then be laid out on the ground as described in 

Art. 25. 


39 It will be observed that, in the method of the prece- 
ding article, the length of spiral and the new degree of curve 
were determined entirely by the value chosen for the spiral 
offset F, or VE. It will very seldom be the case, however, 
that the’ amount of this offset must be exactly fixed to satisfy 
conditions on the ground, though this might be the case if the 
curve were in a tunnel that could not be widened, or at the 
entrance to a bridge. A more practical method is as follows: 

The degree of the curve V X D VJ having been given, a 
value is assumed for the length of spiral best adapted to this 
curve (see Arts. 36 and 37). Then the unit degree of 
curve of spiral (Art. 12), and the spiral offset (Art. 21) 
are computed. These quantities cannot be exactly determined, 
because the spiral does not connect with the curve V x D V/, 
but with the curve E D E', and the degree of ED E' is not 
yet known. But if it is assumed that the degree of ED E' 
is the same as that of VD V , a value of VE will be obtained 
that will be sufficiently close to the true value to enable the 
engineer to judge whether the offset that will finally result 
will be too large or not. If it is inadvisable to throw the track 
so great a distance as the value of VM corresponding to the 
length of spiral chosen, a new length of spiral must be 
assumed, and a new spiral offset computed. Formula 1, 
Art. 35, shows that the smaller L is, the less A will be, and 
therefore that shortening the spiral decreases the spiral olfset. 
Successive smaller values for L must be tried until a length 
is found that leads to an admissible value of V M. With 
this value of L, and the corresponding approximate value 
of A, the new degree of curve is computed as in Art. 38. 
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Having L and the degree of curve of EAB E', the value 
of F is accurately computed, and the curve and spirals are 
located as described in Art. 31. 


Example.— Two tangents that intersect at an angle of 40° are 
connected by a 5° circular curve. It is required to select spirals for 
this curve if the vertex is not to be moved, nor the old track moved at 
any point more than .7 foot on the roadbed, assuming the maximum 
train speed to be 50 miles per hour. 


Solution.— Since V Ilf, Fig. 14, cannot exceed .7 ft., the spiral 
offset VE must not be greater than about 1.4 ft. (Art. 22). 

From the formula of Art. 36, the best length of spiral will be 
5 -*■ i X (U-y = 5 -s- Uo = 579 ft. 

As the spiral offset must be so small, this spiral would evidently be 
too long. Spirals shorter than this will be assumed and tested. 

First assumptioji: length = 500 ft. Then, a = 1°, and F 
(Table VII) = 9.07 ft. A length of 500 ft. is therefore too great. 

Second assumption : length — 300 ft. Then, a — 1° 40', and F 
(Table X) = 3.20 ft. The spiral is still too long. 

Third assumption: length = 200 ft. Then, a = 2° 30', and F 
(Table XII) = 1.45 ft. A length of 200 ft. may therefore be taken for 
the spiral. 

Computation of the degree of the spooled curve. — From a table of 
radii and deflections, the radius of a 5° curve is found to be 1,146.3 ft. 
Substituting known values is formula 1, Art. 33, 

q = 1,146.3 (sec 20° - 1) = 73.478 ft. 

Substituting this value of q in formula 1, Art. 38, 
q f = 73.478 - 1.45 sec 20° = 71.935 ft. 

Finally, substituting this value of q' in formula 2, Art. 38, 


The degree of curve corresponding to this radius is 5° 6'. The old 
curve is thus sharpened slightly. We have, then, a = 5.1° -r- 2 = 2.55°; 
and (formula 1, Art. 21) 


F = .072709 X 2.55 X 2 3 = 1.48 ft. 


The final selection will therefore be as follows: 

Degree of new curve = 5° 6' 1 

Length of spiral = 200 ft. >Ans. 

Spiral offset = 1.48 ft. ) 

This is too short a spiral for the train speed given, but it cannot be 
lengthened without increasing the spiral offset. 


40. Problem, — To select a spiral and the new circtdar 
curve so that the old track shall be moved as little as possible 
on the roadbed . 
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The new track must be made to pass as far outside the 
old track at the vertex as it is offset from the old track at the 
new P. C. That is, the distance HD , Fig. 15, must be made 



therefore, equal the old external distance T D diminished 

F 

by Therefore, if the new external distance is qi, we have 
2 F F 

TH = qi*=TD-- = q-- 

2 2 

But, by formula 1, Art. 38, 

PH =q' =qi-Fsec%I 
F 

Therefore, q' = q — F sec \ I — — 

2 


In applying this formula, the greatest allowable offset VM, 
F 

or is first selected, and then the external q to the old 
2 


curve is computed or taken from a table. The radius and 
degree of the new curve are found as explained in Art. 38, 
the length of spiral by formula 2, Art. 35, and the unit degree 

of curve of spiral by the usual formula a = 

Example. — In the example of Art. 39, to select the new degree of 
curve and the spiral, supposing that the vertex may be moved. 
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Solution.— T he track may be thrown .7 ft. at the new P. C.; 
therefore (Art. 22), F = 1.4 ft. The external to the old curve was 
found to be 73.478 ft. Therefore, by the formula in this article, 
q f = 73.478 - 1.4 sec 20° - .7 = 73.478 - 1.49 - .7 = 71.288 ft. 

The degree of the new curve, either computed or taken from a 
table, is 5° 9', nearly. 

The length of spiral (formula 2, Art. 35) is 

3.7086 X\ ~ = 1.934 sta. = 193.4 ft. 

\o.lo 

The theoretical selection will therefore be as follows: 

Degree of new curve = 5° 9 / 1 

Length of spiral = 193.4, ft. >Ans. 

Spiral offset =1.4 ft. J 

The practical selection would probably be D — 5° 7 ; , length 
= 192 ft.; a would then be 2° 40', and the spiral offset, 1.37 ’ft. 

41 . Problem. — To select a spiral and a new circular curve 
so that the old track shall be offset a given distance at the new 
P. C. a?id also moved a given distance either in or out at the 
vertex . 

Let VM y Fig. 15, be the distance that the track may be 
moved in at the new P. C., and let p (== HD) be the dis- 

p 

tance that it may be moved out at the vertex. Then, VM = — . 

The external PH to the new circular curve will then be 
(Art. 40), 

PH = q — F sec % I — p ( 1 ) 

If the new track is to fall inside of the old track at the 
vertex, let H' be the position of the new vertex, and let 
DH r ss p*. The external PH 7 to the new curve will then be 
PH' = q-FseciI + p' (2) 

If, therefore, q is computed, and if F and either p or p' is 
assumed, formulas 1 and 2 will give the value of the new 
external PH or PH’. From this, the new degree of curve 
is found, and the solution of the problem is completed exactly 
as in Arts. 39 and 40. 

Example. — A 4° circular curve joins two tangents that intersect at an 
angle of 30° 20'. It is required to select a new curve and spirals that 
shall throw the old track out 1 foot at the vertex and .8 foot in at the 
new P. C. 
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Solution. — Formula 1 is to be used. The external g to the old 
4° curve is found to be 51.72 ft. Also, F = 2 X .8 = 1.6 ft. (Art. 22), 
and p = 1. Therefore, substituting these values in formula 1, the 
external to the new curve is 

PH = 51.72 - 1.6 X sec 15° 10' - 1 = 49.06 ft. 

The degree of the new curve is found, either by computation or from 
a table of externals, to be 4° 13'. 

By formula 2, Art. 35, 

L = 3.7086 X ^ 42 % = 2.284 sta. = 228.4 ft. 

The theoretical selection is, therefore, 

New degree of curve = 4° 13' 1 

Length of spirals = 228.4 ft. >Ans. 

Spiral offsets =1.6 ft. j 

In practice, the selection would probably be D = 4° 13', length 
= 211 ft.; a would then be 2° and Table XI could be employed. The 
resulting spiral offset would be 1.37 ft. 

EXAMPLES FOR PRACTICE 

A 3° SO 7 curve joins two tangents that intersect at an angle of 26° 20'. 
Select a new curve and spiral, if the old track may be thrown by the 
amounts indicated in the following examples (the answers given are 
the theoretical selections) : 

1. Thrown out 2 feet at the vertex and in li feet at the new P. C. 

Ans. Lengtn = 323.2 ft.; degree of new circular curve = 3° 57' 

2. Thrown' in l£ feet at the new P. C.; the vertex must not be 

moved. Ans. Length = 330.8 ft.; D = 3° 46' 

42. Remarks on the Selection of Spirals. — The stu- 
dent will readily understand that it is impossible to give 
exact rules for the best selection of spirals. Having located 
the old P. C. and P. T., and having run over the center line 
of the old track, the engineer should study the location thus 
obtained and decide how it may be modified to allow the 
insertion of transition spirals. He should always try a few 
different values for the throw at the vertex and at the new 
P. C., in order to see how the varying of these quantities 
will affect the new degree of curve and the length of spiral. 
In many cases he will find that the necessity of keeping the 
new track on the old roadbed will make it necessary to insert 
shorter spirals than are theoretically best. 
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25 

5° 

75 

IOO 

125 

IS® 

175 

200 

225 

250 

275 

300 

325 

350 

375 

400 

425 

45° 

475 

500 

525 

55° 

575 

600 

625 

650 

675 

700 

725 

75° 

775 

800 


TABLE II 

TRANSITION SPIRAL 

a — 0° 30'. 1° in 200 feet 



t cor. 

Feet 

.00 

.00 

.00 

.00 

.00 

.00 

.00 

.00 

.00 

.00 

.01 

.01 

.01 
.02 
. 02 
•°3 

.04 
.06 
.08 
. 10 

•13 

. 16 
. 20 
.24 

•3° 

•37 

•44 

•53 

.64 

•75 

.89 

1.04 
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i 


25 

50 

75 

100 

125 

150 

175 

200 

225 

250 

275 

300 

325 

35 o 

375 

400 

425 

45 o 

475 

500 

S25 

550 

575 

600 

625 

650 

675 

700 

725 

750 

775 

800 


TABLE III 

TRANSITION SPIRAL 

a = y. 1° in 175 feet 
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TABLE III 
TRANSITION SPIRAL 
a ■= y . 1° in 175 feet 
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TABLE Iv 

TRANSITION SPIRAL 


a - CP Ifif . 


l 

d 

S 

6 


0 / 

0 / 

0 / 

25 

0 10 

O 1.3 

O 0.4 

50 

20 

5 

i *7 

75 

30 

«-3 

3 -S 

100 

40 

20 

6.7 

125 

0 50 

0 3 I *3 

0 10.4 

I 5 ° 

1 00 

45 

x 5 

175 

10 

* i *3 

20.4 

200 

20 

20 

26.7 

225 

I 30 

1 4 i -3 

0 33 * 8 

250 

40 

2 5 

41.7 

275 

50 

3 X *3 

5 o -4 

3 °° 

2 00 

3 00 

1 00 

325 ! 

2 10 

3 31*3 

1 10.4 

350 

20 

4 5 

21.7 

375 

30 

41-3 

33 - 8 

400 

40 

5 20 

46.7 

425 

2 50 

6 1.3 

2 .4 

45 ° 

3 00 

45 

x 5 

475 

10 

7 3 X *3 

30.4 

500 

20 

8 20 

46.7 

525 

3 30 

9 ii *3 

3 3 * 8 

550 

40 

io 5 

21.7 

575 

50 

11 1.3 

40.4 

600 

4 00 

12 0 

59*9 

625 

4 10 

; x 3 x *3 

4 20.3 

650 

2° 

14 5 

41.6 

675 

30 

x 5 n *3 

5 3-6 

700 

40 

16 20 

26.4 


f° in 150 feet 

F y x cor. t cor. 

Feet Feet Feet Feet 

. oo . oo . oo . oo 

.01 .02 .oo . .oo 

.02 .08 .oo oo 

.05 .19 .00 .00 

.10 .38 .00 .00 

.16 .65 .00 .00 

.26 1.04 .01 .00 

*39 1 -55 *01 -oo 

.55 2.21 .02 .00 

• 76 3.03 .03 .01 

1. 01 4.04 .05 .01 

I-3 1 5* 2 3 *08 .01 

1.66 6.66 .12 .02 

2.08 8.31 .18 .03 

2.56 10.23 ■ 25 .04 

3.10 12.40 .35 .06 

3.72 14.88 .47 .08 

4.41 17.66 .62 .10 

5.19 20.76 .82 .14 

6.05 24.20 1.06 

7.01 28.02 1.35 .22 

8.05 32.19 1.70 .28 

9.20 36.78 2.12 .36 

10.45 4 I -76 2.63 .44 

11.83 47*20 3 * 22 *54 

x 3 * 29 53*05 3*93 *66 

14.88 59.41 4.73 .78 

16.60 66.20 5.69 .94 
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TABLE V 
TRANSITION SPIRAL 

a — 0° 48'. 1 0 in 125 feet 



TABL/K VI 

TRANSITION SPIRAL 

a — 0° 54'. 1° in 111.1 feet 


l 


d 

a 


6 

F 


x cor. 

t cor. 


0 

/ 

0 / 

0 

/ 

Feet 

Feet 

Feet 

Feet 

20 

0 

10.8 

0 1. 1 

0 

0.4 

.00 

.00 

.00 

.00 

40 


21.6 

4-3 


1.4 

.00 

.02 

.00 

.00 

6o 


3 2 *4 

9-7 


3-2 

.01 

.06 

.00 

.00 

So 


43*2 

17 *3 


5.8 

•03 

. 12 

.00 

.00 

IOO 


54 -o 

27.0 


9.0 

.06 

.26 

.00 

.00 

120 

1 

4.8 

0 38.9 

0 

13.0 

. 11 

•45 

.00 

.00 

140 
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48.0 
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1 

00.8 


4. 60 
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42.0 
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21.0 
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•i 5 
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320 

2 
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4 36.5 

1 

32.2 

2.14 

8-58 
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•03 
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3 

3-6 
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44.0 
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10. 28 
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•05 

360 
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49.9 


56.6 

3 -o 5 

12.20 
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■49 
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i 
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•63 
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41.03 
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5 

45-7 
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5.62 
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19 36.1 
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1.27 
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6 
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1 
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22 3.0 
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TABLE VII 

TRANSITION SPIRAL 

a = 1° O'. 1° in 100 feet 


l 

' 1 

8 

e 

F 

y 

x cor. 

cor. 


1 

0 
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0 r 

Feet 

Feet 

Feet 

Feet 

io 
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.000 

.000 
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.000 

‘ 2 

1.2 
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40 
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.000 

8o 
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90 
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30 

xo 
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.000 

XIO 
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.000 
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.000 
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19.6 
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.000 
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•5 
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.001 
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.001 
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28.9 
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40 
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210 

2 
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.006 
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.8 
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.7 

.8 

•9 

4.0 
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40 
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3.681 
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.2 

.3 

8 24.3 
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56.4 
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13.6 
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5.78 
6.19 
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.147 

.x66 
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30 
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40.9 
50-4 

4 00. 1 

10 
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8.03 

8.54 

9.07 

28.24 
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33.07 

34.11 
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x .74 

1.94 
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.26 
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.2 
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X 3 00,3 
31 • 2 

14 3-7 
34.8 
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40.9 
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12.07 

38.44 

40.73 
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48.15 
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3.82 

• 44 
.48 
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.64 
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.8 
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15 40.8 

16 14.7 
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x8 00 
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34.7 
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X4.89 
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4.98 
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TABLE VIII 

TRANSITION SPIRAL 

a = 1° 6'. 1° in 90.9 feet 


l 

d 

5 
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0 r 

0 r 

0 f 

JO 

0 6.6 

O .3 

0 0.1 

20 

13.2 

1-3 

0.4 

30 

19 8 

3-0 

1.0 

40 

26.4 

5-3 

i 8 

5® 

33-0 

8.2 

2.7 

60 
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70 

46.2 

16. 1 

5 4 

80 
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21 1 
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90 
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26 7 

8.9 
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1 6.0 

33-0 

11. 0 
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55-8 

18.6 
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14 7 
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15° 

39 -o 
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24 7 
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1 45-6 
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31-8 
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46.9 

35-6 
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2 5 4 
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2 12.0 

44.0 
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26.2 
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260 
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4 00.6 
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300 

18.0 
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1 45-7 
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37-9 

52.6 
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51.0 
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14.7 
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30.6 
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56.0 
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38.9 

32.9 
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42.6 
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480 
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24.0 
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.oo .oo .oo .oo 

.oo .OI .oo .oo 

.01 .02 .OO .OO 
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.18 .70 .00 .00 
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.64 2.56 .03 .00 

.74 2.96 .04 .OI 

•85 3-41 .OS .01 

.97 3-89 .06 .01 

*.11 4.42 .07 .01 
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1.76 7-02 .16 .03 

I -95 7.80 .19 .03 
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2.38 9.53 .26 .04 
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3.14 12.56 .4* .07 
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5. 12 20.45 .94 .16 
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6.81 27.20 1.52 .25 

7.28 29.09 1.70 .28 
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8.29 33.13 2. II .35 

8.83 35.28 2.35 .39 
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11.22 44.80 3.50 .58 
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14.01 55.91 5.06 .85 

14.77 58.92 5.52 .92 

15.55 62.04 6.03 1. 00 

16.38 65.27 6.56 1.09 

17.21 68.63 7.13 1. 19 
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TABLE IX 

TRANSITION SPIRAL 

a = 1° 15'. 1° in 80 feet 



TABLE X 
TRANSITION SPIRAL 
a = 1 ° 0 . 1 ° in 60 feet 
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.0 

.0 
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x.S 

.00 

.00 

.0 

.0 

40 

40 
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.0 
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.0 
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.0 
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42 
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.0 
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20 

20 

6-5 

•97 

3.88 
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.0 
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.0 
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40 
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.0 

250 

10 
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.0 
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370 

10 

11 24. s 

48 
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1.4 

.2 

380 

20 
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4 00. s 
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1.7 

>3 

39 ® 

30 

40. s 
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•3 
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•4 
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.5 
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20 
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22.5 

10.30 
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3.5 

.6 
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30 

52. s 
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3.9 

.6 
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7 40 
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5 52 
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.7 
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18 24. s 
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49.94 

4.8 
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40 
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30 
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9 00 
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18.95 

75.31 

9.6 
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TABLE XI 
transition spiral. 

a = 2° O'. 1° in 50 feet 
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TABLE XII 

TRANSITION SPIRAL, 

a = 2° SO 1 0 in 40 fsrf 
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TA33I/E XIII 
TRANSITION SPIRAL 

a ~ 3° 20 f . 1 0 in SO feet 
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THE TRANSITION SPIRAL 
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TABLE XIV 

TRANSITION SPIRAL 

a = S° O'. 1° in 20 feet 
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THE TRANSITION SPIRAL 
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TABLE XV 
TRANSITION SPIRAL 

a =* 10° O'. 1 0 in 10 feet 





EARTHWORK 


EARTHWORK SURVEYS 


CUTS AND FILLS 

1. Necessity for Cuts and Fills. — Economical opera- 
tion of a railroad, as well as of a highway, requires that the 
irregularities of the natural surface of the ground be equalized 
as far as possible by means of cuts and fills. These changes of 
grade involve extensive earthwork, particularly in the con- 
struction of a railroad, which should be level or as nearly so 
as possible. The following discussion is devoted mainly to 
earthwork in railroad construction, but the principles explained 
apply equally to highway work. 



Fig. 1 

2. A fill, Fig. 1, is an embankment that supports the 
roadbed above the natural surface. A fill in railroad work 
is shown in (a) and a fill in highway work in (b). 
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3. A cut, Fig. 2, is an excavation that permits the roadbed 
to be placed below the natural surface. This definition is not 
intended to include tunnels. A cross-section of a railway 
in cut is shown in (a) and of a highway in ( b ). 

4. The subgrade, Figs. 1 and 2, is the natural surface 
on which the road metal in highway work, or the ballast in 
railroad work, rests. 


5. The subsoil is either the natural soil on which an 
embankment rests, as in Fig. 1, or the natural soil under the 
subgrade of an excavation, as in Fig. 2. 




6. The term roadbed in railroad work is usually applied 
to the subgrade and ballast; it includes the ditches in a cut. 
The phrase width of roadbed means the width a c, Figs. 1 (a) 
and 2 (a). In highway work the term roadbed is applied 
to the natural foundation of the roadway, and the phrase 
width of roadbed means the width d d, Figs. 1 ( b ) and 2 (&). 

7. Grade is a term applied to the longitudinal slope or 
inclination of the roadway or track. The term is also used, 
in contradistinction to the term subgrade, to denote the base 
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of the rails or the upper surface of a highway. The expres- 
sion level grade is often used in the sense of level track, or 
level road. 

8. By the side slope, or simply the slope, of a cut or 
fill is meant the inclination of the sides (a b and c e , Figs. 1 
and 2) of the cut or fill to the vertical. A side slope is usually 
indicated by stating the rate at which the side of the cut or fill 
diverges from the vertical. This rate is called the rate of 
slope , or slope ratio. Thus, a slope of 2 to 1 is one in which 
the side diverges from the vertical at the rate of 2 units of 
length measured horizontally in every unit of length measured 
vertically. For example, in Fig. 3, which shows different 



rates of slope, the ratio 2 : 1 marked on A F indicates that, in 
the vertical distance AO — 1, the horizontal distance O F by 
which the line A F diverges from the vertical, is 2. It will 
be observed that the slope, or rate of slope, of a line is the 
tangent of the angle that the line makes with the vertical. 
Thus, in the case of A C, Fig. 3, the slope i : 1, is equal to 
0 C -s- O A « tan 0 A C. In the following the rate of slope 
will be denoted by s. 

O, Slope Hallo in Cuts. — The very hardest and firmest 
rock may sometimes be safely cut out so as to leave a vertical 
face of wall. It should be observed, however, that rock 
which appears very hard and firm when first excavated often 
contains seams that will be opened by ^ 
which may cause large pieces to break 
care should he taken tp dir 
This will practically mean 
average slope of about J : 1 
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the slope must be flattened, until for a soil of firm earth or 
gravel a slope of 1 :1 may be permissible for cuts, although 
a slope of 14 : 1 is commonly adopted, especially if the soil is 
soft and liable to wash. As stated before, a very soft and 
treacherous soil may require that the slope ratio be cut down 
even as flat as 4 : 1. 

10. Slope Ratio in Fills. — A fill is usually made from 
the material excavated in an adjoining cut. But if it should 
happen that the quality of the soil is such that it is liable to 
slide, it may prove to be an economy to reject such soil by 
wasting it, even though it may be necessary to borrow a better 
grade of soil from some place in the neighborhood of the fill. 
An earthwork fill is generally made with a slope ratio of 1£ ; 1. 
This may be considered standard practice. When a fill is 
made from the material taken from a rock cut, it may be pos- 
sible to make a stable embankment with a slope ratio of 1 : 1. 
On side-hill work, where a slope ratio of 1£ : 1, or even 1 : 1, 
might require a very long slope, it may often be advisable to 
make a rough dry wall of the stones from a rock cut, which 
will have a slope ratio of f : 1, or steeper. 

11. • Width of Excavations and Embankments. — 
The width required for a standard-gauge single-track roadbed 
on a fill, may be estimated as follows : The tie will be about 
8 feet 6 inches long. At the ends of the ties, the ballast will 
slope down to subgrade. The extra width required for this 
varies with the kind of ballast used, but it will be about 1 or 2 
feet at each end of ' the tie. Usually, the embankment is 
widened for about 2 feet beyond the ballast on each side. The 
absolute minimum for the width of subrade for a fill is, there- 
fore, 8£ feet + 2 X (1 + 2) feet, or about 14£ feet. This 
width would only be used for light-traffic, cheaply-constructed 
roads ; 16 to 18 feet is far more common, while 20 feet and even 
more is frequently used, as the danger of accident due to a 
washing out of the embankment is materially reduced by 
widening the roadbed. In cuts these figures should be 
increased from 6 to 8 feet to include the two side ditches. 
When excavation is made through rock, the danger of scouring 
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during heavy rain storms being eliminated, the total required 
width may be very materially reduced from the figures just 
given. The heavy expense of excavating through solid rock 
requires that such economy shall be used if possible. 

12, Ditching. — The great enemy of track maintenance 
is water, because it not only scours away the subsoil and 
ballast, but also freezes in winter, heaves the soil, and pro- 
duces a rough track, which becomes a soft track when it 
thaws out. It is, therefore, of the utmost importance that 
adequate ditches should be provided to carry away quickly 
from the roadbed all rain water that may fall on or near it. 
Ditches should be constructed on both sides of the track 
through cuts. The bottom of the ditch should be enough 
lower than the subgrade to drain the water from it. A ditch 
should also be constructed at the top of a cut, so as to catch 
all the water that may come down the natural slope above 
the cut and prevent it from washing down the side of the cut; 
this ditch is shown at b , Fig. 2. All such ditches should 
lead off to some water course, if possible, or at least to some 
point where the outfall may not cause any scour. If the soil 
is very soft and the amount of water that will go through 
any one ditch is very large, it may cause such a scour that 
paving the ditch becomes economical. 

FIELD WORK 

13* The first step in the work of construction is to clear 
off all growth of timber within the limits of the right of way. 
The engineer with his party passes over the line, making 
offsets to the right and to the left, and blazing the trees that 
stand on, or just within, the limits of the company’s property. 
The blazed spot is marked with a letter C, as a guide to the 
contractor. The valuable timber, when felled, should be 
piled near the boundary lines, to be saved as the property of 
the company; the brushwood should be burned. Where a 
deep cut is to be made, the stumps are left to be removed as 
the earth is excavated. In very shallow cuts and fills, the 
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contractor will generally prefer to tear up the trees by the 
roots at once, rather than to grub out the stumps after 
clearing. Where the embankments will be over 3 feet high, 
grubbing is not necessary; but the trees require to be low- 
chopped , leaving no stumps above the roots. The engineer 
should indicate to the contractor the localities where each 
process is suitable. 

While the clearing is in progress, the engineer should run 
a line of test levels touching on all the benches to verify 
their elevations; he may also rerun the center line, replacing 
any stakes that have disappeared, and setting additional 
stakes wherever the inclination of the natural surface along 
the center line changes abruptly. If any changes in the 
alinement have been ordered, these should be made at the 
same time. 

14. TJue Grade Profile. — The engineer is furnished 
with a profile of the line on which the established grade is 
indicated. This established grade on the profile consists 
of a series of straight lines, the elevations of the ends of 
which should be clearly indicated. These elevations are the 
elevations of the subgrade, Figs. 1 and 2. 



Fig. 4 

A short portion of a profile is shown in Fig. 4. The 
horizontal line XX f represents any horizontal plane, and the 
broken line AGH shows the position of the established 
grade. The station numbers are written along the line XX', 
and the elevations of the corresponding points of the estab- 
lished grade are written along the grade line. Thus, in Fig. 4, 
the elevation of subgrade at Sta. 90, or A , is 100 feet; at 
Sta. 93, or G , it is 102.28 feet; and at Sta. 94, or H> it is 
101.78 feet. 
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The gradient of the established grade is the number of 
feet by which the elevation of the established grade increases 
or decreases in a distance of one station. If the grade is 
ascending, the gradient is considered positive; if descending, 
it is negative. Use is made of the % sign in order to indicate 
the gradient. Thus, the gradient or a grade that rises 1 foot 
per station is + 1%; if the grade falls 2£ feet in every 
100 feet, its gradient is — 2.33%; etc. When the gradients 
are known and also the elevation of any one point of the 
established grade, the elevations of other points on this grade 
are easily computed, as will be presently explained. 

15. The Depth of Center Stake. — Having set stakes 
on the center line at every full station and also at all inter- 
mediate points at which the inclination of the natural surface 
of the ground changes abruptly, the engineer should deter- 
mine, by leveling, the elevation of the natural surface of the 
ground at each stake, and construct a profile ABCDE , 
Fig. 4, as explained in Leveling . The difference between the 
elevation of the natural surface at any stake and the elevation 
of the established grade at that stake is called the depth 
of the stake. The depth should be clearly marked on each 
stake, preceded by the letter C or F to indicate a cut or a fill. 

Thus, if ABCDE is the natural surface in Fig. 4, stakes 
will be set at the full stations A , B, M, D , and N> and also at 
the points K and C at which the slope of the profile of the 
natural surface changes. If the gradient of A G is + .76% 
and the elevation of A is 100.00 feet, the elevation of the 
point E will evidently be 100.00 + .76 X 1 = 100.76 feet, 
or (closely enough) 100.8 feet. If the elevation of the 
natural surface at B is 103.2, the depth of stake at B will 
be 103.2 — 100.8 = 2.4 feet. This stake will therefore be 
marked C 2.4. The elevation of F will be 100.00 + .76 
X 2.51 = 101.9 feet. If the elevation of C is 97.3 feet, the 
depth of the stake at Cwill be 101.9 — 97.3 = 4.6 feet. This 
stake will be marked F 4.6. 

Two additional columns, headed “Subgrade” and “Center 
Depth,” must be added to the left-hand page of the ievel 

I LT 281—21 
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book. In the column headed ‘‘Subgrade, ” the elevation of 
the established grade at each stake is entered; and in the 
column headed “Center Depth,” the cut or fill is written. 
The gradient is usually written along the first column, as 
indicated in the following example. In this example, the 
columns of rod readings from which the elevations of points 
on the natural surface are obtained are omitted. The student 
is already familiar with the method of finding these elevations 
from the rod readings. 

Example. — Stakes are set at the stations indicated in the first col- 
umn of the accompanying field notes. The gradient is + .76% from 
Sta. 90 to Sta. 93, and — .50% beyond Sta. 93. The elevation of the 
established grade at Sta. 90 is 100.00 feet; the elevation of the natural 
surface at each stake is given in the third column. To find the center 
depth at each stake. (See Fig. 4.) 


Station 

Subgrrade 

Elevation 

Depth of 
Center Stake 

94 

IOI.8 

102.6 

C .8 

93 

102.28 

103.3 

C 1.0 

92 + 51 

101.9 

97.3 

F 4.6 

92 

101.5 

99.6 

F .9 

91 + 32 

IOI.O 

104. 1 

C 3.1 


100.8 

103.2 

C 2.4 

90 

100.00 

100.0 

0.0 


Solution.— The elevations of the subgrade at the station stakes 
are determined as follows: 


Station 

Elevation 


91 

100.00+ 1.00 X 

.76 = 100.8 

91 + 32 

100.00 + 1.32 X 

.76 = 101.0 

92 

100.00 + 2.00 X 

.76 = 101.5 

92 + 51 

100.00 + 2.51 X 

.76 = 101.9 

93 

100.00 + 3.00 X 

.76 = 102.28 

94 

102.28+ 1.00 X- 

.50 = 101.8 


The center depth is the difference between the corresponding num- 
bers in the second and third columns. This is a fill if the subgrade is 
higher than the natural surface; otherwise, it is a cut. 
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EXAMPLES FOR PRACTICE 

In the following examples, the elevations of the natural surface at 
the stakes indicated are given. It is required to find the depth at 
each center stake. 

1. Sta. 3, 65.0; Sta. 4, 67.1; Sta. 5, 70.8; Sta. 5 + 20, 71.3; 
Sta. 5 + 80, 69.8; Sta. 6, 70.9. Elevation of subgrade at Sta. 3 
= 66.40; gradient = +1.3%. 

Ans. F 1.4; F .6; C 1.8; C 2.0; F .2; C .6 

2. Sta. 31, 134.9; Sta. 32, 133.0; Sta. 32+ 70, 132.1; Sta. 33, 132.6; 
Sta. 33 + 55, 139.6; Sta. 34, 132.4; Sta. 35, 129.2. Elevation of sub- 
grade at Sta. 31 = 133.61; gradient = — 1.22%. 

Ans. C 1.3; C .6; C .6; C 1.4; C 9.1; C 2.4; C .5 

3. Solve example 1, if the gradient is +2% from Sta. 3 to Sta. 5 
+ 20, and — .40% beyond Sta. 5 + 20, the elevation of subgrade at 
Sta. 3 being 65.5 feet. Ans. F .5; F .4; C 1.3; C 1.4; C .1; C 1.3 

4. Solve example 2, if the gradient is — .70% from Sta. 31 to Sta. 33 

and + .10% beyond Sta. 33, and if the elevation of subgrade at Sta. 31 
is 134.0 feet. Ans. C .9; F .3; F .7; 0.0; C 6.9; F .3; F 3.6 

16. Slope Stakes. — For the purposes of earthwork, it 
is necessary to know where the sloping sides ab and ce, 
Figs. 1 and 2, of a finished cut or fill intersect the natural 
surface of the ground. These points, determined as explained 
in the next article, are marked by stakes called slope stakes. 
The operation of locating the slope stakes is called cross- 
sectioning. 

Thus, in Fig. 5, a slope stake will be driven at m and one 
at These stakes are usually not driven vertically, but are 
leaned outwards from the center line. On the inner face of 
the stake at m , the cut mk is written; and, similarly, on the 
inner face of the stake at the cut m' M is written. These 
two stakes, together with the center stake at c , furnish all 
the information that the contractor requires to guide him in 
excavating the section m l V m f . 

17. To Locate the Slope Stakes. — 

Let b = width / Fig. 5, of the roadbed; 

d =s depth ce of the center stake; 
s = slope ratio = Ik +■ mk = k! ■+ m f kf . 
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For the upper stake at m , let 

x = distance m q from slope stake to center line: 
y + d — elevation of m above subgrade = qc + ce — ?nk. 
Similarly, for the lower stake at m let 

x f = horizontal distance m ! q f from m! to center line; 
d — y* = m* k* = elevation of m f above subgrade. 



= I + qe tan kml = | + (d + y) s ; 

°r, x = I + sd+ sy (1) 

Similarly, 

x' = | ■ + sd — sy' (2) 

If the natural surface mem' is a level line, so that q, c, 
and q' are all at the same elevation, then, y = 0, y' = 0, and, 
therefore, by formulas 1 and 2, and Fig. 5, 

= x' - ca = ca' = -- + s d (3) 

z 


x 
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Formulas 1 and 2 are called slope-stake equations; 
formula 3 is called the level-section equation. 

1. To find the distance m q — x from the upper slope stake 
to the center line . 

This distance cannot be found directly from formula 1, 
because the value of the quantity y in this equation is not 
known until after the stake has been located. It is, there- 
fore, found by successive trials as follows: 

The required distance 7nq is greater than the distance ca % 
and it is evident that the steeper the slope mend , the greater 
m q will be. The rodman, carrying the rod and one end of 
the measuring tape, places the rod at some point ?i whose 
distance from c is, in his judgment, enough greater than 
the distance ac computed by formula 3, to bring the 
rod very near the required point m. The levelman reads 
the rod, and so finds the elevation of n above e; the rod- 
man and his assistant then measure the distance from n 
to c r. 

Let y" be the measured elevation of ?i above the center 
stake c. Let x n be the corresponding value of x computed 

by formula 1; that is, let x n = ^ + s d + sy f/ . This corn- 
ea 

puted value of x n is the distance q n n tr , Fig. 5, from the 
center line to a point n n of the slope whose elevation above 
the subgrade is equal to y f ' -f- d. If the measured distance q n n 
is less than the computed distance x n , the trial point n is 
evidently too near the center line, and the rod must be 
moved farther out; if the measured distance is greater than 
the computed distance, the rod must be moved farther in. 
Thus, by successive trials, a point is found for which the 
measured and computed values of x N do not differ by more 
than .1 or .2 foot. This point will be, with sufficient approxi- 
mation, the desired position of tn. As an example, suppose 
that d = 6.3, and that the rod reading on c is 5.9. Suppose 
s = 1.5 : 1, and b « 20. Then, by formula 3, 
ea = V + 1.6X8.3 - 19.5 feet 

The rodman will therefore hold the rod at some point 
more than 19.5 feet to the left of c r. Suppose that he holds 
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it 20 feet from c r, and that the reading on the rod in this 
position is 2.S. Then, the height of this point above c equals 
the reading on c minus the reading on ?/, or 5.9 — 2.8 
= 3.1 feet. 

The computed distance from the rod to c r is 

¥ + 1.5 X 0.3 +1.5 X 3.1 - 21.2 feet 

Since the measured distance (20 feet) is much smaller 
than this, the rod must be moved much farther out. 

Suppose that the rod is carried out 7 feet, so that the 
measured distance to cr is 27 feet, and suppose that the 
reading on the rod in this position is .8 foot. The elevation 
of this trial point above c will be 5.9 — .8 = 5.1 feet, and, 
by formula 1, the cotnputed distance x ft is 

¥ + 1.5 X 6.3 + 1.5 X 5.1 = 27.2 feet 

This agrees so closely with the measured distance that 
the slope stake may be driven at this point. 

2. To find the dista?ice m r q ! = x f from the lower slope stake 
to the center Ibie. 

The lower slope stake at m f is set in the same manner as the 
upper, except that the distance of each trial point below c is 
measured, and formula 2 is used in computing the corre- 
sponding value of x ff . The distance of the trial point from 
cr will in this case be taken less than the distance ea f com- 
puted by formula 3. 

As in the preceding case, if the measured distance from 
cr to the trial point is less than the computed distance, 
the point should be moved out; if greater, it should 
be moved in. This is evident from Fig. 5; if n f is the 
trial point, the computed distance x ff is the distance 
from cr to that point n nt of the side slope whose eleva- 
tion is equal to the elevation of If the measured dis- 
tance is less than the computed distance, the trial point 
is inside of the side slope and it must therefore be 
moved out. 

The selection of the trial point depends wholly on the 
judgment of the rodman. An experienced man will almost 
always locate the correct point at least on the second trial; 
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while some grow so expert that they can locate the majority 
of slope-stake points on the first trial. 

18. Compound Sections. — Where the material to be 
excavated consists of a layer of earth resting on rock, the 
cross-section is called a compound section. A compound 
section is shown in Fig. 11. The slope ratio for the rock is 
less than for the earth; but, if the exact depths of the earth at 
the points fc,a,b, and w, Fig. 11, were known, the slope 
stakes at k and m could be driven before any excavating had 
been done. As the slope of the rock and its depth below 
the surface are usually, however, known only very roughly, 
the method of setting the slope stakes in a compound section 
is generally as follows: The earth is first cleared away 
down to the rock for a width somewhat greater than that of 
the roadbed. Where the rock surface a b is thus exposed, 
the slope stakes (or marks on the rock) at a and b are located, 
in the manner just described, for excavating the section a dc b . 
Slight shelves bn and ae are then usually cleared away on 
the rock to prevent in part the earth from washing into the 
cut. Marks are made on the rock at ?i and e , and finally 
the slope stakes m and k are set by finding by successive 
trials the positions of those points that satisfy the equations 

ng ~ s Xgm 
eg' ~ sX kg f 

in which s is the slope ratio for the earth. 


EXAMPLES FOR PRACTICE 

In each of the following examples, b » 20 feet, and s 1.5:1. The 
letters refer to Fig. 5. 

1. The depth at the center stake is 8.0 feet; the rod readings at 

c and n tire 7.4 and 1.4, respectively. The measured distance from 
n to c r is 30.5 feet. Should the trial point be moved out or in from 
the center line? Ans. It should be moved out slightly 

2. In the preceding example, the rod reading at n * is 11.4 and the 

measured distance is 10.5 feet. Should the trial point be moved out 
ar in? Ans. It should be moved in 
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3. The depth at the center stake is 2.0 feet; the rod reading on c 
is 4.6, and on », 2.6. The measured distance from n to cr is 18.0 feet 
Should the trial point be moved out or in? 

Ans. It should be moved in 

4. In the preceding example, the rod reading for the lower stake 

is 5.2, and the measured distance is 12.1 feet. Should the trial point 
be moved out or in? Ans. Neither 


19. The Form of Notes in Cross-Section Work. 
When each slope stake has been set as explained in the 
preceding article, its distance from the center line and the 
elevation of the stake above or below subgrade are entered 
in the field book in the form of a fraction. The numerator 
of this fraction is the distance of the stake above or below 
subgrade, and the denominator is the distance of the stake 
from the center line. Thus, if the slope stakes in the 
example of Art. 17 are set at Sta. 131, the complete entry 
in the notebook will be as follows: 


Station 

Subgrade 

Elevation 

Center 

Depth 

Left 

Right ; 

132 

162.40 

159-7 

F 2.7 



131 

148.80 

155 . 1 

C 6.3 

C 11. 4 
27.2 

C 2.3 

13-5 

130 

160.40 

159.8 

F .6 


1 

1 


The first four columns have been fully explained in Art. 15. 
C 11 4 

The fraction — ' indicates that the left slope stake at m , 

At .A 

Fig. 5, is 27.2 feet from the center line of the roadbed and 

p O 5 

11.4 feet above subgrade. Similarly, the fraction — —— 

13.5 

indicates that the right slope stake m! is 13.5 feet to the 


right of the center line and 2.3 feet above subgrade. These 
expressions are called slope-stake fractions. It should 
be noticed that they are not true fractions in any sense. It 


is merely found convenient to write the cut or fill at each 
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slope stake and its measured distance from the center line in 
a fractional form. 

Although an ordinary leveling rod may be used for setting 
slope stakes, the work may be done with sufficient accuracy 
with a light pine rod 2 inches wide, i inch thick, and about 
12 Ret long, graduated into feet and tenths of a foot. This 
rod has no target, but is read directly with the telescope. 
It is light to carry, and if lost or damaged can easily be 
replaced at small cost. 

COMPUTATIONS AND ESTIMATES 

COMPUTATION OF VOLUME 

AO, Accuracy of Results Obtained. — The student 
should at the outset have a clear conception of the character 
of the work involved in earthwork surveys, and of the accu- 
racy of the results obtainable. If material is to be excavated, 
it will have an upper surface be , Fig. 2, that is more or less 
rough and irregular. Even if the excavation is made with 
perfectly regular slopes that form plane surfaces, yet, since 
the upper surface is irregular, the volume of earth cannot be 
exactly computed. Similarly, in a fill, since the natural sur- 
face cb. Fig. 1, is irregular, the volume of earth resting on eb 
cannot be found with perfect accuracy. In either case, it 
must be assumed that this mass of earth has a form that is 
practically identical with that of some geometrical solid 
whose volume can be exactly computed. It is true that this 
assumption involves some error; but the error can be reduced 
by taking a number of measurements sufficient to make the 
real volume approximate that of the assumed equivalent 
solid as closely as necessary. An attempt to compute the 
volume too closely may require an unwarranted expenditure 
of time and effort. Every road engineer should be able to 
judge what degree of accuracy is required in the surveys in 
order to determine the volume of the earthwork as closely 
as is necessary. It is never necessary to employ in the coxn- 
outation distances nearer than to the nearest tentn of a foot, 
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and it is very seldom necessary to compute volumes closer 
than to the nearest cubic yard. 

21. Prismoids. — The definition of prismoid, the pris- 
moidal formula, and the method of averaging end areas, with 
several problems illustrating the determination of volumes by 
both methods are given in geometry. The application of these 
methods to computations of earthwork will be shown in the 
following discussion. 

If Ax and A a are the areas of the bases of a prismoid; 
/, the perpendicular distance between them; and A,», the area 
of a cross-section half way between the bases; the volumes 
V and V u as computed by the prismoidal formula and by the 
average end-area method, respectively, are 

V=L(A i + 4A m + A.) (1) 

6 

K = l ~ (A x +A,) (2) 

The bases of the prismoid in railroad earthwork are such 
sections as qtmp , Fig. 7, made by vertical planes at right 
angles to the center line of the track. The length l of each 
prismoid is equal to the distance apart of the cross-sections. 
This is usually 100 feet, unless the surface of the ground is 
especially rough and irregular, when it becomes necessary 
to take sections at intervals of less than 100 feet. The 
prismoid will have four or more lateral surfaces, of which 
three are usually plane surfaces. The three plane surfaces 
are the roadbed t?n , Fig. 7, which is usually a plane rect- 
angle, and the two side slopes tq and mp , which are usually 
plane surfaces in the form of trapezoids. The remaining 
surface pq of the prismoid must be made to coincide with 
the actual surface of the ground as closely as possible. 

22. Method of Calculation. — The determination of the 
volume by formula 2, Art. 21, will usually give fairly accu- 
rate results, and this method is even authorized by the laws 
of some American states. The prismoidal formula, however, 
should be used for all accurate work. This formula requires 
that the dimensions of the middle section whose area is Am 
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shall be determined. This may be done by averaging the 
dimensions of the two bases and computing the area of the 
resulting figure. But a much simpler method is to compute 
the approximate volume by formula 2, Art. 21, and then, if 
necessary, to apply a correction to the result thus obtained. 
This correction, called the prismoidal correction, is the 
difference between the volume V computed by formula 1 
and the volume V x computed by formula 2; the result 
obtained by adding this correction to V x is the same as 
would have been obtained by a direct application of the 
prismoidal formula. The formula for computing the pris- 
moidal correction will now be derived. 

23. Volume and Prismoidal Correction for Tri- 
angular Prismoids. — A triangular prismoid, Fig. 6, 
is a prismoid in which the bases and all sections parallel to 



them are triangles. Denoting the base and altitude of one 
end section by b x and //,, respectively, the base and altitude 
of the other end section by b 9 and //,, and the corresponding 
areas by A x and A 3 , the following equations may be written: 

A x “ ^ b\ hi) A x = ^ bu h 9 


The base and the altitude of the middle section, whose 
area is denoted by A M) are, respectively, k{b x + b 9 ) and 
a {h x + h % ). Therefore, 


An 


= i X 


X 


Z^+ __ i v {bx^\~ b 9 \ {k x + h t ) 

2 tX “ “ 2 ™ ™ 


Let the prismoidal correction, or the difference JX— V x> be 
denoted by C. This correction is to be added algebraically 
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to V, in order to obtain V. Substituting in formula 1. 
Art. 21, the values of A Xi A 2 , A m , we have 

V = - (A x + 4 Am + A») 

D 

= [2" b x h x +2' (b x + b a ) (h x + ha) + i b x hj 

o 

= ~r (2 b x h x + 2 ^3 ha + ^1 ha + ^3 >^1) 

li! 

Similarly, from formula 2, Art. 21, 

v x = /x^ 1 t' 4 ’ = /x **>*• + **•*■ 

2 2 

= i (*,*, + *. A.) = (8A.A. + 8A.A.) 

4 12 

Therefore, 

C = v — v x 

= -—[2 b x k x + 2 b t h, + b x k, + b,^ — (Z^h. + Z b, h ,)] 

= ^2 ^1 "H ^1 <^2 ^2) 

= ^ 

or, finally, C = ^ (5, — b,) ( k , — h x ) (1) 

Also, V= V x + C (2) 

It should be constantly borne in mind that C is to be added 
algebraically to V x . If C is negative, this shows that the 
approximate volume V x is too large, and must be decreased; 
if C is positive, the approximate volume V x is too small, and 
must be increased. 

A study of the correction will show that, if either the bases 
or the altitudes of the two end sections are equal, one of the 
factors (b x — ba) or {ha — h x ) will become zero, and therefore 
the correction becomes zero. It shows also that, when one 
or both of these factors are small, the correction is a corre- 
spondingly small quantity; and that, when (as is usually the 
case) the breadth and height at one section are both smaller 
or both larger than the breadth and height at the other sec- 
tion, the correction is negative . Thus, if b x is less than b x 
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and A a is less than h xx then b x — b a is positive, h a — ^ is 
negative, and, therefore, C is negative. But when C is neg- 
ative, V x is greater than the true volume V; that is, the method 
of averaging end areas usually gives a result that is too 
large. When the difference of the breadths and heights is 
very large, the correction is very large, and V x is very greatly 
in error. Thus, for a pyramid, in which both b a and h a are 
zero, the correction is 


— (£1 — 0) (0 — h t ) 


b , h x l 
12 


The true volume is ib x h x l y and therefore the error in the 
value of V x is one-half, or 50 per cent., of the true volume. This 
extreme case shows the importance of computing the pris- 
moidal correction when the areas of the bases are very 
unequal. 


Example. — The dimensions of the bases of a triangular prismoid 
are: b x = 18 feet, h x = 8 feet, b 3 = 12 feet, and h* = 9 feet. To find 
the volume of this prismoid, in cubic yards, if the length of the prismoid 
is one station. 


Solution.— T he areas of the bases are: 

A x = £ X 18 X 8 = 72 sq. ft. 

A* = £ X 12 X 9 = 54 sq. ft. 

Substituting these values in formula 2, Art. 21, and dividing by 27 
to reduce to cubic yards, 

V x = X (72 + 54) -h 27 = 238.33 cu. yd., nearly 
Substituting the given values in formula 1 above, and dividing by 
27 to reduce to cubic yards, 

C a W X CIS - 12) x (9 - 8) -r- 27 = 1.85 cu. yd. 
Therefore, by formula 2, 

V = 233.33 ■+■ 1.85 = 235.18 cu. yd., or, say, 235 cu. yd. Ans. 


EXAMPLES FOR PRACTICE 

Note. -R esults are firiven to the nearest cubic yard. 

1. Solve the example in Art. 23 if b x = 20 feet, h x — 10 feet, 
b , a* 10 feet, k a sa 5 feet, and / = 1 station. Ans. V = 216 cu. yd. 

2. If, in Fig. 5, / V = 20 feet and e k x — l t -s- s = 10 -s- 1.5 = 6f feet, 
and if the other base of the prismoid is an exactly equal triangle 
100 feet distant, find the number of cubic yards of earth in this trian- 
gular prismoid. What is the prismoidal correction for this prismoid? 

Ans. V = 247 cu. yd.; C = 0 
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3. If aa'k 1} Fig. 5, is the base of a prismoid in which a o' = 39 feet 
and c &i= 13 feet, and if, at the other base of the prismoid 100 feet 
distant, a a' = 30 feet and c k i = 10 feet, find the volume of the trian- 
gular prismoid whose bases are the figures a k r a. Ans. F=739 cu. yd. 


24. Three-Level Sections. — Where the surface of the 
ground is fairly regular, it is sufficiently accurate to deter- 
mine the elevation of the center point and the distance and 
elevation of the two slope stakes. The method assumes that 
the straight lines cq and cp , Fig. 7, that join the center with 
the slope stakes are on the surface of the ground. When this 
method is used, the sections are called three-level sections. 

In Fig. 7, and elsewhere throughout these earthwork cal- 

culations, b repre- 
sents the width tm 
of the roadbed; a , the 
depth kn below the 
roadbed to where the 
two side-slope lines 
produced intersect; d y 
the center depth c k; 
and wi and w r the 
horizontal distances 
from the center to 
the left-hand and the 
right-hand slope stake, respectively. The triangle below 
the roadbed, with base b and altitude a y *is called the grade 
triangle, and its area equals i a b. The altitude a is found 
from the relation (see Art. 8) 

a = nk = mk cot ?n?ik = = — ( 1 ) 

tan m ?i k s 

If the area of the grade triangle is temporarily added to the 
area tmpq y the total area of the section q?ip may be con- 
sidered as composed of the two triangles pne and q?ic y both 
having the base a + d and altitudes wi and w r > respectively. 
The respective areas of these triangles will therefore be 
^ (a + d) wi and £ (a + d) w r . The area of the section tmpq 
to be excavated is equal to the sum of the areas of these two 
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triangles minus the area of the grade triangle tmn . If the 
area of the section tmpq is denoted by A u we shall have 
A x = a (a + d) (wi + w r ) — 2 ab 

= 2 [(a + d) w — a b\ ( 2 ) 

in which Wi + w r is denoted by w. 

Similarly, if d f and w* denote the center depth and the total 
width, respectively, of the cross-section at the next stake of 
the center line, and A t denotes the area of this section, we shall 
have, since a and b have the same values at the two sections, 
A* = £ [( a + d ') w r — ab\ (3) 

The approximate volume of the prismoid whose bases are 
the parallel sections qtmp and whose length is the distance 
apart of the two sections is found by substituting the fore- 
going values of A x and A* in formula 2, Art. 21. This gives 

Vi = 2 U. + a,) 

— 7 [(« + d) w + (a + d') w' — 2ab\ ( 1 ) 

4 

If the dimensions of the two cross-sections are very nearly 
equal, formula 1 will give a sufficiently accurate value of 
the volume of the prismoid; but if the two sections differ 
considerably, the approximate volume V x must be corrected 
by adding to it the prismoidal correction. This correction is 
computed as follows: Let C be the prismoidal correction 
for the prismoid whose bases are the triangles qcn ; C", the 
prismoidal correction for the prismoid whose bases are the 
triangles pc?i\ and 6 ,,f the prismoidal correction for the pris- 
moid whose bases are the grade triangles tn?n. Let, also, 
F/> VA) and V x fn be the approximate values of the volumes of 
these three prismoids, respectively, computed by formula 2, 
Art. 21; and let V n , and V ftr be the respective values 
computed by the prismoidal formula. An expression for O 
is found by substituting in formula 1, Art. 23, d + a for b u 
d f + a for b a} w t for k Xi and w / for h % . This gives 

C = ( w t — w/) [{d f + a) — (d+ a )] 
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In a similar manner, 

C" = ^(wr— w r f ) (df — d) 

a " = o 

Therefore, by formula 2, Art. 23, 

V' = VJ + C'; V " = V" + C"; V'" = F/" + C"' 

For the required volume we have 
V = V' + V" - V nt = (VJ + V: J' - VJ") + (C' + C"~ C'") 
But VJ + VJ' - VJ" = and F = F x + C 
Therefore, C = C' + C" + C ;// 

or, substituting the values of C'> C ", C'", and reducing, 

C = — aO (2) 

When the excavation is in earth and the difference between 
d and d' does not exceed 3 or 4 feet, formula 1 will usually 
give a sufficiently accurate result. If d' — d exceeds 5 feet, 
or if the excavation is in rock, the prismoidal correction 
should be computed and applied. 


25* Illustrative Example. — The form in which the 
computation of volume should be arranged when the cross- 
sections are three level sections is shown on page 23. 
The figures in the first four columns are written while 
the survey is being made, as was explained in Art. 19. 
The figures in columns 5, 6, and 7 are used for computing the 
average-end area volume V x by formula 1, Art. 24; those 
in columns 8, 9, and 10 are employed in computing the 
prismoidal correction by formula 2, Art. 24; and the figures 
in the last two columns are used for computing the correc- 
tion for curvature, as will be explained in a subsequent 
article. 

The values of V x for the prismoids included between the 
successive cross-sections are found as follows: Since the 
results are always expressed in cubic yards, formula 1, 
Art. 24, becomes, for the volume between two full 
stations (/ = 100), 




4X27 


4X27 


4X27 
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If the slope is li : 1 and the width of the, roadbed is 
22 feet, we have, by equation (1), Art. 24, 

a = 2 * ^ = 7.3, for all sections 


The sums of the constant depth a and the variable depths d 
in the second column are written in the fifth column. Thus, 
at Sta. 22, a + d = 7.3 + 6.2 = 13.5 feet; at Sta. 23, a + d 
= 7.3 + 9.4 = 16.7 feet. The total width at each station is 
written in the sixth column. Since, in Fig. 7, w = w t + w r > 
and since the measured distances Wi and w r are the denomi- 
nators of the fractions in columns 3 and 4, respectively, it is 
only necessary to add the two denominators at each station 
to obtain the numbers in column 6. Thus, at Sta. 22, w 
= 16.1 + 30.2 = 46.3; at Sta. 23, w = 18.2 + 31.4 = 49.6 feet. 

To compute the value of V x between Sta. 22 and Sta. 23, the 
proper values must be substituted in formula 1. This gives 

K = 4 ^ X 13.5 X 46.3 + 4 ^° 27 X 16.7 X 49.6 


2x 100 
4X27 


X 7.3 X 22 = 579 + 767 - 298 = 1,048 cu. yd. 


The number 579 is written in column 7 (a) opposite Sta. 22, 
and 767 in the same column opposite Sta. 23. The result, 
1,048 cubic yards, is written opposite Sta. 23 in column 7 (6) . 

In a similar manner, we have, for the volume of the 
prismoid between Sta. 23 and Sta. 24, 


V x = 


100 

4X27 


X 16.7 X 49.6 + ^27 


2 X 100 
4X27 


X 7.3 X 22 


X 19.1 X 64 


The first term of this expression has already been com- 
puted, and its value, 767 cubic yards, has been written in 
column 7 (a) opposite Sta. 23. The last term is the constant 
volume 298 cubic yards. It is therefore necessary to com- 
pute the second term only. Its value is found to be 1,132 
cubic yards, and this is written in column 7 ( a ) opposite 
Sta. 24. We then have 

V x = 767 + 1,132 - 298 = 1,601 cubic yards, 
and this result is written in columi? 7 ( b ). 
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h is thus seen that, at each station, it is necessary to 
-ompute but one term of formula 1; this term is the value of 

4 X 27 {a + d)w for ^at station. The value of this term for 

each station is written in column 7 (a). If the stations are 

^ Part ’ 3117 nUmber in C0lumn 7 ^ is obtained by 

tracZo-^ 909 :W ? reCed ! ng nUmbers in column 7 («) and sub- 
fo I? !f CUblC yardS fr ° m the resulting sum. The result 
so obtained is the value of V t for a prismoid 100 feet Ion-. 

must h. t TTu S arS l6SS than 100 feet apart > the result 
must be multiplied by the ratio of their distance to 100 feet 

to obtain the volume of the prismoid. This volume is then 
written m column 7 (6). For example, for the prismoid 
between Sta. 24 and Sta. 24 + 35, we should obtain, if the 
prismoid were 100 feet long, 

1,132 + 684 - 298 = 1,518 cubic yards 
Since the length is but 35 feet, the actual value of V x is 
loo X 1,518 = 531 cubic yards, 
and this number is written in column 7 (6). 

. 11 1S . US " ally more convenient to compute all the numbers 
in each co umn before passing on to the next column. When 
column 7 {b) has been filled up, the number of this column 
opposite each station is the approximate number of cubic 
yards, computed by average end areas, contained between 
that station and the preceding station. Thus, 1,048 is the 
approximate . number of cubic yards between Sta. 23 and 
Sta. 22; 531 is the approximate number between Sta. 24 + 35 
and Sta. 24; etc. The total approximate number of cubic 
yards, between Sta. 22 and Sta. 25, as computed by average 
end areas, is, therefore, 

1,0*18 + 1,601 + <531 + 426 = 3,606 cubic yards 
The prism o id al correction must now be computed. 

Since the result is to be expressed in cubic yards, formula 2, 
Art. 24, becomes 


C = 12 x 27 ~ W>) {d ' ~ d) (2) 

The successive values of w - w' in column 8 are obtained 
by subtracting each number in column 6 from the number 
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just below it in this column. Thus, for the prismoid between 
Sta. 22 and Sta. 23, w = 46.3, w f = 49.6; and w — w r 
= — 3.3 feet. Similarly, the values of d f — d in column 9 are 
obtained by subtracting each number in column 2 from the 
number just above it in this column. Thus, for the first 
prismoid, d = 6.2, d f = 9.4, and df — d = + 3.2 feet. 

The numbers in column 10 are the values of the pris- 
moidal correction computed by formula 2, Thus, for the 
first prismoid, since l = 100, . 

C = ^ - X - 3.3 X 3.2 = — 3 cubic yards; 

12 X 27 

for the second prismoid, 

C — — X — 14.4 X 2.4 = — 11 cubic yards; 

12 X 27 

and similarly for the remaining prismoids. 

The volume of the first prismoid, as obtained by the pris- 
moidal formula, is, therefore, 1,048 — 3 = 1,045 cubic yards; 
that of the second, 1,601 — 11 = 1,590 cubic yards, etc. 


EXAMPLES FOR PRACTICE 

1. In the example just given, compute the volume of the prismoid 
between Sta. 24 and Sta. 24 + 35. Ans. V x = 531; V = 525 cu. yd. 

2. In the foregoing example, compute the volume of the prismoid 
between Sta. 24 + 35 and Sta. 25. Ans. V x = 426; V = 405 cu. yd. 


3. If the roadbed to which the accompanying notes refer is 21 feet 
wide and the slope is 14 : I, find the volume of the prismoid between 
Sta. 361 and Sta. 162. 


Station 

Center 

Depth 

Left] 


C 4.6 

C 2.4 

163 

14. 1 

C 2.X 

C 4.6 

162 

13.6 

i 6 r 

C 2.1 

C 4.0 

16.5 


Riffht 


Co.o 

10.5 
C 4.1 

16.6 
C 6.1 

19.6 


Ans. V 1 - 356; V = 361 cu. yd. 
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26. Irregular Sections. — The method of three-level 
sections is always sufficiently accurate for preliminary work; 
and, when the surface of the ground is fairly regular, it is 
sufficiently accurate for the final computations. When, how- 
ever, the surface of the ground is very irregular, it becomes 
necessary, in order to obtain the volume with reasonable 
accuracy, to measure the distance from the center to various 
points in the cross-section where the slope changes, and to 
obtain the elevations of those points above the roadbed. 
This produces what is called an irregular section, such 
as is illustrated in Fig. 8. If two such sections form the 
bases of a prismoid, the volume can be computed by apply- 
ing the prismoidal formula, or by using the method of 


averaging end areas, m 

and then applying a 

prismoidal correction plik c f 

equal to the sum of y 3 £ | } 

the corrections for the ! !* cl 

different elementary [ t 1 , 

triangular prismoids j r " ] * 

into which the irreg- |* / * A 

ular prismoid may be 

divided. While this Fl6 ‘ 8 

method is theoretically applicable, and is sometimes adopted, 
it is usually considered a needless refinement. As a com- 
promise between this method of extreme accuracy and the 
too rough method of averaging end areas, a prismoidal 
correction is usually computed by treating the bases, tor the 
purpose of this computation only, as three-level sections. This 
gives only an approximate value of the correction, but a 
value that is generally very nearly exact. _ 

The irregular section shown in Fig. 8 has two intermediate 
points m and k on one side of the center, and one intermediate 
point / on the other. The distances out and the heights of 
the points above the roadbed are as shown. The lines ef, 
c k, etc. are treated as straight lines. Denoting a trape- 
zoid by the letters in two diagonally opposite vertexes, we 
have, for the area A of the section nPggfckm , 
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A = trapezoid ?ir - f trapezoid r k + trapezoid k v + trape- 
zoid cu + trapezoid ft 1 — triangle nip ~ triangle 
or, writing the expressions for these areas in order, 

A — h (y* + y*) (*• — .r.) + i (y, +yx) (x a — Xx) -hi (y l + d)x t 
+ 2 (yf + d) xf + iG'*' + y/) (■*.' — xj) 



Performing the operations indicated and rearranging the 
terms, 

A = i (iby* + x a y a + x a y l + x x d+ dxf + yf xf 
+ 2 byj — y 3 x t — y 3 x x — xfyj) 

This long expression for the area may be very easily 
formed as follows: Write the successive slope-stake fractions 
(Art. 19) in order, in a horizontal row, beginning with the 
extreme left slope stake; and for the center stake write the 

fraction At the beginning and end of the row, write 

the fraction Thus, the fraction for the stake at n is for 
ib x s 

the point m, it is — , etc.; so that the row of fractions for 
Fig. 8 will be as follows: 

& b/\ X a S^^X 3 /n. X x / \ 0 /' ? \xf!*\xjl / \2 b 

Next, multiply each denominator by the numerator that 
follows it and each numerator by the denominator that fol- 
lows it, giving to those products connected with full lines 
the plus sign, and to those connected with dotted lines the 
minus sign. One-half of the algebraic sum of these products 
will be the desired area. This is evident, since, proceeding 
according to the directions, we have the positive products 
iby 3i x 3 y a , x a y l} x t d , dxf , yj xj, and yj i b: 
and the negative products 

— y»x a , — y 3 x ■», and — xj yf 

One-half of the algebraic sum of these is identical with the 
second member of the formula given above. 
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Example. — The following notes having been recorded at Sta. 129; 
it is required to find the area of the cross-section. The roadbed is 
24 feet wide. 


Station 


Center 

Depth 


129 C 8.3 


Left 

C 12.7 C 16.0 C 12.2 

31.0 15.0 10.5 


Right 
C 4.1 C 6.0 
8.2 21.0 


Solution. — The series of fractions will be as follows: 


12.7\/16.0\yi2.2\y/8.3\\/4.1\ y / 

31.0/\15.0/\10.5/V\ 0 /A8.2A 

These are exactly as written in the field book, except that the frac- 
tion - -- = - is written at the beginning and end of the row; and that 

d 8 3 

for the center stake the fraction - = is written. The double areas, 
computed according to the rule, are as follows: 

Plus Areas 
12 X 12.7 = 1 5 2.4 

31.0 X 16.0 = 4 9 6.0 

15.0 X 12.2 = 1 8 3.0 

10.5 X 8.3 = 8 7.2 

8.3 X 8.2 = 6 8.1 
4.1 X 21.0 = 8 6.1 

6.0 X 12.0 = 7 2.0 

Sum = 1 1 4 4.8 

The desired area is, therefore, 

£ (1,144.8 - 407.7) = 368.6 sq. ft. Ans. 

27. In computing the area, the line of fractions in the 
statement of the preceding example need not be copied from 
the field book. It is only necessary to write in with a lead 
pencil the three additional fractions of the series in the 
solution, which are enclosed in parenthesis, and then to 
form the products. After a very little practice, the student 
will avoid writing these fractions, merely imagining them 
to be written. The full and dotted lines of series in 
the solution should not be drawn on the page of the 
field book. 

This general method for irregular sections applies to 
all sections, no matter at how many points etc., 


Minus Areas 
12.7 X 15.0 = 1 90.5 
16.0 X 10.5 = 1 6 8.0 
8.2 X 6.0 = 4 9.2 

Sum = 4 0 7.7 
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Fig. 8, readings are taken. If preferred, it may therefore 
be used for three-level sections in place of the method 
of Art. 24 . 

28 . Illustrative Example: Tabulation of Data and 
Results, — The data and results in the following example are 
given in tabular form, as before, but with even greater 
reason on account of its greater complexity; yet, the method 
is but an extension of the method previously used for three- 
level ground. Two tables are given— (A) and (B): the first 
is merely a copy of the field notes, which are here made 
separate from the computations, since both of them require 
considerable space. The form of the field notes should be 
carefully observed. 

(A) 

Field Notes 


i 

Station 


2 

Center 
Cut or Fill 


3 

Left 


4 

Right 


129 
+ 40 
128 
127 
126 


C 8.3 
C 13.2 
C 10.9 
C 8.6 
C 4.2 


CI2.7 

C 16.0 

C 12.2 

C4.1 

C6.0 

31.0 

i 5 -o 

10.5 

8.2 

21.0 

C22.8 

C 20.4 

C 18.2 

C 12.8 

C 10.4 

46.2 

31-0 

19-5 

13.7 

27.6 

CI8.6 



c 8.0 

C8.5 

39-9 



4.2 

21.7 

C T4.6 




C 12.4 

33-9 




30.6 

C9J 




0 2.1 

26.4 




15. 1 


Roadbed 24 feet wide in cut. Slope 1.5 : 1. 


In column 1 of Table (A) is given the station number 
of the section; it should be observed that the notes run from 
the bottom of the page upwards. The notes are arranged in 
this way so that, when one stands on the line of the road 
looking forwards, the fractional expressions, which give for 


EARTHWORK 


31 


13 54 


(B) 

Computation 


1 

l 

2 

Double 

3 

Double 

1 

4 

Cubic Yaids 

; 

s 

6 

1 

7 

1 

8 

Prismoidal 

Correction 

Station 

Plus 

Areas 

M inus 
Areas 

(a) 

( b ) 

zv 

zv — w' 

d'-d 

129 

152.4 

496.0 

183.0 
87.2 

68. 1 

86.1 
72.0 

190.5 

IG8.0 

49.2 

683 

1,215 

52.0 

+ 21.8 

~ 4-9 

— 20 

128 + 40 

273.6 

942.5 

564.2 

2 5’’-4 

180.8 

353-3 

124.8 

706.8 

397-8 

142.5 

1,342 

886 

73-8 

- 12.2 

+ 2.3 

- 3 

128 

223.2 

434-9 

45.8 

173.6 

102.0 

35.70 

874 

1,688 

6 l .6 

+ 2.9 

+ 2.3 

+ 2 

127 

175.2 

29 i *5 

263.2 
148.8 


814 

1,105 

64.5 

- 23.O 

+ 4-4 

- 31 

126 

115.2 
no. 9 
63.4 
25'2 


291 


41.5 





Vx = 4.894 -52 

C= - 52 

V = 4,842 



32 


EARTHWORK 


§54 


each point the height and distance from the center, will have 
on the notebook approximately the same relative position as 
they have on the ground. Column 2 contains the center cut 
or fill, each number being preceded by F or C, co indicate 
fill or cut, respectively. The slope-stake figures for the left- 
hand side are always given at the extreme left of the space 
in column 3. The line between columns 3 and 4 may then 
represent the center line, and the intermediate points 
between the left-hand slope stake and the center are given 
in their order in column 3. Similarly, the points on the 
right side are placed in column 4; the figures for the right- 
hand slope stake are always placed in the extreme right-hand 
side of that column. 

Table (B) shows the computation arranged in tabular 
form. In the first column are the station numbers; in the 
second are the double plus areas; and in the third are 
the double minus areas. From formula 2, Art. 21, the 
volume V x> in cubic yards, of the prismoid between two full 
stations is given by the equation 


V = A 4- v A 

1 2 X 27 X 1 + 2x 27 X 2 

In column 4 (a), opposite each station, is given the 
value of - X A for that station. The sum of any two 


successive numbers in column 4 (a) is the volume V x of 
the prismoid between the corresponding sections, if this 
prismoid is 100 feet long; otherwise, this sum must 
be multiplied by the ratio of the length of the pris- 
moid to 100 feet. The resulting volume is written in 
column 4 {b). The last four columns contain the computa- 
tion of the prismoidal correction, performed as explained 
in Art. 25. 

To show clearly how the table is formed, the computation 
of the volume of the prismoid between Sta. 128 + 40 and 
Sta. 129 will now be given in full. To find the end area at 
Sta. 128 + 40, the following fractions are written: 
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The products of the numbers connected by full lines, 
12.0 X 22.8, 46.2 X 20.4, etc., are written in column 2, and 
the products of those connected by dotted lines, 22.8 X 31.0, 
20.4 X 19.5, etc., are written in column 3. The sum of the 
double plus areas is 2,696.6, and the sum of the double 
minus areas is 1,247.1. The area of the section is, there- 
fore, a X (2,696.6 — 1,247.1) =? 724.8 square feet. The 

product X 724.8 = 1,342 cubic yards is written in 

2 X 27 

column 4 ( a ) of the table. 

From the example in Art. 26 the area of the section at 

Sta. 129 is 368.6 square feet; the product 368.6 

2 X 27 

= 683 is written in column 4 (a) opposite Sta. 129. 

If the prismoid were 100 feet long, the volume Fi would 
be 683 + 1,342 = 2,025 cubic yards. As the prismoid is but 
60 feet long, the volume is Tiro X 2,025 = 1,215 cubic 
yards, and this number is written in column 4 ( b ) opposite 
Sta. 129. 

The computation for the other stations is made in a similar 
way. It will be observed that the sections at Sta. 126 and 
Sta. 127 are three-level sections, and that in this case there 
are no minus areas. 

The sum of the numbers in column 4 (3) is 4,894 cubic 
yards, and this is the volume V x of the prismoid between 
Sta. 126 and Sta. 129. The total prismoidal correction, 
obtained as explained in Art. 25, is — 52 cubic yards. 
Therefore, the final volume V is 4,894 — 52 = 4,842 cubic 
yards. 


EXAMPLES FOR PRACTICE 

1. Find the volume of the prismoid between Sta. 127 and Sta. 128 
in the example just given. 

Ans. V x = 1,688; C = + 2; V = 1,690 cu. yd. 

2. Find the volume of the prismoid between Sta. 128 and Sta. 128 

-f- 40 in example 1. Ans. V x = 886; C = — 3; V = 883 cu. yd. 

3. Solve example 1 of Art. 25 by the method of this article. 

Ans. V x ~ 631; C = - 6; V = 625 cu. yd. 
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4. Having given the following field notes, find the volume of the 
prismoid between Sta. 21 and Sta. 22, if the roadbed is 20 feet wide: 


Station 

Center 

Depth 

Left 

22 

C6.5 

C 4.1 
16. 1 

C 5.0 

8.0 

21 

C 5.3 

C6.2 

19*3 

C6.0 

12.0 


Right 

C2.0 C7.5 

8.0 21.2 
C 4*0 C 8.9 

10. 0 23.3 


Ans. Vi = 522; C = -f- 2; V — 524 cu. yd. 


29. Areas of End Sections in Side-Hill Work. 
When the grade line runs pretty close to the surface along a 
side slope, it will usually happen that both cut and fill will 
be necessary in the same section. In such a case, it is 
frequently sufficiently accurate to consider that the section 
in either cut or fill is triangular. Thus, in Fig. 9 , if the 



slope from p to v were uniform, the area of the cut would 
be the area of the triangle pqv , and that of the fill would be 
the area of the triangle pmn . If there is an intermediate 
point t , however, the method of Art. 26 should be employed 
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to obtain the area of the section pqvt . Although the 
amount of earthwork to be done in side-hill work is 
usually very small, yet, as previously stated, the method 
of averaging end areas is generally very inaccurate, the 
prismoidal correction being a very large percentage of 
the total volume, frequently as much as one-third of the 
nominal volume. 

As an illustration, suppose that in Fig. 9 the shoulder vi 
of the slope is 8 feet from the center, that the fill begins at 
2 feet from the center, and is a rock fill with a slope of 1 : 1 ; 
and that the slope stake ?i is 16.8 feet from the center. 
Then, mk = ck — c?n = 16.8 — 8.0 = 8.8 feet; and, since 
the slope nk 4- km is 1 : 1 , the vertical distance ?i k of n 
below subgrade will also be 8.8 feet. Assuming it to be 
sufficiently accurate to treat as a straight line, it may 
be considered that the section of fill is the triangle mnp , 
whose base mp equals 8.0 — 2.0 = 6.0 feet and whose alti- 
tude is n k . 

The area pqvt is found by the formula in Art. 26. The 

0 C 6 2 

fraction for the point p is that for t is — and that for v 

2 7.6 


. C 8.2 
‘ S 18.2 ' 


The center depth is 1.3 feet, and the distance 


cq = \b is 10 feet. The notes for the entire section 
shown in Fig. 9 will therefore be as given in the follow- 
ing table: 


Station 

Center 

Depth 

Left 

Right 


C 1.3 

F 8.8 _o_ 

C 6.2 

C 8.2 

33 

x 6.8 2.0 

7.6 

1 8.2 


The series of fractions will therefore be, considering only 
the section of cut, 

0 0 1,3 6J2 8.2 0_ 

10 2 0 7.6 18.2 10 



36 


EARTHWORK 


§54 


The double areas are as follows: 

Plus Areas Minus Areas 

2.6 6 2.3 

9.9 

1 1 2.8 
8 2.0 

Sum = 2 0 7.3 

The desired area for cut is, therefore, 

i X (207.3 — 62.3) = 72.5 square feet 

30 . Computation of Volumes in Side-Hill Work. 
The volumes of the prismoids for cut and for fill will be 
computed separately. The areas of the bases of each 
prismoid are first found as explained in Art. 29, and the 
volumes V x are computed by the formula 

F, = | U, + A,) 

To find the prismoidal correction, it is sufficiently accurate 
to regard, for the purpose of computing this correction only , the 
bases of the prismoids as triangles, and to compute the 
prismoidal correction by formula 1, Art. 23. 

Example. — It is required to compute from the following notes the 
volume of cut and fill, the roadbed being 20 feet wide in cuts and 
16 feet wide in fills (see Fig. 9) : 


Station 

Center 

Depth 

Left 


Right 


33 

C 1.3 

F 8.8 o 
16.8 2.0 


C 6.2 
7.6 

C 8.2 
18.2 

32 

F 2.0 

F ii. 4 

19.4 

O 

3.4 

c 3-3 
11. 6 

C 6.0 
16.0 


Solution.— At Sta. 32, the distance cp — 3.4 ft., and p is on the 

right of c. Hence, the base p m of the triangle of fill = 8.0 -f- 3.4 

= 11.4 ft. Since nk = 11.4 ft., the area of this triangle is X 11 4 

X 11.4 = 65.0 sq. ft., area of fill. 

To compute the area of the cut, we write the series 
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and obtain: 

Double 
Plus Areas 

5 2.8 

6 0.0 


Double 
Minus Areas 
6 9.6 
1 1.2 


Sum = 1 1 2.8 


8 0.8 


Hence, the area is (112.8 - 80.8) = 16.0 sq. ft. (cut). 
For vSta. 33, we have found in the example of Art. 29, 
area of fill = 26.4 sq. ft.; area of cut = 72.5 sq. ft. 
The volume V x of fill will therefore be 


100 

2 "^ X (26.4 + (35.0) = 169 cu. yd. (fill) 


and that of cut, 


100 


2 £ 27 X (1G *° + 72 * 5) = 104 CU * yd - (cut) 


The prismoidal correction must now be computed. By formula 1, 
Art. 23, we obtain, 

100 

for fill, C = ^ X (11.4 - 6.0) X (8.8 - 11.4) = - 4 cu. yd. 

for cut, C = x ( 6 - 6 “ 12 ) x ( 8 - 2 ~ 6 ) = ~ 4 cu. yd. 


The final corrected volumes are, therefore, 

for fill, V *= 169 - 4 = 165 cu. yd.l 
for cut, V — 164 — 4 = 160 cu. yd. J nS ' 


EXAMPLES FOR PRACTICE 


1. Draw a figure showing the cross-section at Sta. 32 in the exam- 
ple just given; obtain an expression for the area of the cut as in 
Art. 20, and thus show that the employment of the series in the 
foregoing example will give the correct area. 


2. If, in the foregoing example, the field notes at Sta. 34 are as 
given in the accompanying table, find the volumes of the prismoids 
of cut and fill between Sta. 33 and Sta. 34. 


Ans 


{ 


For fill, V x = 77, 
For cut, Vx — 312; 


C = 


i; 


V = 78 cu. yd. 
1; V = 311 cu. 


yd. 


Station 


Center 

Depth 


Left 


Right 


C 4.0 


F^ioo o 
18.0 5 


C 9.4 
" 19.4 


34 
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31 . Transition From Cut to Fill. — At each transition 
from cut to fill, the cross-section of cut gradually diminishes 
to zero, and the fill, commencing at zero, increases to 
the full-sized embankment. There is, therefore, a terminal 
pyramid at the end of the cut, and a similar pyramid at the 
beginning of the fill. A cross-section should be taken where 
either side of the roadbed first runs out of the cut, as the 
point b in Fig. 10. The section at that point will be a tri- 
angle, and the remainder of the cut will be a pyramid 



Fig. 10 

whose vertex is the point n , where the other side of the cut 
reaches the surface. The initial pyramid of fill overlaps the 
terminal pyramid of cut for practically its whole length, the 
only discrepancy being that the width of the roadbed in the 
cut is greater than that in the fill, and therefore the apex of 
the pyramid of fill is not at the base of the pyramid of cut. 
A cross-section of the fill should be taken at the point », 
where the roadbed attains its full width in fill. The volume 
of each of these terminal pyramids equals the area of its 
triangular base multiplied by one-third of the height, or 
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length. Beyond these terminal pyramids, the volume of cut 
or fill can be determined by the usual methods. 

32. Compound Sections. — When the excavation for a 
cut passes partly through earth and partly through rock, it 
may be justifiable to use different slope ratios and different 
forms of cross-section, as is illustrated in Fig. 11. When 
estimates are being made to determine the amount of earth- 
work, it is sometimes required that borings shall be made to 
determine whether rock will be encountered before the exca- 
vation is carried to its full depth. During construction, the 
earth is dug away until rock is exposed; and after excavating 



Fig. 11 


into the rock to the desired depth, and using such slopes as 
are found necessary, the earth slopes are finally determined. 
Although it may be seen that there is a considerable economy 
so far as mere volume of excavation is concerned when rock 
is encountered, yet, since rock is more expensive to excavate, 
it frequently makes but little difference in the cost whether 
rock is found or not. The largely increased cross-section of 
earth tends to compensate for the reduced cost per cubic 
yard of excavating the earth. 

The computation of the volume of earthwork between 
compound cross-sections is much more complicated than 
when the excavation is of only one class of material. The 
ILT 281 — 23 
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area of the earthwork and the rockwork at each section must 
be determined separately. It is very difficult, if not impos- 
sible, to make preliminary computations, before any exca- 
vating has been done, of the precise amount of rockwork and 
earthwork, since they can only be made in a blind way by 
boring. It is necessary to know just where the rock sections 
“run out,” and this cannot ordinarily be determined until 
after the excavation has been completed. 

When the excavation has been completed, the areas of the 
end sections are determined as follows: 

To find the area of abed. Fig. 11, of the rock section, we 
have, from the figure (assuming ah = el, bj = ?ip , which 
is sufficiently close), 

area abed — trapezoid aj — triangle ahd — triangle bj c 
= i (y* + yJ) (x a + xj) — v ( Xn — h b)y 9 
— i (xj — ib) yj 

= i (iby u + x a yj + y a xj + i byj) (1 ) 

This expression may be easily formed by a method 
similar to that explained in Art. 26. Thus, if we write the 
series of fractions 

JL /i>\yyA\ JEL 

ib / x 9 /\xj Xa b* 

and add the products of the quantities that are connected by 
full lines, the resulting sum will be the area desired. 

To find the area en?nk of the earth section, let c be the 
width of the shelf ^ or bn. Then, 

area e n m k = trapezoid kq — trapezoid k l — trapezoid In 
— trapezoid n q 

= i (yi+y/) (x x +x/) — i (y t +y a ) 

- 1 b.+yp (x. +x/ + 2t)~ i (y/ + yj) (x/ - x.' - c) 

— a (x 1 'y l + y^x, + xj yj + x x yj — x\ y ,) 

— x*y,' — y,x,' — Xl 'y a ') + \c (y, — y, +yj — y.) (2) 

The expression in the first parenthesis is most easily 
formed by writing the series 

— / C'\zy±.\ o. 

x x '/ X x / \ X, /^\xj S' \ X / \ Xl 
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and forming; the products indicated, giving the plus sign to 
those connected by the full lines, and the minus sign to those 
connected by the dotted lines, as explained in Art. 26* 
When the areas of the end sections of the rock and earth 
cuts have been found by formulas 1 and 2, respectively, the 
volumes V 1 are obtained by formula 2, Art. 21. The pris- 
moidal correction is then computed by formula 2, Art. 24. 
In applying this formula to the rock section, we assume 
d = vt (Fig. 11) = i (y* + y*'); 
in applying it to the earth section, we assume 
d = s i = -2 (y t + y x f ) — v t 

Example. — From the following notes, which contain the full meas- 
urement of a portion of a completed cut, compute the volume of rock 
and that of earth between Sta. 362 and Sta. 368, if the roadbed is 
20 feet wide, and the shelf a e = bn (Fig. 11) is 1 foot wide. 


- 

Left | 

Riffht 

Station 

Earth 

Rock 

Rock 

Earth 

363 

C 8.0 

C 6.8 

C 7.2 

C 10.5 

14.O 

11.4 

12.2 

16.0 

362 

C 15.0 

C 12.2 

C 13.0 

C 18.0 

18.0 

14.0 

15.0 

20.0 

361 

c 8.0 

C 2.0 

C 3-6 

C 6.0 

18.4 

II. 0 

l 

11. 0 

15 . 1 


Solution. — To compute the rock area at Sta. 362, we write the 
series 

A yi 2 . 2 \/ 13 . 0 \ £ 

10/ 14.0/\l5.0 \l0 


From this we have 

area = \ X (122 + 182 -f 130 + 183) = 308.5 sq. ft. 
Similarly, at Sta. 363, we have the series 

0 / 6.8 \/ 7.2 \ 0 

10/ 11.4A12.2 \10 


from which 

area = \ X (68 + 82 + 72 + 83) = 152.5 sq. ft. 
Therefore, for the rock, 


Vi " 2^7 x (308 - 5 + 152i5) 


854 eu. yd. 
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To find the area of the earth section at Sta. 362, we write the series 

0 yi5.0\/12.2\ / ^13.0\/18.0\ 0 

20.0/ 18.0/ \14.0/\l5.0/\20.0 \l8i0 

from which the partial area is 129.7 sq. ft. To this must be added 
the second term of formula 2, or 

i c (y, -y, +yj - yj) = i X 1 X (15 - 12.2 + 18 - 13) = 3.9 sq. ft. 

The total area of the earth section at Sta. 362 is, therefore, 129.7 + 3.9 
= 133.6 sq. ft. 

To find the area of the earth section at Sta. 363, we write the series 

0 / 8.0 \/ 6.8 \/ 7.2 \ _/10,5\ 0 
16.0/ 14.0/ \11.4/\12.2/\16.0 \l4.0 

from which the partial area is 59.4 sq. ft. The term 
i C (Vx -y 2 +yx' - yj) = 2 X 1 X (8 - 6.8 + 10.5 - 7.2) = 2.3 sq. ft. 

Therefore, the total area is 59.4 + 2.3 = 61.7 sq. ft. Therefore, for 
the earth, 

inn 

Ex = ~~ X (133.6 + 61.7) = 362 cu. yd. 

To apply the prismoidal correction, we have, for the rock, 

w = 14.0 + 15.0 = 29.0 
w' = 11.4 + 12.2 = 23.6 
d = \ X (12.2 + 13.0) = 12.6 
d! = | X (6.8 + 7.2) = 7.0 

Therefore, by formula 2, Art. 24, 

C = 12 1 J 0 27 X (29.0 - 23.6) X (7.0 - 12.6) = 

Therefore, for the rock, 

V — 854 — 9 = 845 cu. yd. Ans. 

In the earth prismoid, we have 

w = 18.0 + 20.0 = 38.0 
w f = 14.0 + 16.0 = 30.0 
d = i X (15.0 + 18.0) - 12.6 = 3.9 
d> = i X (8.0 + 10.5) - 7.0 = 2.3 

Therefore, by formula 2, Art. 24, 

inn 

c = 12 ^ 07 X ( 38 *° " 30 *°) X < 2 * 3 “ 3 - 9 > = “ 

Therefore, for the earth, 

V — 362 — 4 = 358 cu. yd. Ans. 

33. Borrow Pits. — The name borrow pit is applied 
to an excavation made solely for the purpose of obtaining 
material with which to make a fill. Sometimes, a borrow pit 


— 9 cu. yd. 


4 cu. yd 




Pig, 15 

be made at regular intervals, and the amount excavated 
should be computed by the method of average end areas, 
applying the prismoidal correction when necessary. In 
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Fig. 13 is given the perspective view of a cut with a borrow 
pit adjoining it, the borrow pit being made by widening the 
cut. The cross-sections that would be taken are indicated 
by the dotted lines. It should be noted that at one end the 
borrow pit runs to the natural end of the cut, and the ter- 
minal solid at this end is the pyramid mnpq . At the other 
end, the terminal solid is the wedge abcdef \ but this occurs 
because the cut has been left with proper slopes. The 
volumes of these terminal pyramids and wedges are best 
obtained by taking cross-sections at their bases m?iq and 
acfd, and then computing their volumes by the regular 
rules of geometry. 

34. Allowance lor Ditches. — In all the computations 
of volumes described in the preceding articles, the sections 
for cuts have been taken as the figures aceb , Fig. 2, and for 
fill as the figures aceb. Fig. 1. As explained in Art. 12, 
however, there will always be the two ditches a and c, Fig. 2, 
to be allowed for in cuts, and usually the extra ditch b , 
Fig. 2; while sometimes the ditch e, Fig. 1, is added to fills. 
The areas of the end sections in cuts may be increased 
by the area of the ditches; and the volumes computed by 
formula 2, Art. 21, and formula 2, Art. 25; but it is 
generally more convenient to compute the volume of the 
ditches separately, since each ditch is a prism. 

If A is the area, in square feet, of a cross-section of a 
ditch, and l is the length of the ditch, in feet, the volume V d> 
in cubic yards, is given by the formula 



The material excavated from the ditches a and c , Fig. 2, 
is available for embankment, but that excavated from the 
ditch b is usually piled on the ground between the ditch and 
the point b . 

Example.— If the two ditches a and c, Fig. 2, are 4 feet wide at 
the top, 1 foot wide at the bottom, and 2 feet deep, what is the addi- 
tional excavation required for each 100 feet of cut on account of 
these ditches? 
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Solution. — The end section of each ditch is a trapezoid whose 
bases are 4 ft. and 1 ft., respectively, and whose altitude is 2 ft. 
Therefore, 

A = i X (4 + 1) X 2 = 5 sq. ft., and V d = 5 * 7 100 = 18.5 cu. yd. 

Since there are two ditches, the volume obtained for the prismoid 
between any two successive full stations in cuts must be increased by 
2 X 18.5 = 37 cu. yd. Ans. 

CORRECTION FOR CURVATURE: GENERAL, CASE 

35. Eccentricity of a Cross-Section. — All the previous 
calculations have been made on the assumption that the pris- 
moid has a straight axis and that the end planes are parallel to 
each other. A large proportion of railroad track is curved, 
and, since the successive cross-sections of the roadbed are 
perpendicular to the center line of the road, they are not 



parallel to each other. In Fig. 14, let A x be the area of 
the cross-section m n p q , and A 7 the area of the cross- 
section m x 7i x p x g x . Let rr x be the curved center line of the 
roadbed, and O the center of this circular curve. Let G be 
the center of gravity of the section mnpq , and e x the hori- 
zontal distance from G to the center of the roadbed. Simi- 
larly, let G x be the center of gravity of the section m x n x p x q xx 
and e 9 the horizontal distance from G x to the center of the 
roadbed. The horizontal distance from the center of gravity 
of any section to the center of the roadbed is called the 
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eccentricity of the section. Thus, e x is the eccentricity 
of the section mnpq , and is the eccentricity of the 
section m 1 n 1 p l q r . 

36. Curvature Correction. — It may be shown by 
advanced mathematics that the true volume of the curved 
solid bounded by the sections mnpq , ?n 1 n 1 p 1 q 11 Fig. 14, is 
greater than the volume computed as if the track were 
straight, whenever G and G x lie on the outside of the center 
of the roadbed, as shown in Fig. 14, and that, when G and G x 
line on the inside of the curved track, the volume is less 
than the volume computed as if the track were straight. 
The difference between the actual volume and the volume 
obtained by applying the prismoidal formula is called the 
correction for curvature. 

Let V c = volume of curved solid; 

V = volume computed by methods already given, 
assuming track to be straight; 

R — radius Or of center line of roadbed, Fig. 14; 

Cc — correction for curvature; 
l = distance between end sections measured along 
center line. 

Then, as can be shown by advanced mathematics, 

C,-±U,e, + A,*.) 

If the centers of gravity of the end sections lie on the out- 
side of the curved center line of the roadbed, V e is greater 
than V. If the centers of gravity of the end sections lie on 
the inside of the curved center line of the roadbed, V c is 
less than V. 

The expression for C c shows that the larger the eccentric- 
ities of the end sections, the larger C will be, and that, if 
the radius of the curve is very large, C e will be very small. 
For curves of very large radius, the correction is usually 
so small that it may be neglected. When the area of that 
part rpqt of the end section that lies on the inside of the 
center of the track is approximately equal to the portion of 
the area rtmn lying outside of the center, the eccentricity 
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is small, and the correction may usually be neglected, even 
with curves of short radii. But when the eccentricity is large 
(as is usually the case in side-hill work), the curvature cor- 
rection may be a very considerable percentage of the volume, 
and should not be neglected, especially if the radius of the 
curve is small. 

37. Eccentricity of tlie Center of Gravity. — As 
explained in Art. 35, the eccentricity of a section is the hori- 
zontal distance of the center of gravity of the section from 
a vertical axis through the center of the track. A simple 
method for finding this distance is as follows : The section is 
first divided into separate parts, usually triangles, whose 
centers of gravity can 
be easily determined and 
their areas computed. 

The area of each part is 
then multiplied by the 
distance of its center of 
gravity from the axis ; 
the products are added 
algebraically, and the re- 
sult is divided by the Fig - is 

total area of the section. The quotient is the required eccen- 
tricity. It should be borne in mind that, if distances meas- 
ured from the axis in one direction are treated as positive, 
those measured in the opposite direction should be treated as 
negative. The summation of the products is always an alge- 
braic summation. The side of the axis that has the numeri- 
cally larger products is the side on which the true center of 
gravity lies. 

Fig. 15 represents an ordinary three-level section. If 
the grade triangle is included, the section may be divided 
into two triangles pfc and cfk lying on opposite sides of 
the center line cf. The center of gravity of any triangle is 
always found on the line joining any vertex with the middle 
of the opposite side, at one-third of the distance from that 
Side to that vertex.. In this case, the perpendicular distance 
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of the center of gravity of the triangle cpf from the 
axis cf is evidently one-third of x t . The area of that 
triangle is i (a + d) Xi, and the product of the area and the 
distance of the center of gravity from the chosen axis is 

(a-j-d)x;^& Similarly, the distance of the center of 

2i o 

gravity of the triangle ckf from the axis is and the 

o 

product of the area by that distance is an expression similar 
to that already given, and with a minus sign, since the 
triangle is on the opposite side of the axis. Then, for the 
eccentricity e, we have, 

(a + d)x t Xi (a + d)x r v 
2 X 3 2 X 3 

£ = 

(a + d) Xi , (<z -h d )x r 
~~ 2 ^ 2 

-ix x, '- Xr ' = i(x,-Xr) 

Xi + 

The value of e given by this formula is the eccentricity of 
the whole triangle pfk . The eccentricity of the actual 
section pn7n k is somewhat greater than this; in other 
words, the center of gravity of the actual section is farther 
from the center line cf than the center of gravity of the 
actual section and the grade triangle taken together. This 
is evident, since the center of gravity of the grade triangle 
lies on the axis cf. 

Since the values of e computed by the foregoing formula 
are too small, these values, when substituted in the formula 
of Art. 36, will give too small a value for the curvature 
correction. It is found practically that this error can 
be almost exactly counterbalanced by increasing the end 
areas A x and A z in this formula by the area of the grade 
triangle nfm . 

38. Another Expression for the Curvature Correo 
tion. — If we denote by x tx and x rii x i3 and x r 2 the values 
of Xi and x r , respectively, at two successive sections, and 
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denote the area of the grade triangle by T, we shall have* 
from the formula in Art. 37, 

£ 1 = y ( Xy\ ) 

€* = "if ( Xi 3 Xrt ) 

Substituting these values of e x and in the formula of 
Art. 36, and replacing A 1 by A x + T and A a by A a + T, we 
obtain 

C c = —— [( A x + T) (xh — Xn) + {A? + T) {xiz — x ra )“] ( 1 ) 

b K 

It will be observed that this formula would give an 
exactly correct value of C c if the cross-sections were the 
triangles pfk, Fig. 15. Since the true sections are not 
triangles, the application of the formula introduces two errors: 
first, the resulting values of the areas A x + T and A* + T 
are too great; and, second, the values of the eccentricities 
e x and e a are too small. These two errors very nearly neu- 
tralize each other. It is not difficult to obtain the true 
values of e x and e 3 for the actual sections mnpq y by dividing 
these sections into triangles; but the resulting equation is 
not only too long to be of practical value, but in any appli- 
cation it would also be found to give a value of C differing 
from that obtained by the foregoing formula by only a frac- 
tion of a cubic yard. Such an error is of no consequence in 
earthwork computations. 

For the purposes of computation, it is convenient to write 
formula 1 in the following form, the correction being 
expressed in cubic yards: 

C ” 3A>[(2X27 X ' 4 ' + 2X27 X T ) <x -'- x " ) ■ 

+ (rx27 XA+ 2B7 X T ) <*'■-*'•>] (2 > 

Example 1.— In the example of Art. 25, to find the correction for 
curvature between Sta. 22 and Sta. 23 if the curve is a 7° curve to 
the right. 

Solution. — At Sta. 22, Xi x = 16.1, x rx = 30.2, and hence xu — x rt 
« 16.1 — 30.2 = —14.1. At Sta. 23, Xi % — 18.2, x r % ~ 31.4, and hence 

xt*-~Xr* — 18.2 — 31.4 = -13.2. The values of XA x X T 
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100 100 

and 2 x27^^ 3 ~^2x27 X ^ bave been computed and tabulated ir- 
column 7 ( a ) of the table given in Art. 25. Thus, 


and 


100 

2X27 

100 

2X27 


X^i + 

XA t + 


100 

2 X 27 
100 

2 X 27 


X T = 


X T = 


579, 

767 


Substituting all of these values in formula 2, and also the value 
R = 819 ft. for a 7° curve, we obtain, 

Cc = g X X 819 X (579 X - 14.1 + 767 x - 13.2) = - 7 cu. yd. 

Since Xn and x y 9 are smaller, respectively, than x r i and x r a , the 
centers of gravity of the sections lie on the right of the center line of 
the roadbed; since the curve turns to the right, these points therefore 
lie inside of the center line, and the actual volume V c is less than V 
(Art. 36). We therefore have, since the volume computed by the 
prismoidal formula is 1,048 — 3 = 1,045 cu. yd. (Art. 25), 

V c = 1,045 — 7 = 1,038 cu. yd. Ans. 


Example 2. — To find the correction for curvature between Sta. 24 
and Sta. 24 ■+- 35 in the example of Art. 25, if the curve is a 7° curve 
to the right. 


Solution. — At Sta. 24, x tl — x rx = 24.2 - 39.8 = — 15.6; and at Sta. 

24 + 35, Xu ~ -*V 2 = 19.9 — 28.1 = — 8.2. The values of X A x 

2 X 27 

100 , 100 „ 100 ^ 

+ 2X27 X r and 2X27 X * + 2 X 27 X T gIVen in column 7 (a) of 

the table must be multiplied by 3 ^ 7 , since the distance between the 
sections is but 35 ft. Then, 

Cc = 3 X x 1,132 X - 15.6 + X 684 X - 8.2) 

— — 3 cu. yd. 

As in example 1, the actual volume is less than the volume V com- 
puted by the prismoidal formula. From Art. 25, V = 531 — 6 = 525 
cu. yd.; hence, 

V c = 525 — 3 = 522 cu. yd. Ans. 


EXAMPLES FOR PRACTICE 

1. In the preceding examples of this article, find the correction for 
curvature and the volume between Sta. 23 and Sta. 24. 

. Ans. C e = - 11 ; V c = 1,579 cu. yd. 

2 . Tn the preceding examples of this article, find the correction for 
curvature and the volume between Sta. 24 + 35 and Sta. 25. 

Ans. C e = — 2 ; V c = 403 cu. yd. 
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CORRECTION FOR CURVATURE: SIDE-HILL. WORK 

39. Importance of Curvature Correction in This 
Case. — Side-hill sections usually have their centers of gravity 
at such distances from the center of the road that the correc- 
tion for curvature is a large percentage of the total volume, 
even when that volume is small. Therefore, in side-hill work, 
it is nearly always necessary to compute the curvature correc- 
tion. It will always be sufficiently accurate, for the purpose of 
this correction , to consider that the side-hill section is a triangle. 
By this means, the calculation of the position of the center of 
gravity is readily performed. The curvature correction for 
the cut and that for the fill must be computed separately. 



distinguish two cases, as follows: 
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Case I . — The center stake lies in the c?it. In Fig. 16, let 
the center stake c lie in the cut k n m. Let cq = x cy and 
q k = y c . As usual, the width of subgrade is denoted by b\ 
but it should be observed that the value of b , and therefore 
of 2 by is not the same for cuts as for fills. Let g be the 
center of gravity of the triangle mnky and e x the eccen- 
tricity g n. It can be shown that if the distances of the 
vertexes of a triangle from a line are denoted by z x , z 2 , and z Z9 
the distance z g of the center of gravity of the triangle from 
the same line is given by the formula 

z g = a (z x -f z a + z a ) 


it being understood that the addition is algebraic, and that dis- 
tances on opposite sides of the line of reference must have 



opposite signs. Applying this formula to the triangle mnk 
considering distances to the right of Y r Y as positive, we have 
= -3 (c q + c m — c n) 
that is, <?! — 3 (xc + ib — nc) 


(1) 
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If A x — area m?ik, we have 

= i - 771 7i X qk = i (?ic -f- i b) X y £ (2) 
Formulas 1 and 2 give the values of A and e to be sub- 
stituted in the formula of Art. 36, in order to obtain the 
correction for curvature. 


Case II. — The ce 7 iter stake lies hi the fill. From Fig. 17, 
we have, since here all the vertexes are on the right of Y* V f 
~ ■ 3(^+2 (3) 

Also, A! = i 7?i7i X <7 k = i~ (i b — c n) y e (4) 


Example. — If the curve to which the following notes refer is a 
9° curve to the right, what is the correction for curvature for the cut 
between Sta. 32 and Sta. 33, the roadbed being 24 feet wide in cuts 
and 16 feet wide in fills? 


Station 

Center Depth 

Left 



F 1.3 

F 18.8 


33 

36-2 



C 2.0 

F 15.0 

0 

32 


— 


30.5 

4.4 


Riffht 

_o_ C 17. 1 
3-4 37-7 

C 14.9 
34-4 


Solution. — At Sta. 32, there is a cut at the center stake. For- 
mulas 1 and 2 are therefore applied. We have, from the notes, 
x c = 34.4, and c?i = 4.4; also, % b = = 12. Therefore, by for- 

mula 1, 

A = X (34.4 + 12 - 4.4) a 14 ft. 

By formula 2, A x = -J- X (4.4 + 12) X 14.9 sq. ft. 

At Sta. 33, there is a fill at the center stake; formulas 3 and 4 are 
therefore applied. At this station, x c = 37.7, \b — 12.0, and cn = 3.4. 
Therefore, by formula 3, 

<? a = \ X (37.7 + 12.0 + 3.4) = 17.7 ft. 

By formula 4, = }x (12 — 3.4) X 17.1 sq. ft. 

Substituting these values, and also l = 100 and R = 637 in formula 
of Art. 36, and dividing by 27 to reduce the result to cubic yards, 

C c = 2 • X T7°x'637 X X 164 X 14 - 9 X 14 -° + 4 X 8.6 X 17.1 X 17.7) 

= 9 cu. yd. 

Since the curve turns to the right, the center of gravity evidently lies 
inside of the center of the roadbed. Hence, by Art. 36, the volume 
obtained by applying the prismoidal formula should be dimmished by 
9 cu. yd., in order to obtain the actual volume. 
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41. Curvature Correction for the Fill. — As in the 
case of the cut, so in computing the curvature correction for 
the fill, two cases are distinguished: 


Case I. — The center stake lies in the cut . If g\ Fig. 16, is 
the center of gravity of the triangle k! m f n, we shall have, 
denoting cq f by x f} 

e x r = g? u ! = i (x/ + \ b + c n) ( 1 ) 

If A x f = area k! m r ?i, and k ] q f = y h then, 

AJ = 2 m f n X k! q' = i (i b — c?i) y t (2) 


Case II. — The ce?iter stake lies in the fill. In Fig. 17, 
the notation being as before, we have 

e/ = g l u r = i {x,+ id - nc) (3) 

If At! is the area of the fill triangle, then, 

At! = i tn'n X k! q r = i (i b + cn) y, (4) 

Example.— To find the correction for curvature for the fill in the 
example of Art. 40. 


Solution.— For Sta. 32, formulas 1 and 2 must be used. From 
the notes, Xf = 30.5, \b — 8, and nc — 4.4. Therefore, 

^/ = |X (30.5 + 8.0 + 4.4) = 14.3 

= (8.0 - 4.4) X 15.0 = i X 3.6 X 15.0 

For Sta. 33, formulas 3 and 4 must be used. Here, x/ = 36.2, 
= 8, and cn — 3.4; therefore, 

eJ = i X (36.2 + 8.0 - 3.4) = 13.6 
AJ = -§■ X (8 + 3.4) X 18.8 = | X 11.4 X 18.8 

Hence, 

100 

C = 2 X 27 X 637 X X 3,6 X 15 '° X 14 ‘ 3 + i X 11 A x 18 - 8 X 13.6) 

= 5 cu. yd. 

Since the center of gravity of the fill evidently lies outside of the 
center line of the curve, the volume computed by the prismoidal 
formula should be increased by 5 cu. yd., in order to obtain the actual 
volume. 
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EXAMPLES FOR PRACTICE 

1. The following notes apply to a 10° curve to the left. The road- 
bed is 24 feet wide in the cuts, and 16 feet wide in the fills. Find the 
correction for curvature for the cut between Sta. 161 and Sta. 162. 


Station 

Center 

Depth 

Left 

162 

C 3.0 

F 25.5 0 


46 . 3 " 1-5 

161 

F 2.4 

F 28.5 


50.8 


Right 


C 22.4 
45-6 

O C 12 .2 
6.3 30.3 


Ans. C c = 11 cu. yd. (to be added) 


2. Find the correction for curvature for the fill in the preceding 
example. Ans. C c = 16 cu. yd. (to be subtracted) 


3. If the roadbed to which the following notes refer is 20 feet 
wide in the cuts, find the correction for curvature for the cut between 
Sta. 22 + 40 and Sta. 23, the curve being a 10° curve to the left. 


Station 

Center 

Depth 

Left 

23 

C 6.0 

F 18.9 0 

36.4 6.0 

22 + 40 

F 0.8 

F 18.0 

35 -o 


Right 


C 20.0 
40.0 

o C 18.0 

2.0 37.O 


Ans. C c = 6.8- cu. yd, (to be added) 


SHRINKAGE OF EARTHWORK 

42 . It is usually observed that, when earth is exca- 
vated and formed into an embankment, the volume of the 
embankment is at first greater than that of the original 
excavation, but, after some time, the embankment shrinks 
to a volume less than that of the original excavation. This 
shrinkage generally amounts, on an average, to about 10 per 
cent., although in the case of very loose vegetable soil it may 
amount to as much as 25 per cent. Table I contains in the 
second column the approximate number of cubic yards of 

I L T 281—24 
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embankment that can be formed from 1,000 cubic yards 
of excavation. In the third column is given the number of 
cubic yards of excavation required for each 1,000 cubic yards 
of embankment, and in the fourth column is given the per 
cent, of shrinkage for the various kinds of soils. 

TABLE I 

SHRINKAGE OF EARTHWORK 


Character of 
Material 

Embankment 
Obtained From 
1,000 Cubic Yards 
of Excavation 

Excavation 
Required for 
1,000 Cubic Yards 
of Embankment 

Shrinkage 
Per Cent. 


Cubic Yards 

Cubic Yards 


Sand and gravel 

920 

rx 

00 

<0 

l-H 

8 

Clay 

900 

I, I II 

10 

Loam 

880 

1,136 

12 

Wet soil .... 

850 

1,200 

IS 


Example 1. — The volume of a cut through clay soil is 1,630 cubic 
yards. How many cubic yards will be contained in an embankment 
made from this material? 

Solution 1 .— Since, from Table I, 1,000 cu. yd. of excavation will 
form only 900 cu. yd. of embankment, the desired result will be 
lcRm) X 1,630 = 1,467 cu. yd. Ans. 

Solution 2. — Since, from Table I, the shrinkage is 10 per cent., 
the shrinkage will be 10 per cent, of 1,630 cu. yd., or 163 cu. yd. 
Therefore, the volume of the embankment will be 
1,630 — 163 = 1,467 cu. yd. Ans. 

Example 2.— How many cubic yards of excavation in gravel are 
required to form an embankment of 2,200 cubic yards? 

Solution.— Since, from Table I, each 1,000 cu. yd. of embankment 
will require 1,087 cu. yd. of excavation, the desired result will be 
lo SX x 2,200 = 2,391 cu. yd. Ans. 

43 . Growth, of Bock. — When a rock excavation is 
formed into an embankment, it will have a volume from 40 
to 80 per cent, larger than its original volume in the cut, and 
there will be practically no subsequent settling of the embank- 
ment. This increase in volume is called the growth of rock. 
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Table II shows the approximate number of cubic yards of 
embankment that can be formed from 1,000 cubic yards of 
excavation, the number of cubic yards of excavation required 
for 1,000 cubic yards of embankment, and the per cent, of 
growth for the various sizes of hard rock. 

TABLE II 
GROWTH OF ROCK 


Character of Material 

Embank- 

ment 

Obtained 

From 

i,ooo Cubic 
Yards of 
Excavation 
Cubic Yards 

Excavation 
Required for 
i,ooo Cubic 
Yards of 
Embank- 
ment 

Cubic Yards 

Hard rock, large fragments . 

i,6oo 

625 

Hard rock, medium fragments 

1,700 

587 

Hard rock, small fragments . 

i,8oo 

SS6 


Growth 

Per 

Cent. 


6o 

70 

8o 


Example.— How many cubic yards of embankment will be obtained 
from a rock cut 4,500 cubic yards, if the rock is broken into small 
fragments? 

Solution 1.— Since, from Table II, 1,000 cu. yd. of cut will form 
1,800 cu. yd. of fill, the desired number will be 

iUi X 4,500 = 8,100 cu. yd. Ans. 

Solution 2. — Since, from Table II, the growth is 80 per cent., the 
growth will be 80 per cent, of 4,500 or 3,600; the desired number is, 
therefore, 

4,500 + 3,600 = 8,100 cu. yd. Ans. 


44. The numbers in Table II are necessarily only rough 
approximations, but the table will give fairly accurate results 
if the rock is hard rock. If the rock is of a soft earthy 
nature, or is what is known as rott€n rock , the percentage of 
enlargement after excavation is less, and there is more or 
less subsequent shrinkage. The transition from hard rock 
to soft earth is so gradual that thfe engineer must estimate 
to the best of his ability between the extremes of a 60- to 
80-per-cent, growth in an embankment formed from solid 
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rock to a 10-per-cent, or possibly a 25-per-cent, shrinkage in 
the case of very soft vegetable soil. Experience alone will 
determine what value should be chosen within this large 
range of extreme values. It should be kept in mind that a 
very soft vegetable soil or a material resembling quicksand 
is not suitable as a material for embankments, and, there- 
fore, when such material is excavated, it is often better to 
discard it, and, if necessary, to borrow material with which to 
form adjacent embankments. 

On account of these uncertainties in shrinkage and growth, 
it is the invariable custom to compute all earthwork and 
rockwork by measuring the volume of the original excava- 
tion, whether it is a cut or a borrow pit. The contractor is 
then required to dispose of all excavated material where 
directed, subject to an allowance for haul, as described later, 
and he need not concern himself with the question of how 
much embankment will be made from the excavated material. 

EXAMPLES FOR PRACTICE 

1. Find the amount of embankment that can be formed from a cut 

of 3,200 cubic yards in loam. Ans. 2,816 cu. yd. 

2. Find the amount of embankment that can be formed from a cut 

of 2,500 cubic yards in hard rock, if the rock is broken into medium- 
sized fragments. Ans. 4,250 cu. yd. 

3. Find the volume required for a borrow pit in sandy soil to furnish 

3,590 cubic yards of embankment. Ans. 3,902 cu. yd. 

ACCURACY OF EARTHWORK COMPUTATIONS 

45. The volumes obtained for earthwork are never more 
than approximations to the tru^e volumes, and their error 
frequently amounts to several cubic yards in a prismoid 
100 feet long. In cuts, this error is principally caused by 
the unevenness of the natural surface of the ground between 
successive cross-sections. The volume computed is that of 
a prismoid, which is a perfectly regular geometrical solid 
having straight edges, ancl the area and shape of any section 
of which varies uniformly from one base to the other. 
Evidently, the rough surface of the natural soil never 
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exactly coincides with one face of any such prismoid; a 
slight mound or hollow may cause the actual volume to 
differ by several cubic yards from the computed volume. 
The accuracy of the computed volumes could be increased 
by taking cross-sections at very frequent intervals; but, as 
explained in Art. 20, the cost of this additional labor usually 
prevents it. In fills, there is not only the same error arising 
from the irregularity of the natural surface on which the 
embankment rests, but there is also a much greater error 
arising from the uncertainty of the amount of shrinkage that 
the material of the embankment will undergo. 

Since the results of any computation are uncertain to the 
extent at the very least of 1 or 2 cubic yards per station, the 
formulas that have been given in the preceding articles can 
frequently be applied rapidly in an approximate manner. To 
take a single example, the expression for C in the example 
of Art. 40 is as follows: 

Cc= o !P 0 X ( 2 X16.4X 14.9 X 14 + ^x8.6x17.1x17.7) 
Z X Zi X 00 / 

Instead of performing in full the operations indicated, the 
experienced engineer would probably obtain the value of C, 
mentally, somewhat as follows: 14.9 X 14 is about 200; 
17.1 X 17.7 is about 300; the parenthesis is therefore about 
8i X 200 + 4| X 300 = 2,950 and G is « X 2 eW = (about) 
2 x 4i = 9 cubic yards. 

In obtaining the quantity of earth in small volumes also, 
such as that of the wedge abcdef y Fig. 13, or of the 
pyramid mnpq , Fig. 13, an engineer of experience can, 
by merely glancing at the excavation on the ground, fre- 
quently estimate the volumes very closely. 


HAULAGE 

46. Limit of Free Haul.— The most variable item in 
the cost of earthwork, and the one that in some cases is the 
largest single item, is that which depends on the length of 
haul— that is, the distance through which excavated material 
must be hauled or transported. Specifications usually require 
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that a contractor shall deposit excavated material at any place 
designated by the engineer, and that his bid per cubic yard 
shall cover the cost of such haul, provided that the distance 
does not exceed 800 or perhaps 1,000 feet. This extreme 
distance is called the limit of free haul. At the same 
time it is specified that, if the haul exceeds this distance, 
there shall be an extra allowance per cubic yard for each 
distance of 100 feet that the material may be hauled. The 
sum of all the products obtained by multiplying each cubic 
yard of earth by the number of stations that it is hauled 
beyond the specified limit is called the overhaul. It is 
necessary to devise some practicable method of estimating 
the length of haul, not only for the sake of computing the 
extra allowance arising from overhaul, but also so that 
different plans for the disposal of the material may be 
readily made and compared, and so that the plan involving 
the least amount of haulage may be readily determined. 

47. Computation of Haulage. — It is evidently imprac- 
ticable to compute the haul of each individual cartload of 
earth and to measure its precise volume. Fortunately, this 
is not necessary. When any given volume of material is to 
be transported to any given locality, it makes no difference 
(at least from the theoretical standpoint) how each individual 
cubic yard of earth may be hauled. The total haulage is 
the sum of all the products obtained by multiplying each 
volume by the distance through which this volume is hauled. 
The total haulage is equal to the total number of cubic yards 
multiplied by the distance between the center of gravity of 
the original excavation and the center of gravity of the 
embankment formed by that excavation. This principle 
makes the computation of haulage comparatively simple. 

Fig. 18 shows a profile of the roadbed at the point in which 
it passes from a cut to a fill. If all the material of the cut is 
deposited in the position OND , the total haulage will be 
volume CMO X ZZ< = volume OND X ZZ’> 

G and G f being, respectively, the centers of gravity of the 
cut CMO and the embankment ODN \ 
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If the distance C D is less than the limit of free haul, the 
contractor is entitled to no extra compensation in connection 
with the above cut. It should be observed also that the 
contractor is entitled to the benefit of all short hauls; that is, 
material so moved is not averaged against that which is 
carried beyond the limit. Therefore, in cuts the material 
of which is deposited within the specified limit of haul, no 
computation of haul need be made. 

If there is overhaul at any cut, the contractor does not 
receive extra compensation for that portion of the cut which 
is not carried beyond the specified limit. Thus, in Fig. 18, 
if A B is a distance equal to the limit of free haul, and the 
material A ICO is deposited at OLE , it is evident that no 
extra charge is admissible for this material. But every 


M 



the right of B is overhauled, and, for this, extra compensation 
must be allowed. 

48. The first step in computing the overhaul is to find 
two points A and B on the profile whose distance apart 
equals the limit of free haul, and which are so situated that 
the volume of the cut A K O equals the volume of the 
fill B OL. This is easily done by trial when the volume of 
each of the prismoids along C H has been computed. Fre- 
quently, it is sufficiently accurate to locate A and B from the 
profile by shifting these points backwards and forwards until 
a position is found for which the area K 0 A is equal to the 
area BOL. 

For moving the material KOA to the position BOL , 
there is no allowance for overhaul. If g is the center of 
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gravity of the excavation CKA , and g' that of this material 
in the embankment BLND, and if V is the volume of the 
cut CKA , then VX XX' is the haulage of the volume V. 
But, since this volume must be hauled the length of the free 
haul A B without extra charge, the overhaul will be 
VX XX' — VX A B = VX (XX 1 — A B) 

= VX XA + VxX'B 

The values of VX XA and VxX'B are found as follows-* 

Let v = volume of any prismoid in cut; 

a = area of its end section nearest to A; 
a' = area of its end section most remote from A; 
in — distance from A to middle section of prismoid; 
l = length of prismoid, in feet; 

x = distance from center of gravity of this prismoid 
to point A. 

Then, as may be proved by the use of advanced mathe- 
matics, 


The overhaul of this prismoid from its position in the cut 
to the point A will therefore be, since overhaul is reckoned 
in stations, 

l v a! - 

+ 


VX _ v ( , Lw a ' ~ a \ 

100 100 v + 6 x a' + a) 


By this formula, the overhaul for each prismoid of the 
cut is computed for the transportation of this material to 
the point A. In an exactly similar manner, the overhaul 
for the transportation of each prismoid to its position in the 
fill BLN from the point B is found. The sum of the over- 
hauls for all the prismoids of the cut and fill is the desired 
* total overhaul. 

If a part of the cut, for example M Z 0, is hauled in 
one direction, and the remainder MZC in the other, the 
overhaul for each part of the cut must be computed 
separately. 

Example. — In the example of Art. 28, the point A, Fig. 18, is 
at Sta. 129, the length of free haul is 600 feet, and the notes showing 
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the volumes and end areas of the prismoids beyond Sta. 135 are 
as follows: 




Volume 

Station 

End Area 

(a) 

ib) 

137 

769 

1,422 

1,918 

136 

268 

496 

2,060 

13s 

844 

1.564 



Sum = 3,978 

If 1 cent is paid for each cubic yard hauled one station in the over- 
haul, find the total allowance for overhaul if the shrinkage of the 
material in embankment is 10 per cent. 

Solution. — The foregoing formula must be applied to each of the 
prismoids. 

1. For the Cut.— We have the following tabulation of the end areas 
and volumes; the end areas are the algebraic sums of one-half the plus 
and minus areas found in the tabulation of Art. 28, and the volumes 
are obtained by applying the prismoidal correction to the volumes in 
column 4 (5) of that table. 




Volume 

1 

l fa' — a\ 


vx 

Station 

End Areas 

tn 

6 \a f + a) 

X 

IOO 

129 

368.5 

1,195 

30 

+ 5 

35 

418 

128 + 40 

724.8 

883 

80 

-4 

76 

671 

128 

471-9 

1,690 

150 

— 1 

149 

2,518 

127 

126 

439-4 

157.4 

1,074 

250 

-7 

243 

2,610 


Sum = 4,842 Sum = 6,217 


The numbers in the fourth column are the distances from the middle 
sections of the prismoids to the point A, Pig. 18, at Sta. 129, at which 
point the free haul begins. Thus, the middle section of the prismoid 
between Sta. 126 and Sta. 127 is at Sta. 126 + 50; the distances from 
this section to Sta. 129 is (129 - 126.50) X 100 = 250 ft. Similarly, for * 
the prismoid between Sta. 127 and Sta. 128, tn « (129 — 127.50) X 100 
= 150 ft. 

The value of i x for each prismoid, is given in the fifth 

6 a' + a 

column. Thus, for the first prismoid, 

100 157.4 - 439.4 __ _ - 

6 X 157.4 4- 439.4 " 
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For the second prismoid, 

100 439.4 - 47T9 

6 X 439.4 + 471.9 ~ 1 a ' 

and similarly for the others. 

The numbers in the sixth column are the sums of the corresponding 
numbers in the fourth and fifth columns; each of these numbers in the 
sixth column is the distance from the point A , Fig. 18, to the center of 
gravity of the corresponding prismoid. 

Finally, the overhaul for each prismoid is the product of the volume 
in the third column by the distance in the sixth column. These 
products are written in the seventh column; but, since the distance + 
is expressed in feet, and the allowance is 1 cent per cubic yard per 
station, each product is divided by 100 before writing it in the seventh 
column. The sum of the numbers in the seventh column is 6,217; the 
overhaul for the cut is therefore the equivalent of 6,217 cu. yd. 
overhauled one station. 

2. For the Fill . — The total volume of the cut is 4,842 cu. yd. 
Since the shrinkage is 10 per cent., the volume of this material when 
placed in the embankment will be 4,842 — 484 = 4,358 cu. yd. Since 
the volume of the embankment between Sta. 135 and Sta. 137 is 
4,378 cu. yd., the embankment made from the cut practically ends at 
Sta. 137. Therefore, the point D , Fig. 18, may be taken as Sta. 137. 

The computation of overhaul for fill between Sta. 135, or B, Fig. 18, 
and the center of gravity of each prismoid is now computed exactly as 
in the case of the cut. The results are shown in the following table: 


Station 

End Area 

Volume 

m 

L s ,*—* 

X 





6 at + a 


137 

• 769 

1,918 

150 

+ 8 

158 

136 

268 

2,060 

50 

- 9 

41 

135 

844 






Sum = 3,875 

The sum of all the values of ~~ is 6,217 + 3,875 = 10,092. This 

is the equivalent of 10,092 cu. yd. overhauled one station. At the 
rate of 1 cent per cubic yard per station, the allowance for overhaul 
will be .01 X 10,092 = $100.92. Ans. 


EXAMPLE FOR PRACTICE 

If the cut in the following notes extends from Sta. 62 to Sta. 67, and 
the fill from Sta. 67 on, and if the point A , Fig. 18, is at Sta. 64, find the 
allowance for overhaul at the rate of 1 cent per cubic yard per station. 
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The length of free haul is 600 feet, and the allowance for shrinkage is 
10 per cent. 




V olume 

Station 

End Area 





( a ) 

<»_ 

72 

89 

163 

773 

7 i 

330 

6lO 

1,036 

70 

235 

426 


64 

323 

586 

1,104 

63 

284 

518 

900 

62 

2IO 

382 



Ans. $35.03 

GRAPHIC COMPUTATIONS 

49. The Mass Diagram and the Mass Curve. — The 
method described in the preceding article for computing 
the total haulage and the allowance for overhaul is very 
accurate and can easily be applied when there are but few 
cuts and fills at which the question of allowance for over- 
haul needs to be investigated. But in many cases, and 
especially in prelimhiary estimates of the cost of earth- 
work, a graphic method is sufficiently accurate. Such a 
method is briefly outlined in the present and in the following 
articles. 

Fig. 19 represents a mass diagram, which consists of the 
profile i f n! f k f of the road drawn to the usual vertical and 
horizontal scales, the subgrade GR , and the mass curve ijk, 
which is drawn above the profile to the same horizontal scale, 
in a manner to be described presently. Natural conditions 
frequently determine with practical certainty that no earth 
will be hauled beyond certain points, as a river crossing. 
Beginning at some such point, which will be the point i 1 in 
Fig. 19, a table like the one given on page 67 is prepared. 
The first column contains the station numbers, and the 
second the number of cubic yards of cut or fill between 
each station and the station immediately preceding. Cut is 
here indicated by a plus sign, and fill by a minus sign. Even 
approximate accuracy requires that shrinkage be allowed for; 
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the third column therefore contains a statement of the char- 
acter of all material excavated, and in the fourth column 
is placed the shrinkage factor for that particular class of 
material. The fifth column contains the volumes obtained 
from those in the second column by applying the correction 
for shrinkage. The sixth column is formed by taking the 
algebraic sum of all the numbers of cubic yards (as given in 



the fifth column) from the starting point up to the station 
considered. For example, the number 4,647, given in the 
sixth column, is the sum of 128, 635, 1,540, and 2,344. The 
volume — 960, opposite Sta. 131 in the fifth column, means 
that, between Sta. 130 + 10 and Sta. 131, there was a fill of 
960 cubic yards; the number 7,827 in the sixth column is 
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obtained by subtracting from the previous sum total 8,787 
the number 960. To obtain the next number 5,487, 2,340 is 
subtracted from 7,827. When Sta. 134 is reached, these 
successive subtractions produce a negative result. 

50 . The mass curve ijk is constructed by laying off 
as abscissas the distances from the starting point, in this 
case z 7 , and as ordinates the corresponding values in the 
sixth column of the table. The axis of abscissas X f X, 
called the zero line, is taken at any convenient distance 
above the profile; and the ordinates of the curve are 
obtained by producing upwards the vertical lines of the 
profile. Thus, for Sta. 127, the vertical line through that 
station in the profile is produced, and on it is laid off, 
above X r X, the distance mn to represent, to any convenient 
scale, the number 2,303 found in the sixth column of the 
table horizontally opposite Sta. 127. The ordinates corre- 
sponding to negative numbers in the sixth column are laid 
off below the zero line. The vertical scale chosen depends 
on the magnitude of the earthwork. It should be as large 
as practicable, since the accuracy of the results is greater 
the greater the scale used. For a light cutting, a scale of 
1,000 cubic yards per inch may not make the diagram too 
large; but, as the work becomes heavy, 5,000 or even 10,000 
cubic yards per inch might be allowable. The scale chosen 
in Fig. 19 is 5,000 cubic yards per inch. 

51 . Properties of the Mass Curve. — By comparing 
Fig. ‘ 19 with the notes from which it was constructed, it 
will be observed that the ordinate corresponding to any 
station represents the amount of material that can be utilized 
for embankment beyond that station. Thus, the ordinate m n , 
corresponding to Sta. 127, represents the total amount of 
material that can be used for filling anywhere beyond Sta. 127; 
in this case, this is the same as the total amount excavated 
up to Sta. 127, since the road up to that station is all in cut, 
and no part of the excavated material has been used. The 
ordinates therefore increase up to a station where some of 
the material excavated begins to be used for embankments; 
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that is, up to a point where the road changes from cut 
to fill. That station is / in Fig. 19; the corresponding 
ordinate of the curve, which is the maximum ordinate, is fj. 
This ordinate represents the total amount of material 
excavated. After passing /, the road is in fill; some of 
the material excavated is used up, and the ordinates of the 
mass curve decrease. The ordinate qp , for instance, repre- 
sents the amount of unused material after the embankment 
up to p 1 has been made. The difference between the maxi- 
mum ordinates fj and qp represents the amount of material 
used for fill between / and p r . The mass line crosses the 
zero line at t y which shows that all the material excavated 
has been used for fill between / and t ! . Negative ordinates 
of the curve indicate that more material is required for 
filling than has been excavated. This material may be 
obtained from excavation farther along the line. 

52. Total Haulage. — The most useful application of 
the mass curve is to the determination of the total haulage. 
It can be shown by the use of advanced mathematics that 
the total haulage between the stations corresponding to two 
points where the mass curve crosses the zero line is numerically 
equal to the area included between the mass curve and the zet'o 
line. Thus, in Fig. 19, the total haulage between z v and t f is 
numerically equal to the area included between the curve 
i j t and the zero line i t. The average haulage is obtained 
by dividing the total haulage by the total volume of excavated 
material. 

The area of the mass curve can be determined by any of 
the methods explained in Plane Trigonometry , Part 2. Care 
should be taken to make the proper reduction according to 
the method and scales used. Haulage is usually expressed 
by a number of cubic yards transported a distance of so many 
stations of 100 feet . Therefore, if the area of the curve in 
square inches is A , and the vertical scale is v cubic yards to 
the inch, and the horizontal Is h stations to the inch, the 
actual haulage is Ah v. Usually, it is sufficiently accurate 
to compute the area by treating the portion between two 
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consecutive ordinates as a trapezoid, using the trapezoidal 
rule explained in Plane Trigonometry , Part 2. In this case, 
the actual values of the ordinates, as given by the sixth 
column of the table in Art. 49, are used, and also the actual 
values, expressed in stations, of the distances between the 
ordinates. If this method is followed, no further reduction 
is necessary. 

53 . Allowance for Overhaul. — The allowance for 
overhaul is computed from the mass curve as follows: 
Draw a line a b , Fig. 19, parallel to the zero line, and whose 
length is equal to the length of free haul, which in this 
case will be taken as 800 feet, and such that its ends will be 
on the mass curve. The position of this line must be 
determined by trial. In this case, the line a b is at a distance 
above the zero line which, on the scale of 5,000 cubic yards 
to the inch, represents 400 cubic yards. This means that 
only 400 yards are involved. All the material between a 
and b is hauled a smaller distance than 800 feet, and there- 
fore that material is not involved in the question of overhaul. 
Even the material to the left of a that is used to make the 
fill to the right of b is entitled to a haul of 800 feet without 
extra charge. Extra charge is based on the excess distance 
that these 400 cubic yards must be hauled. This excess 
haulage is, therefore, measured by the sum of the two tri- 
angles in the corners of the mass curve, one of them at the 
left of a and the other at the right of b . In this case, the 
allowance is evidently so small that it might be ignored, but 
for the sake of illustration it will be worked out. The 
point a corresponds to Sta. 125 + 60. The base of the tri- 
angle between ia and the zero line is, therefore, 90 feet, or 
.90 station, and the area is \ X .90 X 400 = 180. The point b 
comes at Sta. 133 -f- 55, and the area of the triangle between 
bt and the zero line is, therefore, £ X .11 X 400 = 22. 
Adding 22 to 180 we have 202. An allowance is sometimes 
made of 1 cent for each cubic yard hauled each 100 feet of 
excess distance. On this basis, the allowance in this case 
would be $2.02, since the sum of the two areas represents a 
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haulage of 202 cubic yards hauled an excess distance of 
one station — or, to put it more correctly, 400 yards hauled 
an average excess distance of .51 station or 51 feet. 


COST OF EARTHWORK 

54. General Considerations. — The cost of earthwork 
is a very variable quantity, which depends on many different 
items of cost. A reliable estimate of it can be made only 
by one that is enabled to study the local conditions and 
whose judgment has been trained by experience in such 
work. The only safe rule for one of limited experience is 
to classify all the items and analyze them carefully. The 
principal items whose cost he will ascertain as closely as 
possible are those given in the following article. 

55. Items of Cost. — The first general item is that of 
loosening material. By hand methods, this is accomplished 
with picks, plows, steam shovels, or, if the material is very 
hard, by blasting. The steam-shovel method includes the 
item of loading, which is made a separate item in hand work. 
The blasting method is so important that it will be treated 
in a future article. 

The item of loading will be a separate item when the 
material is loaded by shovelers, or shoveled by hand into 
carts or cars. When rock has been blasted out and the rock 
is of such character that it becomes loosened in rather large 
masses, it may require to be loaded with derricks. This 
requires a separate item of cost. 

The item of liauling is perhaps the most variable' item in 
the cost of earthwork. Although there are some parts of 
this expense that are independent of the distance, yet the 
cost of hauling depends very largely on the length of the 
haul, and the magnitude of this item justifies the elaborate 
calculations for haul that have been referred to in previous 
articles. The judgment of the engineer is called on to 
decide the best method of haul for given conditions. As an 
extreme limit of short haul may be mentioned side-hill 
work, where the material excavated from the up-hill side is 

I LT 281-25 
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formed into an embankment on the down-hill side, and the 
labor of haulage is reduced to the throwing of the earth 
a distance of 6 or 8 feet. Scrapers are utilized for very 
short distances, and in this, case the total cost of operating 
the scraper covers the items of loading and hauling. In 
very soft material, it may even include the item of loosening, 
although it will usually pay to have the material loosened 
with a plow before using the scrapers. Wheelbarrows are 
also employed for short distances. As the distance increases, 
economy requires that wheelbarrows and drag scrapers be 
discarded, although wheeled scrapers may be economically 
used for distances up to 300 or 400 feet. Carts and horses 
are economically used for distances up to 1,000 feet. If the 
distance is very much greater, and especially if the magni- 
tude of the work is very great, it becomes economical to lay 
a temporary track and use cars hauled by horses or mules. 
If the magnitude of the work justifies a still more extensive 
plant, the track is made heavier, the cars have a larger 
capacity, and are hauled by locomotives. The magnitude of 
the work may increase until the track, cars, and locomotives 
are all standard railroad size, and the haul may be econom- 
ically made for a distance of 5 or even 10 miles. Only the 
best judgment aided by experience will decide when it is the 
most economical to haul earthwork for a long distance or to 
borrow and waste material when the cuts and fills are not 
evenly balanced. 

56. Some minor items that form a very small percent- 
age of the total cost are here mentioned, chiefly to call 
attention to the fact that they are proper items of expense, 
an d that the neglect to incur these expenses may result in a 
far greater loss than any supposed economy by avoiding 
them. One such item is spreading, which refers to the 
expense of keeping a few laborers employed in properly dis- 
posing and compacting the individual loads deposited by 
carts and cars. Another item is that of keeping the road- 
ways in order. In the case of cars running on rails, this 
item is considerable, and is of course absolutely essential, 


§54 


EARTHWORK 


73 


but a little labor in this respect, even when carts and horses 
or wheelbarrows are used, is true economy. 

An estimate of the items of repairs, wear, depreciation, 
and interest on cost of plant will never be neglected by 
an experienced contractor, especially as these items are very 
large in earthwork operations. Shovels' and picks wear out 
in a short time. Carts and cars require constant expense for 
repairs and maintenance, and their maximum life is but a 
few years at the most. The items of superintendence and 
incidentals should not be neglected. 


BLASTING 

57. Explosives. — The cost of blasting depends princi- 
pally on: (1) cost of explosives; (2) cost of drilli?ig; and (3) cost 
of exploding a charge . The various blasting compounds now 
used vary from ordinary blasting powder to the higher 
grades of explosives, of which nitroglycerine is the most 
common basis. Pure nitroglycerine is very seldom used, on 
account of the difficulty of handling it safely. The explo- 
sive compounds commonly used consist generally of a 
variable percentage of nitroglycerine mixed with some 
explosive material, which is not only of less cost but makes 
the compound less liable to explode prematurely. Dyna- 
mite is made by saturating inexplosive material with varying 
proportions of nitroglycerine. The inert matrix is capable 
of absorbing about 75 per cent, of nitroglycerine; in other 
words, 1 pound of that grade of dynamite would contain 
about .75 pound of nitroglycerine. This is called No. 1 
dynamite. Such dynamite is about six times as powerful as 
the same weight of black blasting powder. The blasting 
powder is usually spoken of as slow burning, but its effect is 
greater in a soft tough rock than the nitroglycerine com- 
pounds, which are detonating, and are most effective in 
shattering a brittle rock. Some powders are called slow 
burning because it has been proved that the fire is communi- 
cated from grain to grain. A detonating powder is one that, 
when jarred, or detonated, undergoes a chemical change 
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that affects all parts simultaneously and instantly transforms 
the solid particles into a very hot high-pressure gas. The 
expansion of this gas causes the explosion. 

It is often said that dynamite can be set on fire and will 
burn harmlessly without exploding. Since numerous explo- 
sions have occurred, even when heating dynamite to thaw it 
out, it is probable that a chemical change may take place in 
dynamite that causes it to become more explosive than when 
in its normally pure state. Fortunately, other explosives 
are now being introduced that are far less dangerous than 
dynamite, since it seems to be impossible to explode them 
except by the normal process, using a fulminating cap, as 
explained later. 

58. Drilling. — Hand drilling may be either chum drill- 
hig or ham7?ier drilling . In any kind of work where the drill 
holes may be made vertical, the churn drill is the most 
economical hand method. The work of operating a churn 
drill somewhat resembles the process of churning milk. A 
rod or pipe about 6 to 8 feet long is welded to a steel drill. 
The drill is raised by hand and allowed to fall by its own 
weight. As it is raised, it is slightly rotated so that the 
edge drops in a different direction for each fall. Where the 
space is confined, as in a tunnel heading, or where the nature 
of the rock strata requires that the drill holes shall be inclined, 
or perhaps horizontal, hand drilling must be done by hammer. 
By the light-hammer method, one man handles both the drill 
and the hammer. It is found that the light-hammer method 
is more expeditious, although perhaps not so economical as 
the heavy-hammer method. By the latter method, one man 
holds the drill and two or more men use heavy sledge ham- 
mers and strike the drill in turn, the drill being slightly 
rotated between each two strokes. Machine drilling is far 
cheaper than hand drilling, provided the magnitude of the 
work is sufficient to justify the installation of such a plant. 
The best form of drill is that which has a plain chisel edge, 
slightly wider than the diameter of the rod and slightly 
rounded along the edge. 
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59. Tamping is a very necessary feature of successful 
blasting. The tamping material is usually the earth or 
powdered rock that is at hand, but clay is far better and 
should be used if readily obtainable. The tamping should 
be done with a woodm or copper bar, as an iron bar may 
produce sparks, which will explode the charge. 

60. Exploding. — Blasting charges are sometimes 
exploded by means of a fuse, which is essentially a cord 
of loosely woven material thoroughly saturated with powder. 
The fuse is usually wrapped with some protecting mate- 
rial, which, in the better quality of fuse, is made of rubber. 
Such a fuse is sufficient to explode ordinary blasting powder. 
Dynamite is exploded by means of the minor explosion of 
a small easily ignited charge. This charge may be exploded 
by an ordinary fuse leading into a small charge of powder. 
A better plan is to use a cap filled with fulminate of mercury. 
This is a powerful and costly explosive, but the quantity 
required in each cap is very small. The caps are exploded 
by electricity. In one form they are provided with a 
platinum wire, which is heated to redness by the passage 
of an electric current. Such work is almost invariably done 
by preparing a very large number of holes and wiring them 
to some central point from which they are all exploded, 
either simultaneously or in quick succession. To explode 
them simultaneously is simpler and takes less wiring, but 
there is the disadvantage that it is uncertain whether each 
blast has exploded. 

61. Cost. — Roughly speaking, the cost of blasting 
varies between the extremes of 30 cents per cubic yard for 
brittle rock to about $1 per cubic yard for rock that is hard 
and tough, and in which the strata are so inconveniently 
placed that it is difficult so to drill the holes that the blast 
will have its greatest efficiency. 

eon 
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-sectioning, §54, p9 
Cube, Perfect, §4, p7 
root, §4, p7 
Cubes, §13, pll 
Curvature, §53, p5 
Center of, §53, p4 
correction, §54, p46 

correction, Another expression for the, 
§54, p48 

Correction for, §54, p45 
Radius of, §53, p4 
Curve, Degree of, §53, p5 
Irregular, or French, §13, p35 
Point of, §53, pl9 
Curves, Transition, §53, p3 
Cuts, Definition of, §54, pi 
Slope ratio in, §54, p3 
Cutting plane, §13, p98 
Cylinder, Oblique section of a, §13, plOl 
Views of, §13, p82, 96 
Cylinders, §13, pll 
Intersections of, §13, pl05 

D 

Data and results. Tabulation of, §54, p30 
Decagon, §13, p5 

Decimals into common fractions. Convert- 
ing, §13, pl03 

Definition of equation, §5, pi 
Deflection, Angle of, §53, pl3 
Degree of curve, §53, p5 
of curve at any point on the spiral, 
§53, p9 

Degrees, §13, p9 
Denominator, §4, pl7 
Depreciation, §54, p73 
Depth of center stake, §54, p7 


Development of surface of section of cone, 
§13, pll4 

Developments, Intersections and, §13, pl05 
Deviation, Angle of, §53, pl3 
Diagonal, Meaning of, §13, p7 
Diameter of a circle, §13, p8 
Dimension figures on drawings, §13, p88 
Directions for sending in work, §13, p51 
Distance, External, §53, p35 
piece, Views of, §13, p86 
Distances, Tangent, §53, p22 
Ditches, Allowances for, §54, p44 
Ditching, §54, p5 
Dividers, §13, p28 

Dividing a given straight line, §13, p60 
Division of fractions, §4, p26 
of monomials, §3, p32 
of polynomials, §3, p36 
Drawing board, §13, pl4 
Definition of, §13, pi 
ink and pens, §13, p30 
instruments and their use, §13, pl4 
Inking the, §13, p57 
paper, §13, pl5 
paper. Fastening, §13, pl5 
pencils, §13, pl7 
plates, The, §13, p50 
with triangles, §13, pl7 
Drawings, Cleaning, §13, p33 
Lines used on, §13, p56 
Drilling, §54, p74 

E 

Earthwork computations. Accuracy of, §54, 
p58 

Cost of, §54, p71 

General considerations of, §54, p71 
Incidentals of, §54, p73 
Shrinkage of, §54, p55 
surveys, §54, pi 
Eccentric circles, §13, p9 
Eccentricity of the center of gravity, §54, 
p47 

Elements of cones and cylinders, §13, pl3 
Elevations, §13, p75 

Elimination by addition or subtraction, 
§5, p32 

by comparison, §5, p31 
by substitution, §5, p30 
Ellipse, Conic sections forming an, §13, p98 
To draw an, §13, p69 

Embankments, Width of excavations and, 
§54, p4 

Equal factors, §4, p7 
Equation, §3, p4 
Affected quadratic, §5, ppl6, 18 
Definition of, §5, pi 
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Equation is “satisfied,” Meaning of, §5, p6 
Level -section, §54, pll 
of the first degree, §5, pS 
Pure quadratic, §5, pl6 
Equations containing two unknown quan- 
tities, §5, p29 
Independent, §5, p29 
in the quadratic form, §5, p25 
Literal, §5, pp5, 9 
Quadratic, §5, pl6 
Simultaneous, §5, p30 
Slope-stake, §54, pll 

with two unknown quantities, Problems 
leading to, §5, p38 
Equilateral triangle, §13, p6 
Erasers, §13, p33 

Estimates, Computations and, §54, pl5 
Even numbers, §4, p3 

Excavations, Width of, and embankments, 
§54, p4 

Exploding, §54, p75 
Explosives, §54, p73 
Exponent, §3, p5 
Exponents, Theory of, §4, p31 
Expression for the curvature correction, 
Another, §54, p48 
External, §53, p35 
distance, §53, p35 
secant of the angle, §53, p36 
to a circular curve, §53, p35 
to a spiraled circular curve, §53, p35 

F 

Factor, Prime, §4, p3 
Factoring, §4, pi 

an expression that is the difference be- 
tween two perfect squares, §4, pll 
an expression that is the sum or differ- 
ence of two perfect cubes, §4, pl3 
a polynomial when all of its terms have 
a common factor, §4, pS 
a trinomial that is a perfect square, 
§3, p8 

Factors, §3, p5 
and multiples, §4, pi 
Equal, §4, p7 

of algebraic expressions, §4, p4 
of monomials, §4, p5 
of polynomials, §4, p5 
Field work, §53, p31; §54, pS 
Figures on drawings. Dimension, §13, p88 
Plane, §13, p5 

Fill, Transition from cut to, §54, p38 
Fills, Definition of, §54, pi 
Slope ratio in, §54, p3 
First member of an equation, §5, pi 


Form of notes in cross-section work, §54, 
pl4 

Formula, §3, p4 
Fraction, Terms of a, §4, pl7 
Three signs of a, §4, pl8 
Fractional term, Definition of, §4, p4 
Fractions, Addition and subtraction of, 
§4, p22 

Clearing of, §5, p4 
Complex, §4, p29 
Definition of, §4, pl7 
Division of, §4, p26 
Multiplication of, §4, p25 
Reduction of, §4, pl7 
Free haul of dirt, Limit of, §54, p59 
Freehand drawing, Definition of, §13, pi 
Frustum of pyramid or cone, §13, pl3 

G 

General properties of the transition spiral, 
§53, p9 

Geometrical drawing, Definition of, §13, pi 
problems, Purpose and use of, §13, p49 
Grade, §54, p2 
profile, §54, p6 
Gradient, §54, p7 
Graphic computations, §54, p65 
Growth of rock, §54, p56 

H 

Haulage, §54, p59 
Average, §54, p69 
Computation of, §54, p60 
Total, §54, p69 
Hauling, §54, p71 
Helix, To draw, §13, p72 
Heptagon, §13, p5 
Hexagon, §13, p5 
To inscribe, in circle, §13, p64 
Horizontal line, §13, p2 
Hyperbola, Conic section forming a, §13, 
plOO 

Hypotenuse of a right triangle, §13, p 7 

I 

Independent equations, §5, p29 
Ink and pens, Drawing, §13, p30 
Inking in of figures, §13, p87 
the drawing, §13, p57 
Inscribed polygons, §13, p9 
Inserting spirals in old track, §53, p33 
Integral expression, Definition of, §4, p4 
part of an expression, §4, p27 
term, Definition of, §4, p4 
Intersection of cylinder and flattened rod. 
Curve of, §13, pll2 
Point of, §13, p3 
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Intersections and developments, §13, pl05 
Irregular curve, §13, p35 
sections, §54, p27 
Isosceles triangle, §13, p6 

K 

Keeping the roadways in order, §54, p72 
Known and unknown quantities, §5, pi 

Jj 

Laying out a spiral in the field, §53, p26 
Length of spiral, Best, §53, p37 
Lengthening bar, §13, p29 
Lettering, §13, p37 
and finishing drawings, §13, p57 
Single-stroke slant, §13, p39 
Single-stroke vertical, §13, p44 
Letters, Block, §13, p46 
Use of, in algebra, §3, pi 
Level-section equation, §54, pll 
Like terms, §3, p7 
Limit of free haul of dirt, §54, p59 
Line, Curved, §13, p2 
Horizontal, §13, p2 
Straight, §13, p2 

To find arc of same length as given 
straight, §13, p67 
Vertical, §13, p3 
Lines, §13, p2 
Parallel, §13, p3 
Perpendicular, §13, p3 
Section, §13, p87 
Shade, §13, pll5 
used on drawings, §13, p56 
Literal equations, §5, pp5, 9 
Loading dirt, §54, p71 
Locating the slope stakes, §54, p9 
Loosening material, §54, p71 

M 

Mass curve, Mass diagram and, §54, p65 
curve, Properties of the, §54, p68 
diagram and mass curve, §54, p65 
Measuring angles, §13, p9 
Mechanical drawing, Definition of, §13, pi 
Mensuration, Definition of, §13, pi 
Method of calculation, §54, pl6 
Minimum spiral lengths, Table of, §53, p33 
Mixed quantities and complex fractions, 
§4, p27 

quantity, §4, p27 
Monomial, §3, p 7 
Monomials, Addition of, §3, pl2 
Division of, §3, p32 
Factors of, §4, p5 
Multiplication of, §3, p25 
Subtraction of, §3, pl8 


Multiples, Factors and, §4, pi 
Multiplication of fractions, §4, p25 
of monomials, §3, p25 
of polynomials, §3, p29 

N 

Notation, §3, p4 
Number, Composite, §4, p3 
Prime, §4, p3 
Numbers, Even, §4, p3 
Odd, §4, p3 
Numerator, §4, pl7 

O 

Oblique angles, §13, p5 
lines, §13, p3 
triangle, §13, p6 
Octagon, §13, p5 

To inscribe, in circle, §13, p65 
Odd numbers, §4, p3 
Old track, Inserting spirals in, §53, p33 
Osculating circle, §53, p4 
Outer rail, Superelevation of, §53, pi 
Oval, To draw, §13 p68 
Overhaul, Allowance for, §54, p70 

P 

Paper, Drawing, §13, pl5 
Parabola, Section forming a, §13, plOO 
To draw, §13, p71 
Parallel lines, §13, p3 
lines, To draw, with triangles, §13, pl8 
Parallelograms, §13, p7 
Pen, Ruling, §13, p31 
Pencils, Drawing, §13, pl7 
Pens, Drawing ink and, §13, p30 
Pentagon, §13, p5 
To inscribe, in circle, §13, p65 
Perfect cube, §4, p7 
square, §4, p7 
Perimeter, §13, p6 
Perpendicular lines, §13, p3 
to a line. To draw, §13, p20 
Plane, Cutting, §13, p98 
figures, §13, p5 
Point, A, §13, p2 
of curve, §53, pl9 
of spiral, §53, p8 
of spiral, Second, §53, p8 
of tangent, §53, p22 
Points, Corresponding, §53, p29 
Polygon, To construct a regular, §13, p67 
To inscribe, in circle, §13, p66 
Polygons, §13, p5 
Regular, §13, p6 

To inscribe, with triangles, §13, p23 
Polynomial, §3, p 7 
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Polynomials, Addition of, §3, pi 7 
Division of, §3, p36 
Factors of, §4, p5 
Multiplication of, §3, p29 
Subtraction of, §3, p21 
Positive and negative expressions, §3, p9 
Power, §3, p6 
Prime, §4, p3 
factor, §4, p3 
number, §4, p3 

Principles used in reduction, §4, pl9 
Prism, Altitude of a, §13, pl2 
and cylinder, §13, pll 
Views of a hexagonal, §13, pp82, 94 
Views of a rectangular, §13, pp79, 90 
Prisms, §13, pll 

Prismoid, Triangular, §54, pl7 
Prismoids, §54, pl6 
Problem, Statement of the, §5, pll 
Problems leading to quadratic equations, 
§5, p26 

leading to simple equations with one un- 
known quantity, §5, pll 
Problems : 

I. To bisect a straight line, §13, p53 

2 and 3. To draw perpendiculars, §13, p54 

4. To draw parallels, §13, p55 

5. To bisect a given angle, §13, p59 

6. To divide a given straight line into 
any required number of equal parts, 
§13, P 60 

7. To draw a straight line through any 
given point on a given straight line to 
make any required angle with that 
line, §13, p61 

8. To draw an equilateral triangle one 
side of which is given, §13, p61 

9. The altitude of an equilateral tri- 
angle being given, to draw the tri- 
angle, §13, p61 

10. Two sides and the included angle of 
a triangle being given, to construct the 
triangle, §13, p62 

II. To draw a parallelogram when the 
sides and one of the angles are given, 
§13, p63 

12. An arc and its radius being given, 
to find the center, §13, p63 

13. To pass a circumference through any 
three points not in the same straight 
line, §13, p63 

14. To inscribe a square in a given cir- 
cle, §13, p64 

15. To inscribe a regular hexagon in a 
given circle, §13, p64 

16. To inscribe a regular pentagon in a 
given circle, §13, p65 


Problems: 

17. To inscribe a regular octagon in a 
given circle, §13, p65 

18. To inscribe a regular polygon of any 
number of sides in a given circle, §13, 
p66 

19. The side of a regular polygon being 
given, to construct the polygon, §13, p67 

20. To find an arc of a circle having a 
known radius, which shall be equal in 
length to a given straight line, §13, p67 

21. An arc of a circle being given, to 
find a straight line of the same length, 

§ 13 , p68 

22. To draw an egg-shaped oval, §13, p68 

23. To draw an ellipse, the diameters 
being given, §13, p69 

24. To draw an ellipse by circular arcs, 
§13, p70 

25. To draw a parabola, the axis and 

longest double ordinate being given, 
§13, P71 j t 

26. To draw a helix, the lead and the 
diameter being given, §13, p72 

Profile, Grade, §54, p6 
Projection drawing, §13, p74 
Projections—I, §13, p79 
II, §13, p90 

Properties of the mass curve, §54, p68 
Protractor, §13, p24 

Purpose and use of geometrical problems, 
§13, P 49 

Pyramid, Altitude of a, §13, pl2 
and cone, §13, pl2 
Frustum of a, §13, pl3 
Slant height of a, §13, pl3 
Vertex of a, §13, pl2 
Views of a hexagonal, §13, pp84, 95 
Pyramids, §13, pl3 

Q 

Quadratic equation, Affected, §5, ppl6, 18 
equation, Pure, §5, pl6 
equations, §5, pl6 

equations containing two unknown, quan- 
ties, §5, p35 

equations, Problems leading to, §5, p26 
Quadrilateral, §13, p5 
Quantity, §3, p4 
Mixed, §4, p27 

E 

Radical, §3, p6 
sign, §3, p6 

Radius of a circle, §13, p8 
of curvature, §53, p4 
Ratio, Slope, §54, p2 
Reciprocal, §3, p35 



VI 


INDEX 


Rectangle, Definition of, §13, p7 
Reducing fractions to a common denomina- 
tor, §4, p21 

Reduction, Principles used in, §4, pl9 
Regular inscribed polygons, §13, p23 
polygon, §13, p6 

Remarks on the selection of spirals, §53, 
p44 

Repairs, §54, p73 

Representation of objects, §13, p74 
Results obtained, Accuracy of, §54, pl5 
Rhomboid, Definition of a, §13, p7 
Rhombus, Definition of a, §13, p7 
Right-angled triangle, §13, p7 
triangle, §13, p7 

Ring, Views of a cast-iron cylindrical, §13, 
p87 

Rivet, Views of, §13, p84 
Roadbed, §54, p2 
Rock, Growth of, §54, p56 
Root, §3, p6 
Cube, §4, p7 
of an equation, §5, p6 
Square, §4, p7 
Ruling pens, §13, p31 

S 

Scalene triangle, §13, p6 
Scales, §13, p34 

Secant of the angle, External, §53, p35 
Second member of an equation, §5, pi 
point of spiral, §53, p8 
Section, Compound, §54, pl3 
lines, §13, p87 
Sectioning, Cross-, §54, p9 
Sections, Compound, §54, p39 
Conic, §13, p98 
Irregular, §54, p27 
Three-level, §54, p20 
which form circles, §13, pl02 
Sector, §13, p8 
Segment of a circle, §13, p8 
of a circle. To find the area of a, §13, p8 
Selection of spirals, §53, p37 
of spirals, Remarks on the, §53, p44 
Semi-circumference, §13, p8 
Sending in work. Directions for, §13, p51 
Shade lines, §13, pll5 
Sharpening drawing pencils, §13, pi 7 
Shrinkage of earthwork, §54, p55 
Side-hill work. Computation of volumes in, 
§54, p36 

-hill work, Importance of curvature cor- 
rection in, §54, p51 
slope, §54, p2 
Sign, Radical, §3, p6 
Signs, Changing, §5, p4 


Signs of operation, §3, p5 
Simple equations, Solution of, §5, p5 
equations with one unknown quantity, 
Problems leading to, §5, pll 
Simultaneous equations, §5, p30 
Single-stroke slant lettering, §13, p39 
-stroke vertical lettering, §13, p44 
Slope, Rate of, §54, p2 
ratio, §54, p2 
ratio in cuts, §54, p3 
ratio in fills, §54, p3 
Side, §54, p2 

-stake equations, §54, pll 
stakes, §54, p9 

stakes, Locating the, §54, p9 
Sloping letters resembling block letters, 
§13, p47 

Solids, §13, plO 

Solution of simple equations, §5, p5 
Solving an equation, Meaning of, §5, p2 
Spheres, §13, pl3 

Spiral, Coordinates of the, §53, pl8 
lengths. Table of minimum, §53, p38 
offset and the T correction, §53, pl9 
offset, Middle point of the, §53, p21 
Point of, §53, p8 
Second point of, §53, p8 
Transition, §53, ppl, 7 
Spiraled circular curve. External to a, 
§53, p35 

Spirals of unequal lengths, §53, p29 
Selection of, §53, p37 
Spreading, §54, p72 
Square, §13, pp5, 7 
Perfect, §4, p7 
root, §4, p 7 
T, §13, pl5 

To inscribe, in circle, §13, p64 
Stakes, Slope, §54, p9 
Statement of the problem, §5, pll 
Station, §53, p8 
Subgrade, §54, pi 
Subsoil, §54, p2 

Subtraction of monomials, §3, pl8 
of polynomials, §3, p21 
Superelevation of outer rail, §53, pi 
of outer rail at any point of the spiral, 
§53, plO 

of outer rail on curves. Table of, §53, p45 
Superintendence, §54, p73 
Surveys, Earthwork, §54, pi 
Symbols of aggregation, §3, pp6, 22 

T 

T correction, Spiral offset and the, §53, pl9 
T square, §13, pl5 

Tabulation of data and results, §54, p30 
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Tamping, §54, p75 
Tangent, §53, p5 
distances, §53, p22 
Point of, §53, p22 
Terms, Like, §3, p7 
of a fraction, §4, pl7 
of an algebraic expression, §3, p 7 
Unlike, §3, p7 

Theory of exponents, §4, p31 
Three-level sections, §54, p20 
signs of a fraction, §4, pl8 
Thumbtacks, §13, pl5 
Total haulage, §54, p69 
Transformations, §5, p2 
Transition curves, §53, p3 
from cut to fill, §54, p38 
spiral, §53, p7 

spiral, Advantages of the §53, pl2 
spiral, General properties of the, §53, p9 
spiral, Tables of, §53, pp4d, 59 
spirals, Tables of, §53, pl5 
Transposition, §5, p3 
Trapezium, Definition of a, §13, p7 
Trapezoid, §13, p 7 
Triangle, §13, pp5, 6 
Altitude of a, §13, p7 
Base of a, §13, p 7 
Equilateral, §13, p6 
Isosceles, §13, p6 
Oblique, §13, p6 
Right, §13, p7 

right, Hypotenuse of, §13, p7 
Scalene, §13, p6 


Triangles, Drawing with, §13, pl7’ 
Triangular prismoid, §54, pl7 
prismoids, Volume and prismoidal correc- 
tion for, §54, pl7 
Trinomial, §3, p7 

Two unknown quantities. Equations can- 
taining, §5, p29 

U 

Unequal lengths, Spirals of, §53, l>29 
Unit degree of curve of spiral, §53, p9 
Unknown quantities, Known and, §5, pi 
Unlike terms, §3, p7 
Use of letters in algebra, §3, pi 

V 

Vertex of a cone, §13, pl2 
of a pyramid, §13, pl2 
of an angle, §13, p3 

Vertical lettering, Single-stroke, §13, p44 
line, §13, p3 

Volume and prismoidal correction for tri- 
angular prismoids, §54, pl7 
Computation of, §54, pl5 

W 

Washer, Views of a circular cast-iron, 
§13, p86 
Wear, §54, p73 
Wedge, Views of, §13, p79 
Width of excavations and embankments, 
§54, p4 

Work, * Field, §53, p31; §54, pS 
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